REVISTA DE LA
UNION MATEMATICA ARGENTINA
Volumen 51, Namero 2, 2010, Pdginas 107-146

DRINFEL’D DOUBLES AND SHAPOVALOV DETERMINANTS

I. HECKENBERGER AND H. YAMANE

ABSTRACT. The Shapovalov determinant for a class of pointed Hopf algebras
is calculated, including quantized enveloping algebras, Lusztig’s small quan-
tum groups, and quantized Lie superalgebras. Our main tools are root sys-
tems, Weyl groupoids, and Lusztig type isomorphisms. We elaborate powerful
novel techniques for the algebras at roots of unity, and pass to the general case
using a density argument.

This work is dedicated to Hans-Jirgen Schneider
on the occasion of his 65th birthday

1. INTRODUCTION

We study finite-dimensional representations of a large class of Hopf algebras
Ul(x), where x is a bicharacter on Z! for some finite index set I. These algebras
emerged from a program of Andruskiewitsch and Schneider to classify pointed Hopf
algebras [AS98], [Hecl0]. Prominent examples are quantized enveloping algebras
of semisimple Lie algebras, where the deformation parameter is not a root of 1,
and Lusztig’s (finite-dimensional) small quantum groups, see Sect. 8. Other rele-
vant examples are quantized enveloping algebras of Lie superalgebras, see [[KT91]
and [Yam99, Yam01], and Drinfeld doubles of bosonizations of Nichols algebras of
diagonal type classified in [Hec09].

Our main combinatorial tools towards the study of representations are the root
system and the Weyl groupoid associated to x. For quantized enveloping algebras
of semisimple Lie algebras the Weyl groupoid is nothing but the Weyl group of the
Lie algebra. The main concern of this paper is the determination of the Shapovalov
determinants for all algebras U(y) with finite root system. We obtain a natural
analog of Shapovalov’s original formula (for complex semisimple Lie algebras) as a
product of linear factors. For our approach we need that x (5, 5) # 1 for all positive
roots 8. This assumption is fulfilled for the special cases mentioned above.

The generality of our setting forces us to understand the representation theory
of algebras U(x), where many values of x are roots of 1. We turn this bondage
into a promising leading principle of our approach. We concentrate first on those
bicharacters, which take values in the set of roots of 1. In this case the positive
and negative parts of U(y) are finite-dimensional algebras. For these algebras
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108 I. HECKENBERGER AND H. YAMANE

we develop special techniques, which are very different from the usual ones for
semisimple Lie algebras, based on reflections in the Weyl groupoid. With these
techniques we are able to characterize easily the irreducibility of Verma modules.
The characterization leads quickly to a formula for the Shapovalov determinants
of Verma modules by a variant of the usual density argument. In a next step we
extend our results to more general bicharacters by a new density argument. This
is possible because of our good knowledge of the root system of bicharacters.

The history of Shapovalov determinants started with Shapovalov’s work [Sha72],
where he defined a bilinear form on Verma modules and determinants on homo-
geneous subspaces to obtain information on the reducibility of Verma modules.
These structures have been generalized by Kac and Kazhdan [KK79] to symmetriz-
able Kac-Moody algebras and by Kac [[Kac79] [[Kac86] to Lie superalgebras with
symmetrizable Cartan matrix. Shapovalov determinants have been calculated for
quantized enveloping algebras by de Concini and Kac [CK90] and for quantized
Kac-Moody algebras by Joseph [Jos95], see also [JLI6]. For Lusztig’s small quan-
tum groups Kumar and Letzter [[KX1.97] factorize the Shapovalov determinants un-
der the assumption that the deformation parameter ¢ has prime order and the base
field is a cyclotomic field. Shapovalov determinants have been considered recently
in various contexts, see for example [BIL02], [GS05], [Gor06], [ALO5], [Hil0g]. Our
approach yields in particular an entirely new proof of the formula of de Concini
and Kac. In Sect. 8 we improve Kumar’s and Letzter’s result by allowing arbitrary
base fields and arbitrary orders of q.

The paper is organized as follows. In Sect. 2 the axioms of Cartan schemes, Weyl
groupoids, and root systems are recalled. The Weyl groupoid of a bicharacter fits
into this framework. Besides collecting the most important facts we introduce a
character pX on Z! which will play a similar role as the linear form 2p on the
root lattice. In Sect. 3 the definition and properties of the Drinfeld doubles U ()
are recalled. Sect. 4 deals with Lusztig type isomorphisms between two (usually
different) Drinfeld doubles. With Thm. 4.9 we establish a Lusztig type PBW basis
of these algebras. Moreover, in Thm. 4.8 we develop important properties for g-
commutators of root vectors. In Sect. 5 we start to study Verma modules and
special maps between them. Prop. 5.11 gives a criterion for bijectivity of such
maps, and Prop. 5.16 identifies irreducible Verma modules. In Sect. 6 we study
Shapovalov determinants following the approach in [Jos95]. Here our main result
is Thm 6.8, which gives a formula for the Shapovalov determinant of U(x), where
all values of x are roots of 1, and the root system of y is finite. Then we pass to
more general bicharacters: Thm. 7.3 states a similar result for bicharacters with
finite root system. We conclude the paper with the adaptation of our formulas to
quantized enveloping algebras and Lusztig’s small quantum groups in Sect. 8, and
with some commutative algebra in the Appendix.

We write N for the set of positive integers and Ny for the set of non-negative
integers.
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2. PRELIMINARIES

Let k be a field and k* =k \ {0}. For all n € Ny and ¢ € k* let

O SO ) (0N

where (0); = 1. For any finite set I let {a; | € I} be the standard basis of the
free Z-module Z!.

2.1. Cartan schemes, Weyl groupoids, and root systems. The combina-
torics of a Drinfel’d double of a Nichols algebra of diagonal type is controlled to
a large extent by its Weyl groupoid. We use the language developed in [CHO09].
Substantial part of the theory was obtained first in [[TY08]. We recall the most
important definitions and facts.

Let I be a non-empty finite set. By [Kac90, §1.1] a generalized Cartan matrix
C = (¢ij)ijer is a matrix in ZI*I such that

(M1) ¢;; =2 and ¢ <0 for all 4,5,k € I with j # k,

(M2) if 4,5 € I and ¢;; = 0, then ¢j; = 0.

Definition 2.1. Let I be a non-empty finite set, A a non-empty set, r;, : A — A a
map for all ¢ € I, and C* = (C?k)j’kej a generalized Cartan matrix in Z/*7 for all
a € A. The quadruple

C= C(Ia A7 (Ti)ieb (Ca)aEA)
is called a Cartan scheme if
(C1) 72 =id for all i € I,

(C2) ¢, =i forallae Aandi,jeI.

Example 2.2. Let A = {a} be a set with a single element, and let C' be a gen-
eralized Cartan matrix. Then r; = id for all ¢ € I, and C becomes a Cartan
scheme.

A Cartan scheme C is connected, if the subgroup (r;|i € I) of Aut(A) acts
transitively on A, that is, if for all a,b € A with a # b there exist n € N
and 41,142,...,4, € I such that b = r; - 14,7y (a). Two Cartan schemes C =
C(I, A, (ri)icr, (C%aca) and C' = C'(I', A’ (r)icr, (C"")aca’) are equivalent, if
there are bijections ¢g : I — I’ and ¢ : A — A’ such that

pr(ri(a)) =1l iy (pr(), = (2.1)

forall 3,5 € I and a € A.
Let C = C(I1, A, (r:)icr, (C*)aca) be a Cartan scheme. For all i € T and a € A
define o¢ € Aut(Z') by

oi () = aj — cjja; for all j € I. (2.2)
This map is a reflection. The Weyl groupoid of C is the category W(C) such that
Ob(W(C)) = A and the morphisms are generated by the maps of € Hom(a,r;(a))
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with @ € I, a € A. Formally, for a,b € A the set Hom(a,b) consists of the triples
(b, f,a), where
f _ O_anl"'ril(a) . '0_7“71(‘1)0_11

12 11
and b = r;, ---ri,ri; (a) for some n € Ny and iy,...,4, € I. The composition is
induced by the group structure of Aut(Z?):

(a3, f2,a2) o (a2, f1,a1) = (as, f2f1,01)
for all morphisms (ag, f2,a2) and (a2, f1,a1) of W(C). By abuse of notation we
will write f € Hom(a,b) instead of (b, f,a) € Hom(a,b). The class of morphisms
of W(C) will be denoted by W(C).

The cardinality of I is termed the rank of W(C).

Recall that a groupoid is a category such that all morphisms are isomorphisms.
The Weyl groupoid W(C) of a Cartan scheme C is a groupoid, see [CT109]. For
all i € I and a € A the inverse of o{ is o; (@ I ¢ and ¢ are equivalent Cartan
schemes, then W(C) and W(C') are 1somorphic groupoids.

A groupoid G is called connected, if for each a,b € Ob(G) the class Hom(a, b)
is non-empty. Hence W(C) is a connected groupoid if and only if C is a connected
Cartan scheme.

Definition 2.3. Let C = C(I, A, (rl)zej, (C*)aea) be a Cartan scheme. For all
a € Alet R* C Z', and define m{; = |R* N (Nooy + Noay)| for all 4,j € I and
a € A. We say that
R =R(C,(R")aca)

is a root system of type C, if it satisfies the following axioms.

(R1) R* = R U—R%, where RY = R* NN, for all a € A.
(R2) R“I’WZO(z {a;,—a;} foralli € I, a € A.
(R3) o#(R*) = R"(@ for alli € I, a € A.

(R4) If i,j € I and a € A such that i # j and m{; is finite, then (r;r;)

a.

If R is a root system of type C, then W(R) = W(C) is the Weyl groupoid of
R. Further, R is called connected, if C is a connected Cartan scheme. If R =
R(C,(R")qca) is a root system of type C and R’ = R'(C’,(R'ac4/)) is a root
system of type C’, then we say that R and R’ are equivalent, if C and C’ are
equivalent Cartan schemes given by maps ¢q : I — I’, o1 : A — A’ as in Def. 2.1,
and if the map ¢ : Z! — Z!" given by ¢f(c;) = ) satisfies p(R?) = R @
for all a € A.

a

"i(a) =

There exist many interesting examples of root systems of type C related to
semisimple Lie algebras, Lie superalgebras and Nichols algebras of diagonal type,
respectively. For further details and results we refer to [HY08] and [CHO9].

Remark 2.4. Let g be a finite-dimensional contragredient Lie superalgebra with a
root system containing a non-isotropic odd root a. Then 2« is an even root and
hence the root system of g does not satisfy the axioms in Def. 2.3. However, if for
all such « one removes 2« from the root system, then one obtains a root system
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in the sense of Def. 2.3. Observe that for the construction of a PBW basis of the
universal enveloping algebra of g the root 2« is not necessary since zfi # 0 for a
root vector x, of weight o and for all n > 0.

The appearance of various different sets R* corresponds to the observation that
g has non-isomorphic Borel subalgebras and the root systems corresponding to
these Borel subalgebras may take different forms.

Convention 2.5. In connection with Cartan schemes C, upper indices usually refer
to elements of A. Often, these indices will be omitted if they are uniquely deter-
mined by the context. In particular, for any w,w’ € W(C) and a € A, the notation
1%w and w'1* means that w € Hom(_,a) and w’ € Hom(a, _), respectively.

A fundamental result about Weyl groupoids is the following theorem.

Theorem 2.6. [HY08, Thm.1] Let C = C(I, A, (1i)ier, (C*)aca) be a Cartan
scheme and R = R(C,(R")aeca) a root system of type C. Let W be the abstract
groupoid with Ob(W) = A such that the class of morphisms of W is generated
by abstract morphisms s¢ € Hom(a,r;(a)), where i € I and a € A, satisfying the
relations

Sisila: 1a) (Sjsk)m;’kla: 1aa GEA, Z,j,kEI,j#k,

see Conv. 2.5. Here 1% is the identity of the object a, and (s;55)>°1% is understood
to be 1*. The functor W — W(R), which is the identity on the objects, and on the
class of morphisms is given by s$ — o for alli € I, a € A, is an isomorphism of
groupoids.

