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APPROXIMATION AND SHAPE PRESERVING PROPERTIES
OF THE TRUNCATED BASKAKOV OPERATOR OF
MAX-PRODUCT KIND

BARNABAS BEDE, LUCIAN COROIANU AND SORIN G. GAL

ABSTRACT. Starting from the study of the Shepard nonlinear operator of max-
prod type in [2], [3], in the recent monograph [41], Open Problem 5.5.4, pp.
324-326, the Baskakov max-prod type operator is introduced and the question
of the approximation order by this operator is raised. The aim of this note is
to obtain the order of uniform approximation Cwi (f; %) (with the explicit
constant C' = 24) of another operator called the truncated maz-prod Baskakov
operator and to prove by a counterexample that in some sense, for arbitrary
f this type of order of approximation with respect to wi(f; ﬁ) cannot be
improved. However, for some subclasses of functions including for example the
nondecreasing concave functions, the essentially better order of approximation
wi(f; %) is obtained. Finally, some shape preserving properties are proved.

1. Introduction

Starting from the study of the Shepard nonlinear operator of max-prod type in
[2], [3], by the Open Problem 5.5.4, pp. 324-326 in the recent monograph [4],
the following nonlinear Baskakov operator of max-prod type is introduced (here \/
means maximum)

V() = He———,
V b k(z)
k=0
where by, i (z) = ("+Ilj_1)mk/(1+a:)"+k, n > 1,z € [0,1]. Note that b, o(z) = ﬁ

for 0 <z <1 and b,,0(0) = 1 by convention.

The aim of this note is to obtain the order of uniform approximation of f :
[0,1] — R by the so-called truncated Baskakov operator of maz-product kind, de-
fined as follows :

V bus(@)f (4)

UM (f)(x) = ==
V bn(@)
k=0

,x €[0,1],n € N,n > 1.
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We will prove that the order of uniform approximation is wi(f;1/4/n) with ex-
plicit constant in front of it and that in some sense, in general this type of order
of approximation with respect to w(f;-) cannot be improved. However, for some
subclasses of functions, including for example the nondecreasing concave functions,
the essentially better order wq(f;1/n) is obtained. This allows us to put in evi-
dence large classes of functions (e.g. nondecreasing concave polygonal lines) for
which the order of approximation is essentially better than the order given by the
most sequences of linear Bernstein-type operators. Finally, some shape preserving
properties are presented.

Section 2 presents some general results on nonlinear operators, in Section 3 we
prove several auxiliary lemmas, Section 4 contains the approximation results while
in Section 5 we present some shape preserving properties.

2. Preliminaries

For the proof of the main result we need some general considerations on the
so-called nonlinear operators of max-prod kind. Over the set of positive reals, R,
we consider the operations V (maximum) and -, product. Then (Ri,V,-) has a
semiring structure and we call it as Max-Product algebra.

Let I C R be a closed bounded or unbounded interval, and

CB4+(I) ={f: I — Ry; f continuous and bounded on T}.

The general form of L,, : CB4(I) — CB4(I), (called here a discrete max-product
type approximation operator) studied in the paper will be

Ln(f)(x) = \/Kn(QT,wi) - flws),

or

=

Ln(f)(x) = \) Kn(z,2:) - f(2:),

=0
where n € N, f € CBy(I), K,(-,z;) € CB4(I) and x; € I, for all i. These
operators are nonlinear, positive operators and moreover they satisfy a pseudo-
linearity condition of the form

Lo(a-fVp-g)(x)=a Ly(f)(x) V- Ly(g)(x),Vo,B € Ry, fog: T — R,

In this section we present some general results on these kinds of operators which
will be useful later in the study of the truncated Baskakov max-product kind op-
erator considered in Introduction.

Lemma 2.1. ([1]) Let I C R be a bounded or unbounded interval,

CBi(I)={f:1— Ry;f continuous and bounded on I},

and L, : CBy(I) — CB+(I), n € N be a sequence of operators satisfying the
following properties :

(i) if f,g € CBL(I) satisfy f < g then L,(f) < Ln(g) for alln € N ;

() Ln(f +9) < Lu(f) + La(g) for all f,g € OB, (1).

Rev. Un. Mat. Argentina, Vol 52-1



TRUNCATED BASKAKOV OPERATOR OF MAX-PRODUCT KIND 91

Then for all f,g € CB4(I), n € N and x € I we have
|Ln(f)(@) = La(g)(@)| < Ln(lf = gl)(2).

Proof. Since it is very simple, we reproduce here the proof in [I]. Let f,g €
CBy(I). We have f = f—g+g < |f — g| + g, which by the conditions (z) — (i)
successively implies L, (f)(z) < Ln(|f — g|)(z) + Ln(9)(x), that is L,(f)(z) —
L0(9)(@) < La(lf — g))(@).

Writing now g = g — f + f < |f — g| + f and applying the above reasonings,
it follows L, (g)(z) — L, (f)(xz) < L,.(|f — g|)(z), which combined with the above
inequality gives |Ln(f)(z) — Ln(9)(@)| < La(lf - g))(2). O

Remarks. 1) It is easy to see that the truncated Baskakov max-product oper-
ator satisfy the conditions in Lemma 2.1, (i), (ii). In fact, instead of (i) it satisfies
the stronger condition

Ln(fVg)(x) = Ln(f)(x) V Ln(9)(z), f.9 € CBy(I).

Indeed, taking in the above equality f < g, f,g € CB4(I), it easily follows
Lo(f)(2) < Ln(g) ().

2) In addition, it is immediate that the truncated Baskakov max-product oper-
ator is positive homogenous, that is L, (Af) = AL, (f) for all A > 0.

3) Since in the main results of the present paper in fact we take I = [0,1], the
following two corollaries are stated just for the case when I is bounded.

Corollary 2.2. ([1]) Let I be a bounded interval, L, : CB+(I) — CB4+(I),
n € N be a sequence of operators satisfying the conditions (i)-(ii) in Lemma 1 and
in addition being positively homogenous. Then for all f € CBy(I), n € N and
x € I we have

[f(@) = Lu(f)(@)] < | Ln(pa)(2) + Ln(eo) (@) | wi(f50)r +[f ()] - [Ln(eo)(x) = 1],

S

where 6 > 0, eg(t) = 1 for allt € I, pu(t) = |t — x| for allt € I, x € I,

wi(f;0)r = max{|f(z) — f();z.y € L, |z —y| < 5}
Proof. The proof is identical with that for positive linear operators and because
of its simplicity we reproduce it below. Indeed, from the identity

Ly (f)(x) = f(z) = [Ln(f)(@) = f(@) - Ln(eo) ()] + f(2)[Ln(e0)(x) — 1],
it follows (by the positive homogeneity and by Lemma 2.1)

[f(x) = Ln(F)(@)] < [Ln(f(2))(x) = Lo (f () ()] + [f(@)] - | Ln(eo)(z) — 1] <
Ln(lf(t) = f(@))(2) + [f(2)] - [Ln(eo)(z) — 1].
Now, since for all ¢,z € I we have

0= @] <wn(file =l < |31t ol + 1] ar(i00,

replacing above we immediately obtain the estimate in the statement. O
An immediate consequence of Corollary 2.2 is the following.
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Corollary 2.3. ([1]) Suppose that in addition to the conditions in Corollary 2.2,
the sequence (Ly)y satisfies Ly(eo) = eo, for alln € N. Then for all f € CBL(I),
n € N and x € I we have

10) = Lo @) < [14 3Lnlea)(@)| ar(Fi0)

The truncated max-product operator Uy(LM)( f)(z) satisfies the following useful

result.
Lemma 2.4. For any arbitrary function f : [0,1] — R4, Ur(lM)(f)(x) is positive,
continuous on [0,1] and satisfies Ur(lM)(f)(O) = f(0), for alln € N, n > 2.
Proof. Since b, i(z) > 0 for all x € (0,1, n € N, n > 2, k € {0,...,n}, it
n
follows that the denominator \/ b, x(x) > 0 for all x € (0,1] and n € N, n > 2.

k=0
But the numerator is a maximum of finite number of continuous functions on [0, 1],

so it is a continuous function on [0, 1] and this implies that UM (f)(z) is continuous

on (0,1]. To prove now the continuity of U,(LM)(f)(x) at x = 0, we observe that
bnk(0) =0 for all k € {1,2,...,n} and b, x(0) = 1 for k = 0, which implies that
V buk(z) = 1 in the case of z = 0. The fact that UY(LM)(f)(a:) coincides with
k=0
f(z) at & = 0 immediately follows from the above considerations, which proves the
lemma. U
Remark. From the above considerations, it is clear that U,(ZM)( f)(z) satisfies
all the conditions in Lemma 2.1, Corollary 2.2 and Corollary 2.3 for I = [0, 1]

3. Auxiliary Results

For the proofs of the main results we need some notations and auxiliary results,

as follows.