If C is a Cartan scheme, then the Weyl groupoid W(C) admits a length function
£:W(C) — Ny such that
l(w) =min{k € Ng|Tiy,...,ip € ,a€ A:w=0y, - 0,1} (2.3)

for all w € W(C). If there exists a root system of type C, then ¢ has very similar
properties to the well-known length function for Weyl groups. For example,

w) = [w(RS) N ~RY | (2.0
for all w € Hom(a,b) and a,b € A by [HY08, Lemma 8(iii)].

Lemma 2.7. Let C be a Cartan scheme and R a root system of type C. Let a € A.
Then —cf; = max{m € No |a; + ma; € R} for all i,j € I withi# j.

Proof. By (C2) and (R3), U:i(a)(aj) = a; — cf;a; € RY. Hence —cf; < max{m €
No | aj +ma; € R¢}. On the other hand, if o +ma; € RY, then of (a; +ma;) =
aj + (—cfy —m)a; € R::(a) by (R3) and (R1), and hence m < —cf;. This proves
the lemma. ]

Remark 2.8. In the context of Lemma 2.7 it is in general not true that o; +may €
R% for all m € {0,1,..., —c‘fj}. Nevertheless, in the cases of our interest the sets
R$ will be associated to bicharacters, see Subsect.2.2. In this case the above
property holds by [Ros98, Lemma 14].
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Let C be a Cartan scheme and R a root system of type C. We say that R is finite,
if R* is finite for all @ € A. The following lemmas are well-known for traditional
root systems.

Lemma 2.9. [CH09, Lemma 2.11] Let C be a connected Cartan scheme and R a
root system of type C. The following are equivalent.

(1) R is finite.

(2) R* is finite for at least one a € A.

(3) W(R) is finite.

Lemma 2.10. [HY08, Cors. 2,5] Let C be a connected Cartan scheme and R a finite
root system of type C. Then for all a € A there exist unique elements b € A and
w € Hom(b,a) such that |RS| = £(w) > L(w') for all w' € Hom(b',a'), a’,b" € A.
If w= 1%y, -0, , where n = {(w) and i1,...,in, € I, then

Ri = {].adil R TR (a%)|k‘ S {]., 2, .. ,n}}
Moreover, £((w") " w) + £(w”) = (w) for all w” € Hom(b",a), V' € A.
2.2. The Weyl groupoid of a bicharacter. Let I be a non-empty finite set.

Recall that a bicharacter on Z! with values in k* is a map x : Z! x Z! — k* such
that

X(a+ b,C) :X(G,C)X(b, C)a X(C,G,-i—b) :X(Cv G)X(Ca b) (25)

for all a,b,c € Z!. Then x(0,a) = x(a,0) =1 for all @ € Z!. Let X be the set of
bicharacters on Z!. If y € X, then

P 2! x 71 — kX, X" (a,b) =x(b,a), (2.6)
x 1zt xz2t — kX, X Ya,b) =x(a,b)71, (2.7)
and for all w € Autz(Z!) the map
w*y 2 x 78— k*, w*x(a,b) =x(w " (a), w1 (b)), (2.8)
are bicharacters on Z’. The equation
(ww)*x = w*(w"™x) (2.9)

holds for all w,w’ € Autz(Z!) and all y € X.

Definition 2.11. Let x € X, p € I, and ¢;; = x(a;, ;) for all i,j € I. We say
that y is p-finite, if for all j € I\ {p} there exists m € Ny such that (m+1), =0
or qppdpidip = 1.

Assume that x is p-finite. Let ¢, = 2, and for all j € I'\ {p} let

dpp

X

¢pj = —min{m € No [ (m +1)q,, (4p9pjgjp — 1) = 0}

If x is i-finite for all i € I, then the matrix CX = (¢})ijer is called the Cartan
matriz associated to y. It is a generalized Cartan matrix, see Sect. 2.1.
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Remark 2.12. Let x € X, p € I, and ¢;; = x(a, ;) for all 4, j € I. Let us discuss
in more detail the meaning of Def. 2.11. If ¢;, = 1 and gy, # 1, then x is p-finite
and —c;fj <m—1forall j € I. If ¢ =1 then x is p-finite if and only if the
characteristic of k is positive or if g,;q;, = 1 for all j € I'\ {p}. Finally, if ¢, # 1
for all m € N then y is p-finite if and only if for all j € I'\ {p} there exists m € Ny
such that gpjq;p = q,,"-

For all p € I and x € &, where x is p-finite, let o} € Autz(Z1),

ox(a;) = a; — ¢y

ap foralljel.
Towards the definition of the Weyl groupoid of a bicharacter, we define bijections
rp: X = X for all p € I. Namely, let

(ox)*x if x is p-finite,

rpr X = X, rp(x)z{ )
X otherwise.

Let pe I, x € X, ¢i;j = x(a4, ;) for all 4, j € I. If x is p-finite, then

_1 ¢,
7 (X) (0, @) =Gpp, rp(X) (ap, ) :qulquj, (2.10)

—1_Cpi =i i CpiCpi
rp () (i, ) =a;, @pp s Tp(X) (4, ) =ij iy, 7 65 7
for all 4,7 € I'\ {p}. It is a small exercise to check that then (o))" x is p-finite, and
x) :
ep =X forall jel, r2(x) = x. (2.11)
The involutions 7, where p € I, generate a subgroup

G={(rplpel)

of the group of bijections of the set X'. For all x € X let G(x) denote the G-orbit
of x under the action of G.

Let x € X such that y’ is p-finite for all X" € G(x) and p € I. By Eq. (2.11) we
obtain that /

C(X) = C(Iv g(X)a (T;D);Defv (CX )X’Eg(x))

is a connected Cartan scheme. The Weyl groupoid of x is then the Weyl groupoid
of the Cartan scheme C(x) and is denoted by W(x). Clearly, C(x) = C(x’) and
W(x) =W(x') for all X" € G(x).

Example 2.13. Let C' = (¢;5)i jer be a generalized Cartan matrix. Let x € X,
¢ij = X(ay, ;) for all i,j € I, and assume that q;;’ = g;;q;; for all 4,5 € I, and
that (m + 1)4, # 0 for all ¢ € I and m € Ny with m < max{—c¢;;|j € I\ {i}}.
(The latter is not an essential assumption, since if it fails, then one can replace
C by another generalized Cartan matrix C, such that y has this property with
respect to C .) One says that x is of Cartan type. Then y is i-finite for all i € I,
and ¢ = ¢;; for all 4, j € I. Eq. (2.10) gives that

rp(X) (i, i) =qii = x (v, @),
p(x) (ais ) 1 () (g, i) =i g0 = 1p(x) (i, )7
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for all p,4,j € I. Hence 7,(x) is again of Cartan type with the same Cartan matrix
C'. Thus X’ is i-finite for all ¥’ € G(x) and i € I.

Let C = (¢ij)ijer be a symmetrizable generalized Cartan matrix, and for all
i € I let d; € N such that d;c;; = djc;; for all 4,5 € I. Let ¢ € k™ such that
(m 4 1),2a; # 0 for all m € Ng with m < —c¢;; for some j € I. Define x € &
by x(as,a;) = g%i. Then x is of Cartan type, hence y is p-finite for all p € I.
Eq. (2.10) implies that r,(x) = x for all p € I, and hence G(x) consists of precisely
one element. In this case the Weyl groupoid W(x) is a group, which is precisely
the Weyl group associated to the generalized Cartan matrix C'. We will study this
example in Sect. 8 under the assumption that C' is of finite type.

2.3. Roots. Let xy € X. There exists a canonical root system of type C(x) which
we describe in this subsection. It is based on the construction of a restricted
PBW basis of Nichols algebras of diagonal type. Nichols algebras are braided Hopf
algebras defined by a universal property. More details can be found in [AS02] on
braided Hopf algebras and Nichols algebras, in [[{ha99] on the PBW basis, and in
[HecO6] on the root system.

Let V e ﬁi%;yl) be a |I|-dimensional Yetter—Drinfel’d module of diagonal type.
Let § : V - kZ! ® V and - : kZ! ® V — V denote the left coaction and the left
action of kZ! on V, respectively. Fix a basis {z; |7 € I} of V, elements g;, where
i € I, and a matrix (gi;)ijer € (k*)7*1, such that

5(3?1) =0i®xi, Gi*Tj = qiT; for all 4,5 € I.

Assume that y(a;,a;j) = g;; for all 4,5 € I. For all o € Z! define the “bound
function”

min{m € N|(m)y(a,a) = 0} if (m)y(a,a) =0

X () = for some m € N, (2.12)

00 otherwise.
Let us see, what this means. By the definition of the number (m)y(q,q), if x(a, @) =
1 and the characteristic of k is positive then bX(«) coincides with the characteristic

of k. If x(cv, @) = 1 and the characteristic of k is zero, then bX(a) = oo. If x(a, «)
is a primitive mth root of 1 for some integer m > 1, then bX(«) = m. Otherwise

bX(a) = oc.
If p € I such that x is p-finite, then
b0 (0X(a)) = b¥(a) for all a € Z! (2.13)
by Eq. (2.8).

The tensor algebra T'(V') admits a universal braided Hopf algebra quotient B(V'),
called the Nichols algebra of V. As an algebra, B(V) has a unique Z!-grading

B(V) = DaczrB(V)a (2.14)
such that deg z; = «; for all i € I. This is also a coalgebra grading. There exists a

totally ordered index set (L, <) and a family (y;)ier of Z!-homogeneous elements
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y1 € B(V) such that the set
{y;?ly;?y;zk |k>0,l,...;lk €L, 11 >l >+ >,

2.15
m; € N, m; < bX(degy;,) forallie I} (2.15)

forms a vector space basis of B(V'). Let
RY ={degy/ |l e L} C Z'. (2.16)

In particular, |[RY | < |L| and equality holds if and only if the degrees degy; are
pairwise distinct. The set RY depends on the matrix (gi;)ijer, but not on the
choice of the basis {z; |i € I'}, the set L, and the elements g;, i € I, and y;, | € L.
Let
RX = RY U—RX.

Let m € Nand ¢,j € I with i # j. Then

T (()q.. (1 = g5 aiq4)) # 0

s=1

& so+oj € RY forall s € {0,1,2,...,m}

(2.17)

by [Ros98, Lemma 14, Cor. 18]. Further, if x is p-finite, then

X (B \ {ap}) = BP0\ {oy) (2.18)
by [Hec06, Prop. 1], so oX(RX) = R»00),
Theorem 2.14. [Hecl0, Thm. 3.13] Let x € X such that ' is p-finite for allp € 1.
X' € G(x). Then R(x) = R(C(x), (RX )yeg(y)) is a root system of type C(x).
Roots with finite bounds often play a distinguished role. For all x € X" let
R}-ﬁn = {6 € Rﬁ | bX(B) < 00}7 Rioo = Ri \ R}-ﬁn' (219)
We will use several finiteness properties of bicharacters.
X = {x € X|x is p-finite for all p € I}, (2.20)
Xy = {x € X| X is p-finite for all X" € G(x), p € I}, (2.21)
X3 = {x € X| RX is finite}, (2.22)
Xy = {x € X| RX is finite, RY = RY; }, (2.23)
Xs = {x € Xy|x(a,a) # 1 for all « € RY }. (2.24)
)

Clearly, &; D & for 1 <i < j <5, where the inclusion X D &3 follows from (2.17
and (R3). Eq. (2.12) implies that x € A5 if and only if RX is finite and x(a, @) is
a root of 1 different from 1 for all a € RX.
Lemma 2.15. Let x, X' € Xs.

(i) If RX = Ri/, then C*™X = C*"X" for all w € Hom(x,_ ) C W(x).

(ii) Assume that x,x' € Xs. If C¥"X = C*"X for all w € Hom(x,_ ) € W(x),
then RX = RX .
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Proof. By Thm. 2.14, R(x) is a root system of type C(x).
(i) Assume that RX = RX. Then OX = CX" by Lemma 2.7. Therefore o) = o}

3

/

ik
Aut(Z!) and i o)X = ool )X for all k€ Ny and iy,...,i, € I. Hence
Cw'x = Cv'X for all w € Hom(y,_) € W(x).
(ii) Since y € X3, RX = {w () |w € Hom(x,_) C W(x)} by [CH09, Prop.2.12].
By assumption on the Cartan matrices, oy, -0 = o3, -- 'aii in Aut(2?) for all

k€ No and i1,...,ix € I. Hence RX = RX', and the lemma holds by (R1). O

in Aut(Z%). Since yx, x’ € Xa, by induction it follows that oy, ---0X =0y, - - -ol?i in

For our study of Drinfel’d doubles we will use an analog of the sum of fundamen-
tal weights, commonly known as p. More precisely, we define a character version of
the linear form (2p,-), where (-, ) is the usual bilinear form on the weight lattice.

Let Z! = Hom(Z!,k*) denote the group of characters of Z! with values in k*.

Definition 2.16. Let xy € X'. Let pX € ZI such that
(o) = x(ag, ) foralliel.

Lemma 2.17. Let x € X, p € I, and b = bX(cy,). Assume that b < co. Then x is
p-finite and
mp(X) (X
b—1 b—1 pr (Up (/8))
xX(ap, B)" " x(B ap)" = ———————
(0. ) ! pX(B)
for all g € Z1.
Proof. Define &;,&; : Z1 — k* by

pv"p(x) (Ui)c (B))
pX(B)

Then &1,& € ZI. Thus it suffices to prove that & (o) = &2(a;) for all j € I. Let
¢ir = X(aj, o) for all j,k € I. Then qf,p = 1 since (b)g,, = 0. Moreover,

108) = x(ap. B)"'x(B.ap)* ™Y, &(B) =

p'* N () =rp(x)(ay, ay)
X X
=x(0 — cp;ap, 05 — cpiap) = 45 (dp;Qip) P dpp
for all j € I.
X
Bly axssumption, X is p—ﬁnitex, and hence for all j € I'\ {p} we have q;§j = p;jYjp
or qup P =1. Let j € I. If ¢ = 4pjQjp, then
P () = g5,
X
&(ay) = ;5 N (0 () = 455N () — €Xj0p) = Gpp ™,
J JJ p AT Ji J pJj

— X X
(b 1)Cm Cpi

b—1, b—1
&i(oy) = 4p; 4jp = 9pp =dpp
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and hence & (a;) = &a(ay). Otherwise b=1—c);, q;gj = @pp, and then
prr) (ap) = qpps prr) (o)) = qjj (ququ)—cifj Qpp>
&(ay) = q;j1prp(x) (oX(a))) = qj—j1prp(x)(aj —cay) = (ququ)fc;fj’
€1(ay) =40 " = (apiap) %

Hence &1 (cj) = &2(ay;) also in this case. This proves the lemma. O

3. MULTIPARAMETER DRINFEL'D DOUBLES

In this paper we study Verma modules for a class of Hopf algebras introduced
in [Hecl0]. This class contains multiparameter quantizations of semisimple Lie
algebras and basic classical Lie superalgebras. The precise definition is given in
Eq. (3.14). Tt uses the Drinfel’d double construction and the theory of Nichols
algebras.

The Drinfel’d double [Jos95, Sect. 3.2] can be defined via a skew-Hopf pairing of
two Hopf algebras or as the quotient of a free associative algebra by a certain ideal,
see also Rem. 3.3. The first approach is more technical, but also more powerful.
We present here the second definition. For proofs see [Hecl()].

Let I be a non-empty finite set, y a bicharacter on Z! with values in k*, and
gij = X(ay, ;) for all i,j € I. Let U(x) be the unital associative k-algebra with
generators K, K;l, L;, L;l, FE;, and F;, where i € I, and defining relations

XY =YX forall X,Y € {K; K; ', L;,L;"|i €I}, (3.1)
KKt =1, LiL7' =1, (3.2)
K,E;K; ' =q;; Ej, LiE;L;' =q;;' Ej, (3.3)
KiFj K[! =q;;' F}, LiF;L;' = q; Fj, (3.4)
EiFj—F;E; = 6, ;(K; — L), (3.5)

where i,j € I, and ¢;; denotes Kronecker’s 6. The algebra U(x) can be given a
Hopf algebra structure in many different ways. We will use the unique Hopf algebra
structure determined by

e(K;) =1, e(E;) =0, e(L;) =1, e(F;)=0,
A(K;) = K; @ K, A(L;) = L; ® Ly,

AK DY =K 'o K, AL7Y=L;'®L; ", (3.6)
AE)=E;®1+ K; ® E;, AF) =10 F+F,®L;

forall i € 1.

Let U0, U~°, and U° denote the commutative cocommutative Hopf subalgebras
of U(x) generated by {K;, K; ' |i € I}, {L;,L;'|i € I}, and {K;, K; ', L;, L; ' |i €
I}, respectively. For any a = Y. ,muo; € Z! let Ky = [[;o; K[ and L, =
[[,c; Li"". Then the set

i€ iel

{KoLglo, 3 € 7'}
is a k-basis of U°.
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Let U™ (x), VT (x), U (x), and V™ (x) denote the subalgebras of U(x) gener-
ated by {E;|i € I}, {E;, K;,K;'|i € I}, {F;|i € I}, and {F;,L;,L;"|i € I},
respectively. Then V¥ (x) and V™ () are Hopf subalgebras of U().

The algebra U() admits a unique Z’-grading

U(x) = Dpernth(X)s,
LeU(x)o, UN)UNX)y CUXX)p4y forall B,y € Z7,

such that K;, K; ', Li, L' € U(x)o, Ei €U(X)as, and F; € U(x)_q, for all i € 1.
Let
NI = {Zaia”ai S No} C ZI,
iel
and for any subspace U’ C U(x) and any 3 € Z! let Uy =U NU(x)s. Then

U (X) = @peng UT (X5 U™ (X) = DBgeny U™ (X)-5-
For all 3 € Z! let

(3.7)

18] = Z a; € Z, where 3= Z ;0. (3.8)

iel icl
The decomposition
M(X) = EBmEZu(X)ma where M(X)m = EB,B:|ﬁ\:m“(X)57 (3'9)
gives a Z-grading of U(x) called the standard grading.

Proposition 3.1. Let x € X.
(1) Let @ = (a;|i € I) € (k*)!. Then there exists a unique algebra automor-
phism @4 of U(x) such that

a(Ki) = Ki, ga(Li) = Li, 9a(Ei) = aiB;, 0o(F;) = a; ' Fy. (3.10)
(2) There is a unique algebra antiautomorphism Q of U(x) such that
QK;) =K, Q(L;) =L, Q(E;) =F;, O(F;) =E;. (3.11)
It satisfies the relation Q2 = id.

Lemma 3.2. For all i € I there exist unique linear maps X, 0F € Endy (U™ (X))
such that

[E,F] = 0X(B)K; — L;0F(E) for all E €U (x).
The maps 0X,0F € Endx(UT (x)) are skew-derivations. More precisely,
0f(1) =07 (1) =0, 0f(E)) = 0f(E;) = bi, (3.12)

OF(EE") =0f (B)(K;.E') + EOF (F'), (313
OH(EE) =0F (B)E' + (L7 .E)oH(E) |
for alli,j €I and E,E' € U™ (x).

Rev. Un. Mat. Argentina, Vol 51-2



DRINFEL’'D DOUBLES AND SHAPOVALOV DETERMINANTS 119

Let Z () be the unique maximal ideal of U (x) such that Z*(x) C kere and
OK(T(x)) C I (x) for all i € I. Equivalently, Z*(x) is the unique maximal ideal
of U (x) such that Z%(y) C kere and OF(Z(x)) C I (x) for all i € I, see [Hecl0,
Prop.5.4]. Let T~ (x) = Q(Z*(x)). Let

U™ (x) =U"(x)/T" (x), U~(x) =U"(x)/T" (x),
VT (x) =VT(x)/T()ut’, V() =V~ (/T ()u°,
and
Ux) =UX)/(ZH(x), T (x))- (3.14)

The canonical inclusions U* (x) € U(x), U° C U(x) induce maps
LU () = U(), w:U=U(K), U (x)—=Ux).

Remark 3.3. (i) The vector space V = @,c/kE; is a Yetter—Drinfel’d module over
the group algebra kZ! ~ k[K, K;l |i € I] C U°, where the left action - : kZ @V —
V and the left coaction 6 : V — kZ! @ V are defined by

Ki-Ej = qi; Ej, 6(B;) = K; ® E;

for all 4,5 € I. The algebra U™ (x) is commonly known as the Nichols algebra of
the Yetter—Drinfel’d module V.

(ii) There are various descriptions of the ideal Z(x), see e.g. [AS02]. In case
of quantized enveloping algebras, see Sect. 8, Serre relations generate the ideal
Z%(x). A more general case is studied by Angiono [Ang09]. For quantized Lie
superalgebras the defining relations are determined in [Yam99, YamO01]. It is in
general an open problem to give a nice set of generators of ZT(x), see [And02,
Question 5.9].

Proposition 3.4. (Triangular decomposition) The map
m(e- @ @)U (x) @U@ U (x) = U(x)

is an isomorphism of Z!-graded vector spaces, where m denotes the multiplication
map. In particular,

(ZF(), I~ () = I~ 0)UU™ (x) + U™ UL (x).
Proof. The claim follows from the characterization of triangular decomposability

in [Hecl0, Prop.4.17,Rem. 4.19]. The equivalent conditions for Z(x) and Z~ (x)
are proven in [Hecl0, Sect. 5], where Z1 () is denoted by S*(x). O

Following the convention in [Jos95, Sect. 3.2.1], a skew-Hopf pairing n : Ax B —
k, (z,y) — n(x,y), of two Hopf algebras A, B is a bilinear map satisfying the
equations

n(lay) :E(y)v 77(3071) ZE(I‘), (315)
n(za',y) =n, yay)n(@,ye), 0z yy') =nlza), y)nee),y), (3.16)
n(S(x),y) =n(x, S~ (y)) (3.17)

for all z,2' € A and y,y’ € B.
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Proposition 3.5. (i) There exists a unique skew-Hopf pairing n of VT (x) and
V~(x) such that for alli,j € I one has

n(Ei, Fj) = —=0i5, n(Ei, Lj) =0, n(K; F;) =0, n(Ki Lj) = g
(ii) The skew-Hopf pairing n satisfies the equations
n(EK,FL) =n(E, F)n(K, L)

foral E€cUt(x), FeU (x), KeUT™, and L eU°.
(iii) If 8,7 € Ny with B #~, E €Ut (x)g, F € U™ (X)—~, then n(E,F) = 0.
(iv) The restriction of n to Ut (x) x U™ (x) induces a non-degenerate pairing
n:UT(x) x U™ (x) = k.
Proof. (i) and (ii) are [Hecl0, Prop.4.3]. (iii) follows from the definition of 7 and
since A is a Z’-homogeneous map. (iv) was proven in [Hecl0, Thm. 5.8]. O

By the general theory, see [Jos05, 3.2.2], the pairing 7 in Prop. 3.5 can be used
to describe commutation rules in U(x) and U(x). Namely,

yr =n(z), S(Yw))z @y n(s), ys), (3.18)
zy =n(1), Y1))¥2)T2)n(T3), S (1Y) (3.19)
for all z € V*(x) and y € V™ (x). Note that the second formula follows from the
first one and Eqgs. (3.15)—(3.16).
Later we will also need some other general facts about U(x). Some of them are
collected here. Let
Ut (x) =ker o c Ut (y), Ut (x) =kerdF C UT(x), (3.20)
Ui (X) =U; ), U, () =QUH). (3.21)
Recall the definition of bX in Eq. (2.12).
Lemma 3.6. Leti € I.
(i) Let m € N. The following are equivalent.
« "= 0inU(x),
o« E"=0in U(x),
o m > bX(wy).
(i) Let k[E;] and k[F;] be the subalgebras of U(x) generated by E; and Fj,
respectively. The multiplication maps

Uk 00 @ k[Ei)] = U™ (x), k[E;] @ U () = Ut (%),
UL (x) @k[E)] = U™ (x), k[Ei] @ U, (x) = U* (x),
Ui k() @k[E] = U™ (%), k[Fi] @ U; 1 (x) = U™ (x),
U, () @k[F] = U™ (x), k[E5] @ U, 1(x) = U™ (x),

are isomorphisms of 7' -graded algebras.
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Proof. (i) is standard in the theory of Nichols algebras. It follows from Egs. (3.12),
(3.13) and the definitions of Z%(x) and Z~ (x). The proof of (ii) for Ut (x) can be
performed as in [HecO6]. The formulas with U~ () follow from those with U™ ()
and Eqgs. (3.20), (3.21). O

Lemma 3.7. Let m,n € Ny and p € I. Then

min{m, n} i

R | (A L

dpp app dpp .
Jj=1

Proof. For n =0 the claim is trivial. By [Hecl0, Cor. 5.4],
EJ'F, — F B = (m)g,, (qpp "Kp Lp)E;nfl-

Hence the lemma holds for n = 1. It suffices to check the claim for m > n, since
then it also holds for m < n using the algebra antiisomorphism 2. The proof of
the lemma for m > n is a standard calculation by induction on n. O

4. AN ANALOGUE OF LuszTiG’s PBW BASIS

Let x € X and p € I. Assume that y is p-finite. Let ¢;; = x (o, ;) and ¢ = c;fi
for all i,j € I.