Remark. Note that since by Lemma 2.4 we have Uy(LM)(f)(O) — £(0) = 0 for all
n, it follows that in the notations, proofs and statements of the all approximation
results, that is in Lemmas 3.1-3.3, Theorem 4.1, Lemma 4.2, Corollaries 4.4, 4.5,
in fact we always may suppose that x > 0.

For eachn € Nyn > 2 k € {0,1,2,...,n}, j € {0,1,2,...,n— 2} and = €
[ Jj _ j+1

~L5, 251, let us denote

k

Mign,j(x) = Mg n j(T) | = — 2|,

where my , j(z) = l;ﬂ’;—g; for € (0,1], mon.0(0) = 1 and my »,0(0) = 0 for all

ke{l,2,...,n}.
It is clear that if £ > j + 2 then

and if £ < j then
Mkvn:j (x) = mkvn:j (x - E)'

Rev. Un. Mat. Argentina, Vol 52-1



TRUNCATED BASKAKOV OPERATOR OF MAX-PRODUCT KIND 93

Also, for each n € N, n > 2 k € {0,1,...,n}, 5 € {0,1,...,n—2}, k> j+3

and x € [;_Ll, %_11], let us denote

k

Mkn](x) =Mpn,j (x)(m —x)

and for eachn e Nyn>2 ke {0,1,...,n}, 5 €{0,1,...,n—2}, k< j—1and

S [ﬁ, ZL] Jet us denote

k
n—1
Lemma 3.1. Let v € [1-, i) andn € N, n > 2.

n—1’n—1

(i) For all k € {0,1,2,...,n},j€{0,1,2,...,n— 2}, k> j+ 3 we have
Myn,j(@) < Mipj(2) < 2Mpp,i(2).

).

My, (@) = mp () (z —

(i) For all k € {0,1,2,...,n},j€{0,1,2,...,n— 2}, k < j—1 we have
My, (0) < Myy(@) < 2M, ().
Proof. (i) The inequality My, j(x) < My, ;(z) is immediate.
On the other hand, taking account of the fact that the function h(z) = %ﬂ:

is nondecreasing on [ﬁ, ii_ll] we get
k_ k. gtl
T n—1 x n—1 n—1
Myp (@) = Mip;(x) “—— < My (2) - “—F17
no n o n—1
nlk—j—1)

[
=
3
<.
>
&

n(k—j—1) n(k—j—1)  _ k—j—1 _ 1 . .
We have T hnien S Fnenenien = 3 = 1+ s < 2 which proves (i).

(ii) The inequality M, ,, ;(x) < My j(z) is immediate.

On the other hand, taking account of the fact that the function h(z) = xi&
n—1
is nonincreasing on [~25, %] we get
r—k aLl _k
Myp (@) = My, (@) ——f= < My, (2)  —————
n—1 n—1 n—1
nj —nk+k
= k,n,j (l‘) TL(] R If)
i—nktk j—nk+n _ j—k+1 _ 1 : .
We have nfb(j"_k) < niL(j"_k)" = jj_k =1+ 5775=<2 which proves (ii). O
Lemma 3.2. Letn € N, n > 2. Forallk € {0,1,2,...,n}, j € {0,1,2,...,n—
2} and z € [-15, 5] we have

Mien,j(2) < 1.

Proof. First let us notice that for z = 0 we necessarilly have j = 0 which implies
mono0(z) =1 and mg,o(z) =0forall k € {1,2,...,n}.
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Suppose now that & > 0 when clearly my  j(z) > 0. We have two cases: 1)
k>jand 2) k<j.