For all m € Ny and ¢ € I\ {p} define recursively EzjE € UJ_H,L% Ffm €
Usitmay, by
E;’ro =k, E;rerl =FE, E.Jr — (Kp. E:m)Ep,
E; o =Ei, Ei i1 =EpE, — (Lp B, ) Ep,
E‘J,ro =F;, Fz'+m+1 =k F‘,m - (Lp'FiJ,rm)Fpa
F;o =F, Fiir =, — (KP'Fi,_m)FP'

We also define E+ 1 =E = Ff_l = F;_, = 0. The above definitions depend

7’7

essentially on p. If we want to emphasize this, we will write Ef ®) and Fz m(p)
instead of EjE and Fz > Tespectively.

For all i € I\ {p} define

—cpi—1

A= D H (@) apiip — 1)-

Then A # 0 by definition of ¢;; = cJ;.

The next theorem was proven in [Hecl0, Thm. 6.11].

Theorem 4.1. Let x € X and p € I. Assume that x is p-finite. Let cp; = c;fi for
alli € 1.
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(i) There exist unique algebra isomorphisms T, T, = U(x) — Ul(rp(x)) such

p>=p
that

Ty (Kp) =T, (K,) = K, ', T, (K;) =T, (K;) = K;K, "',
TP(LP) :T[; (Lp) = szla Tp(Li) :T[; (Lz) = LiL;Cw’
Tp(Ep) :Fpnglv T, (E;) :E:,r—c,,,v

T (Fp) :KilEpv T,(F) :)‘i(rp(X))ile‘J,r—cma
T, (By) =K, ' Fp, T, (E) =Xi(rp(x ) E;
T, (Fp) =EpLy ", T, (F) =(=1)""F_. .

(i) The maps Ty, T, satisfy T,T,; = T, T, = idy(y)-
(iii) There exists a unique a € (k*)" such that T,Q = QT @g in Hom(U (x), U (rp(x)))-

Note that 7,7, is an automorphism of U(x) if one regards 7, as a map from
U(x) to U(rp(x)) and T, as a map from U(r,(x)) to U(rprp(x)) = U(x)-

Proposition 4.2. Let x € X and p € I. Assume that x is p-finite. Then
Tpo(U(X)a) = Urp(X))ox(a) Jor all a € Z'.

Proof. The maps Tj, : U(x) — U(r,(x)) and T, : U(rp(x)) — U(x) are mutually
inverse algebra isomorphisms, and send generators of degree « into the homoge-
neous component of degree op(a). O

Lemma 4.3. Let x € X and p € I. Assume that x is p-finite. Then
TI)(U;L(X)) = U;K(TP(X))a Tp(UI;K(X)) = U;L(TP(X))7
T, (U, () = Uy (rp(x)), T, Uy (X)) = U, k(rp(x))-
Proof. Since x and r,(x) are p-finite, [Hecl0, Prop. 5.10] and [Hecl0, Prop.6.7(d)]
give that
Tp(Upy (X)) C Uy e (rp(X)), T, (U g (rp(0))) € Ul (X)-

Thus Tp(U;L(X)) = U;K(rp(x)) by Thm. 4.1(ii). Similar arguments yield that
Tp_(U;K(X)) = U;L(rp(x)). The remaining two equations can be obtained from
these and Thm. 4.1(iii). O

In the rest of the section assume that y € X3. Let n = |RY| € N. The following
construction generalizes the Poincaré-Birkhoff-Witt basis of quantized enveloping
algebras given by Lusztig.

Let i1,49,...,9, € I such that {(1Xo;, 04, ---0y,) =n. Forall v € {1,2,...,n}
let

3,( = 1X0'7;10'i2 . O-’Llﬂ/—l (Oéiu). (41)
Then the elements S, 1 < v < n, are pairwise different and

RY = {BY|1<v<n} (4.2)
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by [CHO9, Prop.2.12]. For all v € {1,2,...,n} let
Eg, =Ejf =Ty ...Ti,_,(Ei,), Fs, =Fy =T ...T;,_,(Fi,), (4.3)
Eﬂu = E%‘C,, = Ti: s Ti:,l(Eiu)a Fﬂu = Féi, = Ti: s Ti,_,,l(Fi,/)v

where E;, F;, € U(ri, _, ...7i,75,(x)). Then
Bs,. B, €Ut (X)p,»  Fp, . Fp, €U (X)-p, (4.5)
for all v € {1,...,n} by [[Hecl0, Thm. 6.20], Thm. 4.1(iii) and Prop. 4.2.

Lemma 4.4. Assume that x € X5. Let v € {1,2,...,n}. If bX(B,) < oo, then
B, ) = Fr ) =0 and B #0, F # 0 in U(x) for 1 <m < 0X(B,) — 1. If
bX(By) = oo, then B # 0, Ff* # 0 in U(x) for all m € N.

Proof. By Eq. (2.13), the assumption y € X3, and since T; is an isomorphism for
each i € I, it suffices to prove for all m € N and all ' € X that E* =0 in U(x')
if and only if F/ = 0 in U(Y') if and only if m > bX (e;) for all ¥’ € X and i € T
with bX () < oo. This follows from Lemma 3.6(i). O

Theorem 4.5. Assume that x € X3. Let n = |RX| € N. Both sets
{E/ZTEZZQ B0 <my, < X(By) for allv € {1,2,.. Lt} (4.6)
{E/ZTEZZQ c B0 <my, < X(By) for allv € {1,2,.. Ln}t} (4.7)

form vector space bases of U™ (x).

Proof. We prove the claim for the basis in Eq. (4.6). For the other set the proof is
analogous. By Egs. (2.16) and (4.2),

dim U () = ‘{(ml,mg, o) NG| Y muB, =,

v=1
my < bX(B,) for all v e {1,... ,n}}‘
for all € Nj. Since deg E, = 3, for all v € {1,2,...,n}, it suffices to show that
for all u € {1,2,...,n+ 1} the elements of the set
{ESEZ" - EZm 10 <m, <bX¥(B,) forallv e {u,p+1,.. ,n}t}

123 BLHrl

are linearly independent. We proceed by induction on n+1— p. If g =n+1, then
the above set is empty, and hence its elements are linearly independent.

Let now p € {1,2,...,n}. For all m,,...,m, € Ny with m, < bX(5,) for all
ve{pwp+1,...,n}let am, . m, €k Assume that

> iy ERRE B =0 (4.8)
. — — — — . — — —1
in UM (x). Let T~ = Tiﬂ"'TigTil' Since T~ (Epg,) = Tz‘,b(Eiu) — Kz‘,b F,
obtain that

> o, (K BT (Ep,, )™+ - T (B, )™ = 0.

My, My

L, We
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Since T~ (Eg,) € Ut (ri, ---ri,ri, (x)) for all v € {u+ 1,44 2,...,n}, Prop. 3.4
implies that
Z ammmu+1,~..,mnT7(Eﬂuﬂ)muﬂ o Ti(Eﬂn)m" =0
Mp+1,-0,Mn

for all my, € No, my, < b*(8,). Therefore
Z amuvmu+1y~..,mnEmu'+1 . Eg:,ﬂ =0

Bu+1
m,H_l,...,mn

for all m,, € No, m, < bX(B,). Then am, m,,,....m, = 0 for all (my,...,m,) by
induction hypothesis, which proves the induction step. Thus the theorem holds. [
Lemma 4.6. Assume that x € Xs. Then ker(9f : Ut (x) — UT(x)) coincides

with the subalgebra of Ut (x) generated by the elements Eg,, v € {2,3,...,n}. The
set

{E"”Em3 - ER 10 <my, <UX(By) for all v € {2,3,.. .,n}} (4.9)

forms a vector space basis of ker 5‘5 .

Proof. Let v € {2,3,...,n}. By [Hecl0, Lemmad4.31, Prop.5.10] and Lemma 4.4
there exist m € Ng and zo, z1,...,Zm € ker 9 such that m < bX(a;,) and Eg, =
Zu o ZuEL . Then

T (Bg,) =D T () (K B )™
=0
Moreover, T; (z,) € Ut (ry (x)) for all p € {0,1,...,m} by [HeclO, Prop.5.10,
Lemma 6.7(d)]. Since T} (Ep,) € U (4, (x)), triangular decomposition of U (r;, (x))
implies that 2, = 0 for all x> 0. Hence Eg, = xo € ker&. Then the claim of
the lemma follows from the inclusions

(Eg, |k €{2,3,...,n}) Ckerd} C & kEg? - Eg'™,
o< T ok it

where the second inclusion is obtained from Thm. 4.5 and the formula
O (B B -+ Egt) = (ma)g,,, Eg ™ Ky - (Eg? - EG™).
O

Remark 4.7. The analogous version of Lemma 4.6 for ker 8{; is obtained by replac-
ing Eg, by Ep, for all v € {2,3,...,n}.

Theorem 4.8. Assume that x € X3. Let n = |RX| € N. Then
Ep, B, —X(By, Bv)Ep, Ep, €
Ep,Ep, — X (B, Bu)Ep, Es, €
Fp, Fp, — Xx(Bv, Bu)Fp, Fs, €
Fg, Fp, = X" (Bu: Bu)Fp, Fs, €
Jor all pyv € {1,2,...,n} with p < v.

)

€(Bg, |p<k<v)ycUT(x)
B |#<H<V>CU+(X),
€(Fs, |n<r<v)CU (%),
Fs. [n<w<v)CU (x)

(
(E
(
(
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Proof. The proof will be achieved in a standard way, see e.g. [Bec94, Prop. 7).
We prove the first relation for 4 = 1 and all v € {2,3,...,n}. Then the first
relation for p > 1 follows from

EﬁuEﬁu - X(Bua BV)E@/E@L = Ti1 e Tiu,l (EZ“EI// - X(Buv BV)E:/Ei“)v
where E/, = T;, ---T;, ,(E;,), by using the case p = 1, Eq. (2.8) and the first

M Gy —1
relation in (4.5). The proof of the second relation of the theorem is similar. The
third and fourth relations can be obtained from the first two by applying Q and

using the formulas
Q(Es,) € k*Fs,, Q(Eg,)€k*Fs,, k€{1,2,...,n}, (4.10)

which follow from Thm. 4.1(iii).
Let v € {2,3,...,n}. For all (m1,ma,...,m,) € N} with m, < bX(8,) for all
k€{1,2,...,n} let am, . ..m, €k be such that

Ei Es, — X(0iy, B)Es, Biy = Y ym B B (4.11)

mi,...,Mnp

The numbers am,, ....m, € kexist and are unique by Thm. 4.5. Let x, = 7, - - - 7y 74, (X)-
Apply to Eq. (4.11) the isomorphism T~ =T, ---T; T, € Hom(U(x),U(x»)). For
all k € {1,2,...,v},

T, - T, T, (BEs.) =T, - T, T, (Ei)

=T, T, (K 'F,) e U (x,)U°

iy Trt1
by Eq. (4.5). Hence
>ty m, DB BROT(ER ERT)

Bt
Mmi,...;Mn

=T (Ei1 E,BV - X(ahvﬂl))EﬁuEil) € U_(Xu)u0~

By triangular decomposition of U (x) it follows that @, ... .m, = 0forall (mq,...,my,)
with m,, > 0 for some k € {v + 1, v+ 2,...,n}.

By Lemma 4.6, Eg, € ker0X. Hence E;, Eg, — x(ai,, ) Es, E;, € ker0X by
Lemma 3.2. Thus Lemma 4.6 implies that ap,,,....m,, = 0 whenever m; > 0.

Suppose that there exists (my,...,my) with an,, . m, # 0 and m, = 0 for all
k € {1}U{v+1,v+2,...,n}. Since E;, Eg, —x(cv,, B,)Ep, Ei, is Z!-homogeneous of
degree a;, + 3., the equality a;, + 8, = Y-, _y My By holds, which implies m,, = 0.
Thus the theorem is proven. [

Next we prove a generalization of Thm. 4.5.

Theorem 4.9. Assume that x € X3. Let n = |RY| and let T be a permutation of
the set {1,2,...,n}. Then the sets

(B VB BT 0 < my, < WX(B,) for allv € {1,2,...,n}},

Bry T Br2 Br(n)
(1) M (2) 1 (n)
{Eﬁru; Eﬁr@? . 'Eﬁﬂn) 0<m, <b¥(By) for allve{1,2,...,n}}
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form wvector space bases of UT(x), and the sets
{Fy O R P10 <my, < X(By) for allv € {1,2,...,n}},

Bry T Br(2) Br(n)
{F,mf(l)pmf(z) AU 0<m, < bX(,Bl,) for allv € {1, 2,.. ,n}}

Bry T Br(2) Br(n)

form wvector space bases of U~ (x).

Proof. Tt suffices to prove that the first set is a basis of U (). Indeed, the proof
for the second set can be obtained by using the maps 7, where ¢ € I, instead of
T;. The second part of the claim follows from the first part by applying the algebra
antiautomorphism 2 and using Eq. (4.10).

For any m = (mq,...,my) € Njj let |m| = ZZ:l my|Bul, where |a| = Zjel a;
forall a =3, aja; € NJ. Let N be the (additive) monoid N7 equipped with
the following ordering;:

m'<m & [w[<|m|l or |m|=|m|m <ixm,

where <jox means lexicographical ordering. We use the convention m <jex m. The
ordering < is a total ordering. For all m € N{} define
FrUt() = @  kEMET2 ... BT Ut(y).
(x) meNmi<m B B Br (x)

The vector spaces F*U T (), where m € N, are finite-dimensional, since the de-
grees of their elements are bounded. Moreover,

FUr () =kl,  FRU()F2U*(y) € FEHUT ()

for all m,m’ € N by Thm. 4.8 and since Ut () is Z’-graded. Thus F defines a
filtration of U™T(x) by the monoid N, and the corresponding graded algebra
o (Frut FrUH ()
. /D, (%)

m’'<m,m’#m

is a skew-polynomial ring in n variables by Thm. 4.8. By a standard conclusion we
obtain that the first set in the claim of the theorem is indeed a basis of U (x). O

5. VERMA MODULES AND MORPHISMS

We consider Verma modules for the algebras U(x), x € X. We observe that
the fundaments of the theory of Verma modules for quantized enveloping algebras
can be carried over to a great extent to U(x). New phenomena appear if some
generators of U(x) are nilpotent.

Let K be a field extension of k. Although the K-Hopf algebra U(x) ®x K can
be identified with the one defined over K, we use it deliberately. Let Hom(U°, K*)
denote the set of K*-valued characters (algebra maps from U° to K*) of the group
algebra 1/°. For all x € X there is a natural group homomorphism

2! S Hom@U',KX),  C¥(@)(KsLs) = x(Bra)x(on 8)" (5.1)
for all o, 3,3 € Z'. If x € X and p € I such that x is p-finite, then
¢ (0X(0)) (K ox (8yLox (5) = () (KsLg) (5.2)
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by Eq. (2.8).
Let x € X. Given a K*-valued character A € Hom(U°, K*), one can regard K
as a Ut (y)U -module with generator 15 = 1 via

uEBlpy = e(E)A(u)la for all E € Ut (x), u e U°. (5.3)
We write K, for this module.
Definition 5.1. A Verma module of U(x) is a U(x)-module of the form
MX(A) = U(x) @u+xuo Ka, where A € Hom(U%, K*).
We write v) or just va for 1 ® 15 € MX(A).

Any Verma module is also a K-module via the K-module structure of the second
tensor factor.

Let A € Hom(U°,K*). Triangular decomposition of U(x) gives the following
standard fact.

Lemma 5.2. The map U~ (x) @ K = MX(A), u® z — uzvpn = u @ xlp, is an
isomorphism of vector spaces over K.

The isomorphism in Lemma 5.2 and the Z!-grading of U~ () induce a unique
7! -grading on MX(A) such that

MX(A)o =U " (x)a @x Kp forall a € Z. (5.4)
Then
MX(A)g = Kup, U(X)aMX(A)g C MX(A)qyp for all a,3€ Z'.  (5.5)

Moreover, MX(A), # 0 implies that —a € N{.
The group algebra U° acts on MX(A) via left multiplication. This action is given
by characters:
uv = (A + () (u)v  forallu e U, o € Z', v € MX(A)q, (5.6)

see Egs. (5.1), (5.3), (3.3), and (3.4).
Let A € Hom(U", K*). The family of those U(x) ®x K-submodules of MX(A),
which are contained in @q0MX(A)q, have a unique maximal element IX(A). Let

LX(A) = MX(A)/TX(A) (5.7)
be the quotient U (y)-module. For all a € Z! let
IX(A)o = MX(A)o N TX(A). (5.8)

The maximality of IX(A) implies that the inclusions IX(A), — IX(A) induce iso-
morphisms

PX(A) > @aezr (Mo, LX(A) = @aezr MX(A)a/TX(A)a,

and hence IX(A) and LX(A) are Z!-graded. Since MX(A)g = Kuv,, and any Z!-
graded quotient of MX(A) by a U(x) ®k K-submodule containing vp is zero, LX(A)
is the unique simple Z!-graded U () @i K-module quotient of MX(A).
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Definition 5.3. Let A € Hom(U° K*) and V a Z!-graded subquotient of MX(A).
The (formal) character of V is the sum

chV = Z (dimV_,)e™

aeN]
where e is a formal variable.
Eq. (5.4) implies that
ch MX(A) = > dimU™ (x)_ae™® (5.9)
a€eN]

for all A € Hom(U°, K*).

Remark 5.4. For all o, 8 € Z! we let e“e? = e*t#. Thus we can consider formal
characters as elements of the ring U, cnre®Z[[e™* | i € 1]}, where e*Z[[e™ |i €

I)] C e@TPZ[[e= ]] for all a, B € N} in the natural way.

From now on until Lemma 5.15 let x € X, p € I, and b = bX(ay,) = b"»X) (e,
and assume that b < co. Then x and r,(x) are p-finite. We deduce some phenom-

ena which arise from the finiteness assumption on b.
For all A € Hom(U",K*) define tX(A) € Hom(U?, K*) by

o, O
Lo, )M (5.10)
P ap,

5 (A)(KaLg) = AK 00 (X)E p)°

(o)
for all o, 8 € ZI. By Eq. (2.8) this is equivalent to
_ X(al)a 6)1)_1
tx (M) (Kox () Lox(p)) = A(KaLB)W (5.11)
for all a, B € Z1.
Recall the definition of pX from Def. 2.16.
Lemma 5.5. Let A € Hom(U°,K*). Then

PO (@) B A (K s ) L ) = #¥(@) AKa L)

«

for all a € Z1.
Proof. Insert Eq. (5.11) and use Lemma 2.17. O

Example 5.6. Let C be a symmetrizable Cartan matrix and ¢ € k*, y € X as in
the second part of Ex. 2.13. In particular, x(c;,a;) = q%i¢i. Let p € I. Assume
that b = bX(a,) < co. Then ¢*%® = 1, and hence ¢?*(*2») = 1 for all a € Z!.
Further, r,(x) = x.
Let A € Hom(@U°,K*). Assume that A(K,L;') = ¢*** for some A in the
weight lattice. Then
(M) (KaLg") =AKox(a) Loy (o))

:qZ(U;f(a),)\)q 2(a,ap) _ qQ(OL,U;C()\)fozp)7

)g2(b=D @)

which recovers the dot action of the Weyl group on the weight lattice.
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If we consider a composition tz‘/t?”, where 4,5 € I, X', x” € X, then we will
always assume that

X' =r;(x").
For simplicity, we will omit the upper index Y’ if it is uniquely determined by
another bicharacter in the expression.

Lemma 5.7. Let A € Hom(U",K*). Then t,tX(A) = A.

Proof. By Egs. (5.10) and (5.11), and since 72(x) = ¥,

p

(A (KaLg) = G (0N Koy (o) Loy (5)) = AlKaLg)

x(ap, B)0
for all o, B € Z'. This proves the lemma. O

Lemma 5.8. Let A € Hom(U", K*). There exist unique K-linear maps
T, =TX,, T, =T%y + M0 (X(A)) — MX(A),
such that for all w € U(ry(x)) we have

Tp(uvt;g(,\)) = Tp(u)FI?*lvA, T;(uvt}g(A)) = Tp*(u)Fé’*lvA.

If V C MTP(X)(t;C(A)) is a U(ry(x))-submodule, then Tp,(V), » (V) are U(x)-
submodules of MX(A).

Proof. The uniqueness of the maps Tp, Tp_ is clear. We prove that Tp is well-
defined. The proof for Tp’ is analogous.
Let X" = rp(x) and A" = tX(A). By Lemma 5.2 and Thm. 4.9,
MX*(N)o,; taa, =0=MX(A)_po, forallacZ, jel\{p}.

Thus, since degT,(E;) = U;fl (cj) for j € I, we conclude that

T,(Ej)Fr oy € MX

P (A)aﬁ(l_b_c;(;)% =0 foralljel.

Moreover, Egs. (3.4), (5.11) give that
KaLgFé’*lvA = x(a, )" x(ap, B)! A(KaLg)Fé’*lvA
= N (Kox (o) Loys)Fy~ 'va
for all a, 3 € Z'. Hence T,(u)F tvy = T, (A (u)vy:) for all u € U°. Therefore T),

is well-defined.
The last claim of the lemma follows from the equations

Ty (uv) = Tp(u)Ty(v), Ty (ww) =T, (u)T, (v), (5.12)

p p p

where u € U(rp(x)) and v € M"»() (tX(A)), and from the fact that T, (U (rp(x)))
T, (U(rp(x))) = Ux)-

Ol
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Lemma 5.9. Let A € Hom(U°,K*) and k € I\{p}. Assume that my . = |(Noay,+
Noay) N RY| < 0o and that bX(a) < oo for all o € (Noa, + Noay) N RY. Then

(tptr)™re ", X (A) = A. (5.13)

Proof. Let m = m;k, and let ig,i1,...,%, € {p,k} such that i, = p if v is even
and i, = kif vis odd. Let x' =7, -+ 1ri,7io(X) = 74, -+ TiyTi, (X) (by (R4)),
and
N=t,
These definitions make sense, since bX(a) < oo for all & € (Nooy, + Noag) N RX.
Lemma 5.7 implies that the claim of the lemma is equivalent to A" = A”.
Let 7" = T3, T;, - Ty, , : MX(N) — MX(A) and T" = Ty, T}, --- T},
MX'(A”) — MX(A). For all v € {1,2,...,m} let

ettt (A), AN =t

20

i Lt (D).

B, =1Xoi,04, - 04, _y(i, ), B =104,00 04, ().

By definition of Tp and Tk,

~ ~ ~ px’ im)—1
T/,(UAN) :Til e Tim—l (Fim (o ) ’Utx/ (A”)) E I
N1 b (BY) 1 b (B -1
=Fs, A
- bX (B Y—1 bX(BLY=1 ~bX(B)=1
T (unr) =Fl PRI RO,

Both expressions are nonzero by Thm. 4.9. Since
[BL11 < v <m} = {8011 < v < m} = RY. N (Noa + Noay),
we obtain that
() T'(Kvy) and T"(Kuvar) are isomorphic U%-modules.
By Thm. 2.6,
T T, - T,

(o) = Ty, Tiy -+ Ty, (ug)  for all ug € UC.
Hence Lemma 5.8 yields that
N (ug)T' (var) = T'(wovar) =T3, Ty -+ Ti._, (u0) T (var),
A" (uo)T" (var) = T" (uovar) =T3, Ty, -+ T, (uo)T" (var).
Thus A’ = A” by (*). This proves the lemma. O

Remark 5.10. In view of Thm. 2.6 and Lemmas 5.7, 5.9 we can say that Eq. (5.10)
defines an action of the groupoid W(x) on Hom(U?,K*). Then Lemma 5.5 says
that the numbers pX(a)A(K,L;'), where a € Z!, are invariants of this action.