Case 1). Since clearly the function h(z) = 1££ is nonincreasing on [j/n—1, (j+
1)/n —1] (or (0, =L=] for j = 0) it follows

’n—1
Minj(z)  k+1 1—|—x>k‘+1 n+j
Mesini(®)  n+k x T n+k j+1

(n+k)(G+1)+n-1)k-j) -1
(n+k)(j+1) =

which implies m; . j(2) = mj11.n,5(2) 2 Mjran;(x) 2 .. 2 M ;(2).
Case 2). We get

meng(@) _ nt+k-1 >n—|—k;—1. J
Mi—1,n,;(T) k r+17 k n+j—1
_ k4 D+ -G k)
k(n+j—1) -

which immediately implies
M () 2 Mj1,,5(E) 2 M0, (T) 2 oo 2 Mo, ()
Since mj . j(x) = 1, the conclusion of the lemma is immediate. g

Lemma 3.3. Let z € [47, i) and n € N, n > 2.

n—1’n—1

(i) If k € {j+3,j+4,...,n—1} is such that k—/2(k + 1) > j, then My, ;(z) >
Mpy1,n,().
(i) If k € {1,2,...,5 — 1} is such that j — /2] > k, then M, , .(x) >
Mk—l,n,j(x)'
Proof. (i) We observe that
n+k T % -

M () =My i(z) - . - — .
k+17"7]() kﬁ%]() k+1 z+1 %—Jﬁ

k41
Since the function g(z) = 17 - 2=, clearly is nondecreasing, it follows that
n—1
1N il ke i
g(z) < g(L5) = ZTJ . kﬁjil for all z € [-L5, 5]

Then
n+k j+1 k—j

k+1 n+j k—j—1
By simple calculations and taking into account the fact that k — /2(k + 1) > j we
obtain

Mig1nj(x) < My ()

(k+1)(n+5)k—=j—1) = (n+k)(j+1)(k—j)
nl(k =) = (k+ )]+ kj— 5> —k* —j
n2(k+1)—k—1+kj— 52 —k*—n

= kn+kj—j*>—k*>0,

v

which proves (i).
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TRUNCATED BASKAKOV OPERATOR OF MAX-PRODUCT KIND 95

(ii) We observe that

n+k—1 T m—%

Mkn](x) = qu,n,j(x) ’ L 4+ 1 ’ T — %
ek
Since the function h(z) = 37 - ——#=r is nondecreasing, it follows that h(z) >
n—1
. . - T
h(755) = n+§'—1 . —jik-i-l for all z € [15, ill_ll]
Then
ntk—1 j J—k

Mk,n,j(x) Z Mk—l,n,j(x) ’ k ’ n+j —1 ]_ k + 1

By simple calculations and taking into account the fact that j —+/27 > k we obtain
Jn+k=1)(G— k) —k(n+j—1)( —k+1)
nl(j—k)?—kl+kj—5>—k +k >n@2j—k) +kj—j>—k+k
nj+kj—j2—k*>+k>0

Y

which proves (ii) and the lemma. O
Also, a key result in the proofs of the main results is the following.
Lemma 3.4. Let n € N, n > 2. We have

j o Jj+1

\/ b k(x) = by j(z), forallz € {— } ,7=0,1,...,n—2.
k=0

n—1"n-1

Proof. First we show that for fixed n € Nyn > 2 and 0 < k < k+ 1 <n we have
0< bn,k-l—l(x) < bn,k(x)a if and Only ifz e [07 (k + 1)/(” - 1)]
Indeed, the inequality one reduces to
k+1 _ k
0< n+k x < (" +k-1 x 7
—\k +1 (1 + x)n-i—k-i—l — k (1 + x)n+k

which after simple calculus is obviously equivalent to

O<x<k+1

n—1
By taking £k =0,1,..,n — 1 in the inequality just proved above, we get
b, 1(x) < bpo(z), if and only if z € [0,1/(n — 1)],
bp2(z) < bpa(x), if and only if z € [0,2/(n — 1)],
bn3(z) < by o(x), if and only if = € [0,3/(n — 1)],
so on,
by kt1(x) < by i(2), if and only if z € [0, (k+1)/(n — 1)],
and so on until finally
bpn—1(x) < by p—2(x), if and only if = € [0, 1]

and
bpn(z) < by p_1(z), if and only if © € [0, 1].
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From all these inequalities, reasoning by recurrence we easily obtain:
it x €10,1/(n—1)] then b, x(z) < bpo(z), for all k =0,1,...,n,
ifxell/(n—1),2/(n—1)] then b, k(x) < by 1(x), forall k=0,1,...,n,
ifxe2/(n—1),3/(n—1)] then by, p(x) < bp2(x), forall k =0,1,...,n,
and so on, in general
ifeelj/(n—1),(+1)/(n—1)] then b, x(z) < by j(x), forall k=0,1,...,n.

Combining these last implications with the above “if and only if” equivalences and
writing

n J—1 n
\/ bpk(x) = max \/ by k(), \/ b k() p
k=0 k=0 k=j
the lemma is immediate. O

4. Approximation Results

If U,(LM)(f)(m) represents the truncated Baskakov operator of maz-product kind
defined in the Introduction, then the first main result of this section is the following.

Theorem 4.1. Let f : [0,1] — Ry be continuous. Then we have the estimate

UE0()@) = £@) < 20 (£, 2= ) n€ Non > 2,2 € 0.1
where
wi(f,6) = sup{If () — F@)ls e,y € [0,1], ] — | < 6},

Proof. It is easy to check that the truncated max-product Baskakov operator
fulfils the conditions in Corollary 2.3 and we have

UMD (F)(x) — f(2)] < <1 + éUﬁLM)(%)(x)) wi(f,0n), (1)

where @, (t) = |t — z|. So, it is enough to estimate

En(z) == UM () (z) = 20— Lz € [0,1].
k\=/0 bni (@)

Let z € [j/(n—1),(j+1)/(n—1)], where j € {0,1,...,n—2} is fixed. By Lemma
3.4 we easily obtain
Bu(@) = max (My,(@)}2 € [i/(n— 1.6+ 1)/ - D]

So it remains to obtain an upper estimate for each My, , j(z) when j € {1,...,n—
2} is fixed, z € [j/(n—1),(j+1)/(n—1)] and k € {0,1,...,n}. In fact we will
prove that

2 242 i i1
My () < 280252 e [ I ot @)
Y vn+1 n—1n-1
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which immediately will imply that

2v3(v2+2)
vn+1

and taking 9,, = 2\[3(717\/%'2) in (1), since [2v/3(v/2 + 2)] = 11, from the property
w1(f;A0) < ([A]+ 1)wi(f;0), we immediately obtain the estimate in the statement.

In order to prove (2) we distinguish the following cases:

Dke{jj+1,j+2}; 2)I<:>j+3and3)k<]—1

Case 1). If k = j then M;, j(z) = [ — 2| =z — . Since z € (L, £, it
easily follows that M , j(x) < %

If k =7+ 1 then M1 ,,;(z) = mjri1n,;(2) ‘jzl — x‘ Since by Lemma 3.2 we
|5 - =L 5,

E,(x) < , forall z € [0,1],n € N,

x‘ Because x € [
it easily follows that ‘% — a:| < % which implies Mj1, j(x) < L.

n

If k = j+2 then M2, ;(2) = mjyon;(x)(H2—z) < 2L = 272 ) <2
Case 2). Subcase a). Suppose first that k£ — 1/2(k + 1) < j. We get

have mji1,n,j(z) <1, we obtain Mj i1, j(z) <

k J

M (2) = i (2) (o — ) <

ko k=\2k+1)  2(k+1) - 3V2
n—1 n—1 - on-1 ~ Vn+1
Subcase b). Suppose now that k — y/2(k+ 1) > j. Since the function g(x) =
x — y/2(x 4+ 1) is nondecreasing on the interval [0, 00) it follows that there exists
k € {0,1,2,...,n}, of maximum value, such that & — 1/2(k+1) < j. Then for
ki =k +1 we get ky — /2(k; + 1) > j. Then

k+1 k+1
+_x)§+

MEJrl,n,j(x) = mEJrl,n,j(x)(

n—1 n—1

E+1 <E+1_E— 2(k +1)

<

-~ n—-1 n—-1"n-1 n—1
2R+ 32443

N n—1 IRV/NTE

Also we have k1 > j + 3. Indeed, this is a consequence of the fact that g is nonde-
creasing on the interval [0, 0o) and because through simple calculus we get g(j+2) <
j. By Lemma 3.3, (i) it follows that Mk+1 (@) > My, (z)>...> My, ().

k+2,n,7
We thus obtain My, ;(z) < 3‘/\/_"’7‘/_ foranykie{k—i—l k+2,. }
Therefore, in both subcases, by Lemma 3.1, (i), we get Mk,n,j( z) < %
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Case 3). Subcase a). Suppose first that j — /2j < k. Then we obtain
k j+1 k
Myps@) = mis@)e - o)< 250 B

Gl G-V VAL V241

< = .