In general, the maps Tp and Tp* are not isomorphisms.

Proposition 5.11. Assume that A(K,L, ") # x(ap, ap)' ™" forallt € {1,2,...,b—
1}. Then T, Tp’ s M) (tx(A)) = MX(A) are isomorphisms of vector spaces over
K.
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Proof. Let q = x(ap, ), X' = rp(x), A = tX(A), and T = T;AT;XT. By
Lemma 5.7 and since 72(x) = x, T" is a U(x)-module endomorphism of MX(A).
We calculate T"(vy ).

T'(vn) :TAP(Fz?_lUA’) = Tp(Fﬁ_l)F,f‘lvA
:(KpilEp)blegflv = (bfz)(b*1)/2A(K17b)Eb71F£710A

=gt O=D/2p (g 1-b) H PA(K ) — A(Ly))oa

by Lemma 3.7. By assumptlon 1’ (va) # 0, and hence T’ is a nonzero multiple of
idasx(a). Therefore T is an isomorphism. The proof for T is analogous. O

Lemma 5.12. Lett € {1,2,...,b—=1}. Let g = x(ap, o). Assume that A(K,L, ") =
¢~ L. Then in MX(A)

E,F'uy = (m)gA(Ly)(¢"™ — 1)F;”_1UA for all m € Ny. (5.14)

In particular, if ¢ # 1, then EF)*vy = e(E)F}"vp for all E € U*(x) if and only if
m=0,m=torm>b. Ifq=1, then EF; vy = e(E)F;"va for all E € Ut (x),
m € Np.

Proof. Eq. (5.14) follows from Lemma 3.7. By definition of b = bX(cy,), either
q # 1 and ¢ is a primitive b-th root of 1, or ¢ = 1 and b = chark. Therefore, if
qg#1andm € {0,1,...,0— 1}, then ¢"™ =1 if and only if t = m. If E = E;
with i # p, then EF"vy = 0 by Egs. (5.4), (5.5). The rest is a consequence of
Lemma 3.6(i). O

Proposition 5.13. Assume thatA(KpL;I) = x(ap, )"t for somet € {1,2,...,b—
1}.
(i) If x(op, ap) # 1, then t is unique, and

ker T;CA = ker T;C’A = _(Tp(X))Fz?_t @ Kexa)s

(i) If x(op, ap) = 1, then chark = b > 0 and

kerTXA = kerTXﬁ =U"(rp(x))Fp ® Kix(ay,
ImTXA—Ing’A =U"(x )FI?_1®KA'

Proof. Let ¢ = x(ap, ap), X" = 1,(x), and A" = tX(A). We prove the claims about

Tgf A in (i). The rest is analogous.
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Let m € {0,1,...,b—1}. By Lemma 3.7 we obtain that
X\ (Fyoar) =T, (FMFy s = (K, ' Ey) ™ Fy o
:aE;)”Fé’*lvA

m
=a' By [[@ P A, L) = oa (5.15)
j=1
Ui .
=/ L@ = Do
j=1

for some a,a’ € k*, where the last equation follows from the assumption on A.
Thus, T;fA(F;”vA/) = 0 if and only if j = b — ¢t for some j € {1,2,...,m}. The
latter is equivalent to m > b — t.

Let F € U™ (x'). Lemma 3.6(ii) implies that for all integers m € {0,1,...,b—1}
there exist unique elements Fy, € U, (x') such that F' = Zﬁn 10 F} F)". Recall
that ¢ € k. Hence by Lemma 4.3 and Eq. (5.15) there exist unique a,, € k™ with
m € {0,1,...,b—1—t} such that

b—1—t
T (Fopr) Z amTp(F) ) FY™ Mg € U™ (x) ® 1a.

By Lemmas 3.6(ii) and 4.3, the latter expression is zero if and only if 7,,(F)) =0
for all m € {0,1,...,b—1—t}. Therefore T;fA(FvA/) = 0 if and only if ) = 0 for

allm € {0, 1,A. ..,b—1—t}. This and Eq. (5.15) imply that ker T;fA =U" (X’)in’_t®
Karand Im Ty = U~ (x)F ® Ka. O

For all w € Aut(Z!) and o € Z! let w(e®) = ¢*(®), and extend this definition
linearly on formal characters. We investigate the effect of the maps T}, T, on

formal characters. For all ' € G(x) and i € I with bX (e;) < oo let dg‘/ 72t — 7t
be the affine transformation

&¥ (o) = o)X () + (1 — 0¥ (o)) . (5.16)

Note that then dfi(X/)d;(/ (a) = afor all a € Z1.
Lemma 5.14. Let A € Hom(U°,K*) and o € Z'. Then

T,(M"* O (£X(A))a) CMX(A) ry0 (5.17)
T (M7 (1X(A))a) C MX(A) o0 - (5.18)

In particular,
ch MX(A) = 770 (ch M™» 0 (£X(A))). (5.19)

Proof. Let A" =tX(A) and u € U(rp(X))a- Then
Tp(uvA/) = Tp(u)Fé’*lvA S U(X)o_;p(X)(Q)U(X)(lfb)ap’u/\
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by Prop. 4.2. This proves Eq. (5.17), since vpo € MX(A)g, The proof of Eq. (5.18) is
similar. By Eq. (5.9), ch MX(A) does not depend on A. Hence by Prop. 5.11 we may
assume that T}, is an isomorphism. Then Eq. (5.19) follows from Eq. (5.17). O

Lemma 5.15. Let A € Hom(U", K*) and t € {1,2,...,b — 1}. Assume that
AMEK,Ly") = x(op, o)™ Then V= U~ (x)F} @ Ky is a U(x) ® K-submodule of
MX(A) with

eftap _ efbap

chV = ch MX(A) =
— e—bap

Proof. The formal character of the subspace @7, Fp of MX(A) is

e~ tap _ e—bap
e—tozp + e—(t+1)o¢p NI e—(b—l)ap _
1—e™
Thus the lemma is a consequence of Lemmas 5.12, 5.2 and Thm. 4.9. (]

In the rest of this section assume that x € Xy. Let n = |RX| and i1,...,i, € T
with ¢(1Xo;, - - - 0;,) = n. Recall the definitions of 5, and Fg,, where 1 < v < mn,
from Eq. (4.3). Let A € Hom(U°, K*). We characterize irreducible Verma modules
(see also Lemma 6.7).

Proposition 5.16. Assume that
n bX(By)—1

IT II (PXB)AEs LY —x(Bu)') #0. (5.20)

Then IX(A) = 0.
Proof. Forallv € {1,2,...,n}let x, = ri,_, -7, (x) and A, = t;,_, - 3,1 (A).
By Lemma 5.5 and Eq. (2.13), Eq. (5.20) is equivalent to
P (i, )AL (K, L)1) # xo(i, s i)
forallv e {1,2,...,n},t € {1,2,...,0%(«;,) — 1}. Hence, by Prop. 5.11, the map
Ty Ty Ty MTn O (1 (A,,)) — MX(A)
is an isomorphism. Thus v = ng(ﬂ")*l i -Fbx(ﬂz)legf(ﬁl)ilvA # 0and (U™ (x)®k

B2

K)v = MX(A). Since v is contained in any nonzero U () ®kK-submodule of MX(A)
by Thms. 4.8, 4.9, it follows that IX(A) = 0. O

6. THE SHAPOVALOV FORM

We discuss the analog of the Shapovalov form for the algebras U(x) following
the construction in [Jos95,; 3.4.10].
Let x € X. By Prop. 3.4, there exists a decomposition

= (3 Rt + Y UE) U’
iel i€l
and hence a unique projection
0% U(x) — U°
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with kernel » ., F3U(x) + > ,c;U(x)E;. This map is commonly known as the
Harish-Chandra map. By definition, X satisfies the property

X (u_uuy) = e(u_)0*(uw)e(uy) (6.1)
for all u_ € U~ (x), u € U(x), uy € UT(x). Since Q(u) = u for all u € U°,

0X(Q(u)) = 0% (u) for all u € U(x). (6.2)
The bilinear map
Sh: U(x) x U(x) = U°, Sh(u,v) = 0X(Q(u)v), (6.3)
is called the Shapovalov form. By Eq. (6.2) and since Q? = id,
Sh(u,v) = Sh(v,w) for all u,v € U(x). (6.4)
Moreover, by definition of Sh and 6%,
Sh(u,v) =0 ifue Y UKX)E; orve > UKX)E;. (6.5)
iel icl

Recall the definitions of U(x), Zt (x) and Z~ () from Sect. 3. Since U (x)ZT (x)U(x)+
UL (x)U(x) C ker 0%, 0% and Sh induce maps

0X:U(x) = U, Sh:U(x) x U(x) — U°.
The map 6X is Z!-homogeneous, that is, 6X(u) = 0 for all u € U(x)a, where

a € ZI\{0}. The map (2 reverses degrees, that is, Q2(u) € U(x)_q for allu € U(X)a,
where a € Z!. Therefore, for all o, § € Z!, where a # /3, we get

Sh(u,v) =0 forallu € U(x)a, v €U(x)s (a#p). (6.6)
Definition 6.1. The family of determinants
det) = det Sh(F}, F}); jeq1,...1y € U° /KX,

i1ty

where o € N§, k = dim U~ (x)—a, and {F{, F3,..., F/} is a basis of U~ (X)—a, is
called the Shapovalov determinant of U(x).

Remark 6.2. Let a € N} and k = dim U~ (x)_. By the above considerations, Sh :
U™ (x)—a x U7 (X)—a — U° is a symmetric bilinear form for all « € NJ. Let F' =
{F1, F3, ..., F;} be abasis of U™ (x)-a, and let d(F") = det Sh(F], F}); jeq1,...x} €
U°. Then d(A'F') = (det A')?d(F’) for all A’ € GL(k,k), and hence detX =
d(F")/k* does not depend on the choice of the basis F’ of U~ (x)_q.

Lemma 6.3. Let x € X. Let J be an ideal of U°. Assume that J is contained
in the center of U(x). Let Jy be the ideal of U(x) generated by J. Then Sh :
U(x) x U(x) = U° induces a map Sh: U(x)/Ju x U(x)/Juv — U/ J.

Proof. Since J is contained in the center of U(x), triangular decomposition of
U(x) yields that Jy = U~ (x)JU"(x). This and Q(J) = J imply the claim of the
lemma. (]
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Lemma 6.4. Let Y€ X, a € Z!, E € Ut (X)a, and F € U™ (X)_a. Then

Sh(Q(E), F) € > kKsL,
B.YENG, B+y=a
Moreover, the coefficients of Ko and Lo, of Sh(Q(E), F) are n(E, S(F)) andn(E, F),
respectively.

Proof. 1If o ¢ N} or a = 0, then UT(x)o = 0 or U (x)a = k. In this case the claim
of the lemma holds by definition of Sh. Assume now that o € N/ \ {0}. Using
Egs. (3.1)—(3.5), by induction on 3 and 8’ one can show that

E'F' e Z U~ (X)*“/lK’YzL’YSUJr(X)’M
Y1,72,¥3,V4ENS va—y1=B—B ,y2+v3+74=8

for all 8,8" € N} and E' € Ut (x)s, F' € U~ (x)—p. This implies the first claim of
the lemma by letting 8 = 8’ = o and B/ = E, F/ = F. The second claim follows
from

AE)-Ko®E—-E®1e ® Ut (x)sKy @ Ut (x)y,
BYENE, B+y=a, B,7#0
A(F)~1®@F -~ F®L, € ® U™ (x)- @ U™ (x)-~Lg,
B,7eN{,B+v=a,B,7#0
and from Eq. (3.19) (with 2 = E, y = F') and Prop. 3.5(iii). O

Let K be a field extension of k. The importance of the Shapovalov form arises
from the fact that it induces a form on the Verma modules MX(A) and on their
simple quotients LX(A), where A € Hom (U, K*).

Let A € Hom(U°,K*). Define

ASh:U(x) xU(x) = K, (u,v) — A(Sh(u,v)). (6.7)
By Eq. (6.1),
ASh(u_upus,v_vovy) =e(ut)e(vy ) AlugSh(u_,v_)vg)
=A(ug)A(vo)e(uy)e(vy)ASh(u—_, v_).
Thus, by Eq. (5.3), ASh induces a K-bilinear form on MX(A) by letting
ASh: MX(A) x MX(A) = K, (u® 1p,v® 14) — ASh(u,v)
for all u,v € U(x). Moreover, Eq. (6.6) gives that
ASh(u® 15,v) = ASh(1 @ 14, Q(u)v) =0 (6.8)

for all uw € U(y) and v € IX(A), since Q(u)v € IX(A) C BazroMX(A)q. Thus by
Eq. (6.4), ASh induces a symmetric bilinear form on LX(A), also denoted by ASh.
The radical of this form is a Z/-graded U (x) ®x K-submodule of LX(A), but does
not contain 1 ® 14, and hence it is zero. Thus ASh is a nondegenerate symmetric
bilinear form on LX(A).

For the rest of this section let x € Xy, n = |RY|, and iy,...,in € I with
{(1Xgy, ---04,) =n. Forall v e {1,2,...,n} let

61/ = 1X0i1 Oig " Oy (Oéi,,); Xv = Ti,_q " TigTiy (X)
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Forall v € {1,2,...,n},a € N}, and t € {1,2,...,bX(B,) — 1} let
PY(@, B5t) = {1, oma) € NG| Y mufy =, my, >,
p=1 (6.9)
my,, < b¥(B,) forall pe{1,2,.. ,n}}‘
We will use two important facts on the function PX.

Lemma 6.5. For allv € {1,2,...,n} and t € {1,2,...,0X(5,) — 1},
—tBy _ e_bX(BU)BU 1 _ e_bX(BM)/B/A,

e
> Pafuitlet = ———— I

aeNg pe{l,...,n}, pFv

Proof. By Thm. 4.9, the two sides of the equation are two different expressions for
the formal character of the subspace of U~ (x) ® K spanned by the elements

ma1 ma Mn
' b, Fg @1
.
my >t 0<m“<bx([m)f0r all p

Lemma 6.6. For all a € NJ,
n bX(By)—1
adim U™ Z PX(a, Bu;t) By

v=1 t=1

Proof. By Thm. 4.9, for each a € N} there is a basis of U~ (x)_, parametrized by
the set

{(ml, ..,mp) € N | Zmuﬂu =a, my, < b¥(8,) for all u}. (6.10)
p=1
Each (mq,...,m;,) in this set contributes to PX(«, 5,;t) with a summand 1, for

all v € {1,2,...,n} and ¢t € {1,2,...,m,}. Thus the claim of the lemma follows
from the decomposition of the PX(«, f,;t) into 1 + 1+ -+ + 1 by reordering the
summands. O

Lemma 6.7. Letv € {1,2,...,n},t € {1,2,...,0X(B,)—1}, and A € Hom(U°, K*).
Assume that pX(B,)A(Kp, L, ) X(Bv, Bu)t and

v—10%(Bu)—1
IT II ¢ MK, Ls") = X(Bus B)™) # 0
p=1 m=1
Then MX(A) contains a U(x) @ K-submodule V' with
chV =" PX(a,B,;t)e " (6.11)

aeN}

In particular, 0 £V C IX(A).
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Proof. We proceed by induction on v. Let first v = 1. By Lemma 5.15, V =
U~ (x)F} @ Ka is a U(x) ® K-submodule of MX(A). Then Eq. (6.11) follows from
Thm. 4.9.

Assume now that v € {2,3,...,n} and that the lemma holds for v — 1. Let
Xp = Tip_y - TigTiy (X) and A, = ti, -ty tF (A) for all p € {1,2,...,v}. By
Lemma 5.5, the assumptions on A are equivalent to the relations

v—10% (g, )1

II II uE,Lh) = oo ()™ ) #0

and A, (K;, ;1) = pX"(aiu)t_l. Let
Blu = O'le (61/) = 1X20i20i3 04,4 (aiu)'

By induction hypothesis there exists a U(x2)-submodule V' of MX2(Ag) with

chV' = 3" P¥(a,B;t)e (6.12)
aeN]

Moreover, A(KilLi_ll) # pX(ai, )™t for all m € {1,2,...,bX(a;, ) — 1}, and hence
Ty, : M*2(Ay) — MX(A) is an isomorphism. Let V = Til (V"). By Lemmas 5.8
and 5.14, V is a U(x)-submodule of MX(A) and

chV =62 (ch V') = Y 6% (P (v, B t)e ). (6.13)

aeN]

Thus, by Lemma 6.5,

=B, _ o—b*2(8,)B) 1 — e 02(B)B
_(1=b%(aiy )iy X2 ¢ e e )
chV =e )i g ( = || S
BeERV\{BL}

Recall that 8!, # «y,, since v > 1. Moreover,

_bX2 i i
(1—bx(041‘,1))041‘,1 xa ]_ —e (0’ 1)0’ 1
e 0i1 1 _ e—oc,',l

bX (i, s b (g, )y
— (1=0¥(ai))as, 1— () _1-e (avip )iy
1—e% 1— e iy
Therefore
e~ By _ o= bX(B)By 1 — e bX(B)B
= FE— X . [e%
ch V= 1-— 6751/ H 1— 67'3 - Z P (067,81,, t)e
BERY\{Bv} a€N]

by Lemma 6.5. This proves Eq. (6.11).
Since t > 0, ch'V # ch MX(A). By assumption on ¢, Vig, # 0, and hence V' # 0.
Since V is a Z!-graded U(x)-submodule of MX(A), the lemma is proven. O
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Theorem 6.8. Let x € Xs. For all a € N}, the Shapovalov determinant of U(x)
is the family (dety),cng, where

bX(By)—1
dety = [T I XB)Es—x(8,8) Lg)" 0. (6.14)
BeRry  t=1

Proof. Let a € N}, k = dimU~(x)_q, and let {F],F},...,F/} be a basis of

U~ (X)-a- Then Sh(F[, F}) € 225 yeni p+n—a KEpLy by Lemma 6.4, and hence

detX € > kKL, . (6.15)
BYENE, B+y=ka

The polynomials
P (Bu)Kp, — X(Buaﬂu)tLﬁu =Ti, Ty, (PX(B0)Ki, — x(Bus ) Li,)

are irreducible and pairwise distinct for all v € {1,2,...,n}andt € {1,2,...,0X(8,)—
1}. Thus by Lemma 6.6 it suffices to prove that detX # 0 and that the polynomials
(PX(By)Kp, —x(Bu, Bu)" Lg, )P (@Buit) are factors of detX.

Let k be the algebraic closure of k and T = maxspec UO @ik the algebraic torus.
The points of T are just the k*-valued characters of 4°. The equation detX = 0
defines a closed affine subvariety T/, C T. Let A € T. By definition, A € T/, if and
only if ASh : U™ (x)—a X U™ (X)_a — k is a degenerate symmetric bilinear form,
that is, if 7X(A)_, # 0. Thus, by Prop. 5.16, T/, is a subset of the finite union of
irreducible varieties

Tav,e = maxspec (U’ @i k)/(0*(8,)Kp, — x(Bv, Bs)"Lg, ),
where v € {1,2,...,n} and t € {1,2,...,0X(8,) — 1}. By Eq. (6.15)
n bX(B,)—1
dety = f H H X(B)Kp, = X(Bus Bo) L, )N

for some N,; € Ny and an element f € Kk[K;, L;|i € I] which is invertible on
T. In particular, detX # 0. We finish the proof of the theorem by showing that
Ny > PX(a,Bu;t) for all v € {1,2,...,n} and t € {1,2,...,0%(8,) — 1}. The
essential ingredients will be Lemmas 6.7 and 9.2.

Let v € {1,2,...,n} and ¢t € {1,2,...,bX(5,) — 1}. Let w = X0y, 04, -+ 04, _,.
Then

U’ = k[Kw(O‘j) Kw(a i)’ w(aj)’Lw(laj) |j < I]

and w(ey,) = B,. Let

B=Kk[Ls,, L, Ku(a;)s Koo,y Lwo)s Loy 17 € T\ {iv}]
and z = pX(B,)Kp, — X(By, Bv)"Lp,. Then
U = Blz, (x + x(By, B,) Lp,) ).
Let X' = (2};)ijef1,2,...k) € (U°)P* with

x;; = Sh(F}, Fj) foralli,je {1,2,...,k}.

Rev. Un. Mat. Argentina, Vol 51-2



DRINFEL’'D DOUBLES AND SHAPOVALOV DETERMINANTS 139

Let | € Z such that Kj X' € B[z]***, and let X = K} X’. By Lemma 6.7 and
Eq. (6.8) there is a non-empty open subset of the variety of B ~ U°/(z) such that
rk X (0), < k—PX(a, B,;t) for all p in this set. By Lemma 9.2, det X = x* (@8::)p/
for some b’ € Blz]. In particular, (%) is a factor of detX, and the proof of

the theorem is complete. 1

7. SHAPOVALOV DETERMINANTS FOR BICHARACTERS WITH FINITE ROOT
SYSTEMS

In Sect. 6 we mainly considered bicharacters y € X5. Here we extend our results
to all x € X3 with x(53,8) # 1 for all 3 € R}.

In what follows let X denote the set of k*-valued bicharacters on Z!. Identify
X with (kX)) via x = (x(ai,;))ijer for all x € X. For all i € {1,2,3,4,5}
define X; C X in analogy to Eqgs. (2.20)—(2.24). Note that X; = X N X; for all
i€{1,2,3,4,5}.

For all 3,8 € Z! let fz 5 be the rational function on the affine variety X =
(k*)!*! such that

fa.(x) =x(B,8") forall y € X.

Clearly, the functions fg g with 3, 8" € {a;, —«; |i € I'} generate the algebra k[X].
Recall that a subset of X is locally closed, if it is the intersection of an open and
a closed subset of X.

Proposition 7.1. Let y € X3. Assume that x(3,8) # 1 for all B € RX. Let
n= (nﬂ)ﬁeRim with ng € N for all B € RX . Then there exists an ideal J C k[X]
generated by products of polynomials of the form

q—H mij q is a root of 1, my; € Z for alli,j € I,

g,
i,jel

such that the set
VX = {x € X|RY = RX, 0¥ (8) = bX(8) for all § € RYy,,
X(B.B)" #1 for all B € R, 1 <n < ng)

is an open subset of maxspec k[X]/J.

(7.1)

Proof. We use Lemma 2.15 and Def. 2.11 to reformulate the equation R = R}_/.
Let X' € G(x). Since x € X3, X' is p-finite for all p € I. Further, x'(ay, o) # 1
since x(8,8) # 1 for all § € RX, see Eq. (2.8). Thus

(X (@, @)~ X (tp, )X (@, ) = D)X (@ )~ = 1) = 0
for all p,j € I with p # j. Let w € Hom(x,x’) € W(x). Identify w with the

corresponding element in Aut(Z?) in the usual way. Then ' = w*y and hence

(Xl )X (0 1) X (5 ) — DX ) =% —1) =0 (7.2)
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for all p,j € I with p # j, where 7, = w™!(a,) and v; = w1 (). Let

J = (( “;x“rprvpmf%ﬁp ( 71;::/27 T- D] (7.3)
jp€l,j#p weHom(xy, ), v =w"(a) 7 =w"(a))
and
J=J+(f557 =118 € RYg,). (7.4)
Then, by Lemma 2.15, Def. 2.11, and Eq. (2.12), V,X is the set of points x”
maxspec k[X]/J such that N
o f55(x ”);élforaH/BERJroo, 1 <n <ngand
o (3 v Trwvs v — DX )(f;;f}i - DX") # 0 for all jp € I, w €
Hom(x,_), and m € {0,1,...,
v =w o).

This is clearly an open subset, which proves the proposition. O

pj — 1}, where j # p and v, = w™ ! (ay),

Proposition 7.2. Let x € X3. Assume that x(3,8) # 1 for all B € RY. Let
n= (nﬂ)ﬁGRim’ where ng € N for all B € RY . Let VX be as in Prop. 7.1. Then

X5N VX is Zariski dense in V,X.

Proof. Prop. 7.1 gives that VX C X3 satisfies the conditions on V' in Lemma 9.4,
where k = [I|* and {z; |i = 1,2,...,k} = {fa.,a, |4,j € I'}. Since X4 contains all
finite sets Vj,, ... n, in Lemma 9.4, and Xs5N VX = XN VX by definition of VX, the
proof is completed. O

Similarly to Eq. (6.9) define PX(«, B,;t) for all x € X3, a € N}, 3, € RY, and
t € N with ¢ < bX(5,) by

Px(avﬂu;t):‘{(mla"'vmn)eNg‘Zmuﬂp«:avmuztv
p=1 (7.5)
my, < bX(B,) for allue{l,Q,...,n}H.

Theorem 7.3. Let x € X3. Assume that x(8,8) # 1 for all B € RX. The
Shapovalov determinant of U(x) is the family (dety)qens, where

bX(8)—1
dety = [T [T (0X(B)Ks —x(8,8) Lg)" (7. (7.6)
BERY t=1

Proof. Let o € Nf. Choose a basis {F}, ..., F|.} of U~ (x)_q consisting of monomi-
als F;, F;, - - F;,, where k,l € Ng and i1, ...,4; € I. Identify @ﬁﬁeNé’ﬁJW:a]ngLv
with k¥ for an appropriate N € N. By the commutation relations (3.1)—(3.5) and
the definition of Sh, the map

d: X — ﬂ_ﬁN, X det(Sh(Filv F;))i,je{l,z...,k}

Rev. Un. Mat. Argentina, Vol 51-2



DRINFEL’'D DOUBLES AND SHAPOVALOV DETERMINANTS 141

is a morphism of affine varieties. Further, d(x) # 0 by Lemma 6.4, the choice of
{F{,...,F.}, and the nondegeneracy of the pairing 7, see Prop. 3.5(iv). Recall
the definition of |3|, 8 € Z!, from Eq. (3.8). Restrict d to the set VX defined in
Prop. 7.1, with ng = |a|/|3| for all 8 € RX . The set
Vi={X"eVld(X') # 0}

is open in VX and contains x. Thus by Prop. 7.2 the set

V' ={x" € XsnVX|d(x') # 0}
is Zariski dense in all irreducible components of VX containing x. The definition
of VX and the choice of n yield that RY = RX and b¥'(8) < bX(B) for all y' € V)X
and 8 € RY. Thus dimU(x’)-o < dimU(x)_q for all x" € V¥ by Egs. (2.15),
(2.16). Hence d(x’) is a multiple of detzl for all x" € V,X. By Thm. 6.8,

bX(8,)—1
do)=aX) TT T 0X(B)Ks — x(B, 8) L) (80 (7.7)
BERY  t=1

for all ' € V", where a(-) is some regular function on X which does not vanish
on V. By the density of V", Eq. (7.7) holds for all ' € V' in the irreducible
components of VX containing x, and a(x’) # 0 for all x’ € V' by definition of V.
In particular, Eq. (7.7) holds for x' = x. Thus the theorem is proven. O

8. QUANTIZED ENVELOPING ALGEBRAS

We adapt our main result to quantized enveloping algebras.

Let I be a finite set and let C' = (ci;)ijer be a symmetrizable Cartan matrix
of finite type. Let g be the associated semisimple Lie algebra and Ry the set of
positive roots. For alli € I let d; € N such that d;c;; = djcj; for alli,j € I. Assume
that the numbers d;, where i € I, are relatively prime. Identify Z/ with the root
lattice by considering {c; |i € I'} as the set of simple roots. Let (-,-) : ZI x Z! — Z
be the (positive definite) symmetric bilinear form defined by (o, a;) = dici;. Let
p: Z' — 7Z be the linear form defined by p(«a;) = d; for all i € 1.

Let k be a field, and let ¢ € k*. Assume that ¢>™ # 1 for all m € N with
m < max{d;|i € I}. The quantized enveloping algebra of g is the associative
algebra U, (g) generated by the elements FE;, F;, K;, and K; ', where i € I, and
defined by the relations

KK '=K 'K, =1, KK;=KK,
KE;K; ' =q%9E;, K F;K'=q %,
E,F; — FjE; = 6;;(K; — K; ),
(adBy)' = (Ej) =0, (adF,)' ™9 (F;) =0 (i # j)
for all 7,j € I. Here ad denotes adjoint action:

(adE;)(z) = Biz — KoK, 'E;,  (adFy)(z) = oF; — F;K; 'zK;
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for all i € [ and = € <Ej,Fj,Kj,KJ71 |j € I). Traditionally, in the third line of
the defining relations of U,(g) one inserts a denominator g% — ¢~% on the right
hand side, but this denominator can be eliminated by rescaling e. g. the variables
E;,,iel.

Assume first that ¢ is not a root of 1. Then, by [Lus93, Ch.1] and [AS02,
Prop.2.10], Uy(g) ~ U(x)/(K;L; — 1|i € I), where x € X with x(a;,a;) = g%
for all 4,5 € I.

Assume now that ¢ is a root of 1. Let again x € X with y(a;,a;) = ¢4 for
all 7,7 € I. Then

U(x)/(KiLi — 1L,K,” —1]ie 1,5 € RY),

where b(3) is the order of ¢(®#) for all 3 € R, is isomorphic to Lusztig’s small
quantum group u,(g). This was observed e. g. in [AS02, Thm. 4.3] by referring to
results of Lusztig, de Concini, Procesi, Rosso, and Miiller.

Similarly to Eq. (6.3) and Def. 6.1 one defines the Shapovalov form and the
Shapovalov determinant (deta ),enz of Uq(g) and uq(g), respectively. Alternatively,

since K;L; for i € I and Kg(ﬁ) for € RY (the latter only if ¢ is a root of 1) are

central elements in U(x) for all i € I, the Shapovalov form can also be obtained
from the definition in Sect. 6 via Lemma 6.3.

Theorem 8.1. Let I, C, (d;)ic1, and g as above. Let ¢ € k*. Assume that
@®™ # 1 for allm € N with m < max{d; |i € I}.

(i) [CK90] If q is not a root of 1, then the Shapovalov determinant of Uy(g) is
the family (deta ) enz, where

oo
det,, = H H(q2p(ﬂ)Kﬁ _ qt(ﬂ,ﬁ)Kﬂ—l)P(a,ﬂ;t). (8.1)

BERy t=1

(i) Assume that q is a root of 1. Then the Shapovalov determinant of uq(g) is
the family (deta ) eng, where

b(B)—1
det,, = H H 2/J(ﬁ qt(ﬁﬁ)Kﬁ—l)P(aﬁ;t). (8.2)
BER, t=1

Proof. Let x € X with x(a;, ;) = g% for all i,j € I. Choose the ideal J in
Lemma 6.3 as explained above. Then one gets the Shapovalov determinants of
Uq(g) and uy(g) from the one of U(x) in Thm. 7.3. O

The second part of Thm. 8.1 was proved in [[XL97] in the case when the order
of ¢ is prime and k is the cyclotomic field Q][g].

9. APPENDIX

For the proofs of Thms. 6.8 and 7.3 we need some commutative algebra which
is considered here. Let k be an algebraically closed field.
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Lemma 9.1. Let B be an integral domain, x an indeterminate, k € N, and X €
Blz]***. Then there exist s € {0,1,...,k}, D1,Dy € B¥** Dq € Bz]*** and
b e B\ {0} such that det Dy,det Dy # 0,

D1X Dy = xDg + bdiag(1,...,1,0,...,0). (9.1)
——

Proof. Let Frac(B) be the field of fractions of B. Then there exist s € {0,1,...,k}
and D}, D} € Frac(B)¥** such that det D}, det D # 0 and

D} X(0)D} = diag(1,...,1,0,...,0).
——
S

Let bl,bg € B \ {0} such that lell,bgD/Q S B[J?]ka. Let b = blbg, D, = lell,
and D2 = bQDIQ Then

DlX(O)DQ = bdlag(l, ceey 1, 07 ceey 0)7
——

and hence the lemma holds for Dy = Dy X'Dsy, where X’ € B[z]**¥ such that
X = X(0) + zX". O

Lemma 9.2. Let B be a finitely generated integral domain over k, x an indeter-
minate, k € N, r € {0,1,...,k}, and X € B[z]***. Assume that tk X (0), < r for
all points p in a non-empty Zariski open subset of the affine variety of B. Then
det X = 2*="b for some b € Blx].

Proof. By Lemma 9.1 there exist s € {0,1,...,k}, b € B\ {0}, Dy, Dy € B¥*F
and Dy € B[z]*** such that det D1,det Dy # 0 and Eq. (9.1) holds. Let V be
a non-empty Zariski open subset of the affine variety of B ~ B[xz]/(x) such that
(det D1)p, (det D2)p, b, # 0 and rk X (0), < r for all p € V. This exists by the
assumption on r and since the variety of B is irreducible. Then s < r by Eq. (9.1)
in the points (p,0) of the variety of Blz], where p € V. Therefore

det Dy det X det Dy = 2"V
for some b € B[z]. Since det Dy,det Dy € B and B is an integral domain, we
conclude that det X € z¥~" B|x]. O

For all k € N let k[z;,z; ' |1 < i < k] denote the ring of Laurent polynomials in

k variables. For all M = (m;); je{1,2,...ky € GL(K,Z) let

k
(M) _ mi; :
XMW=, 1<i<k
j=1

Then the ring endomorphism of k[z;,z; ' |1 < i < k] given by x; — Xi(M) for all

i€ {1,2,...,k} is an isomorphism with inverse map given by x; — Xi(Mil) for all
ie{l,2,...,k}.
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Lemma 9.3. Let k € N. Let J C k[z;,2; ' |1 < i < k] be an ideal generated by
k

elements of the form q — [[,_, ", where mq,...,my € Z and q € k* is a root of
1. Then J is a finite intersection of ideals of the form
(Xl(M) _qlaXQ(M) _q25"'7Xl(M) _ql)7 (92)

where 1 € {0,1,...,k}, q1,...,q € k* are roots of 1, and M € GL(k,Z).

Proof. Proceed by induction on k. If J is empty, then the claim is true. Assume
now that g — Hf L 2" is one of the generators of J, where ¢ is a root of 1 and
(my,...,my) € ZF\ {O} Let mg = ged(my,...,myg). Let M’ € GL(k,Z) such
that mf, = m;/mg for all i € {1,2,...,k}. Then (Xl(M,))mo — ¢ € J, and hence J
is the intersection of the (finite number of) ideals J + (XfM/) —¢'), where ¢’ € k,

x M) — ¢') is generated by XfM/)

1Mo

¢™ = gq. By assumptlon J+ (X3

elements of the form ¢” — H (X(M )) i, where mb,...,m) € Z and ¢" € k* is
a root of 1. Then the claim follows by the induction hypothesis. O

— ¢’ and by

The ideals in Eq. (9.2) are prime 1deals of k[z;,z; 1|1 <4 < k], since the quotient
ving klz;, z; 1|1 <i <k]/J ~ k[, ;' [1<i < k‘ — 1] is an integral domain.

Lemma 9.4. Let k € N. Let J C k[z;, ;' |1 < i < k] be an ideal generated by
polynomials of the form

k
(QI _ H m17)(q2 _ sznm) ... ((Il _ ]i[x:nzq)7
i=1 i=1 i=1
where | € N, mj1,...,m;, € Z and q; € k* is a root of 1 for all j € {1,2,....,1}.
Let V C maxspeck[z;, x; ' |1 <i < k]/J be an open subset. Then the union of the
subsets

Virvoe ={p eV pit =1,...,pp* =1}, na,...,ni €N,
is dense in V' with respect to the Zariski topology.

Proof. We can assume that V' = maxspeck[z;,z; ' |1 < i < k]/J. Moreover, it
suffices to prove the lemma for the irreducible components of V. Thus, as a first
reduction, J can be assumed to be as in the assumptions of Lemma 9.3. Then by
Lemma 9.3 we may assume that J is an ideal as in Eq. (9.2), where M € GL(k,Z),
1 €{0,1,...,k}, and q1,...,q € k* are roots of 1. Then V =~ (k*)*~! for some
1€{0,1,...,k}, and the lemma follows from the fact that infinite subsets are dense
in k*. O
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