- n-—1 n—1 n—1 = yn-1
Subcase b). Suppose now that j—+/2j > k. Let k € {0,1,2,...,n} be the minimum
value such that j — \/2j < k. Then ks = k — 1 satisfies j — \/_ > ky. Then

T — j—l—l k-1
MEfl,n,j(x) = mgilyn’j(-ﬁ)(l‘ - n — ]_) —n-— ]_ n—1

JHL -V -1 V242 V242
n—1 n—1  on—-1 —Vn-1

Also, because in this case j > 1 it is immediate that k3 < j — 1. By Lemma

<

3.3, ( i) it follows that My ,  .(x) =2 My, (x) = ... = M, ;(z). We obtain
M, i(z) < {n# forany k< j—1and z € [—1, fbill]
In both subcases, by Lemma 3.1, (ii), we get My, ;(x) < Q%QTJ?) < 2‘/_;‘3/(%2).
In conclusion, collecting all the estimates in the above cases and subcases we
easily get the relationship (2), which completes the proof. O

Remark. The order of approximation in terms of wy in Theorem 4.1 cannot be
improved, in the sense that the order of the expression max,¢o,1){ En ()} is exactly
\/nl_—i-l (here E, (x) is defined in the proof Qf Theorem 4.1). Indeed, for n € N let us
take j, = [2], kn = jn — [v/n] and @, = 22t Then by simple calculation, for all
n > 2 we get

M. g, (@n) =

(n+llj:—1) kn 1+x n+kn

() Lz n—l)

(
5 (s

_ (Fp + 1)(kn +2).. )k"]" [Vl +1
C (nt k) (n Ak, +1). ’I’L—l—jn n—1

kn + 1 >“‘k <1+[n/2]]>’“”‘1" 1
[

n+jn—1
b))

/21+ n/2+1> . ,L><n/2—\/ﬁ>ﬁ. 1

- (5
X
(
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Jn
Because lim (”ﬁ;/‘/j) = e~ 2, there exists ng € N such that
n—oo

V7]

(M) > e 3 for all n > max{ng,2}.
[n/2] + [v/n]

It follows

-3 673

My g (@) > = > —
nsyTJn \/ﬁ \/n—“‘l

for all n > max{ng,2}. Taking into account Lemma 3.1, (ii) too, it follows that

for all n > max{no,2} we have My, n ;. (Tn) > \/e%, which implies the desired
conclusion.

In what follows we will prove that for large subclasses of functions f, the order
of approximation wi(f;1/y/n+ 1) in Theorem 4.1 can essentially be improved to
wi(f;1/n).

For this purpose, foranyn € Nyn >2 ke {0,1,...,n}and j € {0,1,...,n—2},

let us define the functions fi n ; : [ﬁ, %] — R,

i =mesr (3) - 1583 () =3 () 4 3)

For any j € {0,1,...,n—2} and z € [ﬁ,%] we can write

UM (£)(@) = \/ frmi(2).
k=0

Also, we need the following auxiliary lemmas.
Lemma 4.2. Let f :[0,1] — [0,00) be such that

UM (f)(@) = max{ fj,n,5(@), i1, (@) fir2.n,5(@)},
forallze[j/(n—1),(j+1)/(n—1)] andn € N, n > 2. Then

UE(1)@) = £@)| < 2 (£33 ) for i € [i/n = 1), + D0 = D]

Proof. We distinguish three cases:

Case (i). Let € [j/(n—1),(j +1)/(n — 1)] be fixed such that U,(lM)(f)(a:) =
fjn,j(x). By simple calculation we have

0<o_d il i _ n¥i _2
n

n~n—-1 n nn-1)

and fjnj(z) = f(L), it follows that
U (1)) - @) < 20 (1)

Case (ii). Let z € [j/(n —1),(j + 1)/(n — 1)] be such that U™ (f)(z) =
fi+1,n,j(x). We have two subcases:
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(iia) UM (f)(2) < f(2), when evidently f;.;(z) < fijy1.m;(z) < f(z) and we
immediately get
UM (f) (@) = f(x) | fi+1m,5(@) — f(2)|

= @)~ fyoansle) < £@) = ffn) < 20 (£

(iy) USM) (f)(x) > f(x), when

UM ()@) = @) = Frvima(@) = £@) = mysn @) = f)
<150 - (@),
Since 0 < L x < L ;_Ll ((_Jr)) < Lt follows f(&)—f( ) <wi (f51).

Case (111) Let x € [j/(n—1),(j +1)/(n — 1)] be such that U(M)(f)(x) =

fi+2,n,j(x). We have two subcases:

(i1q) y(LM)(f)(a:) < f(x), when evidently f; . j(z) < fiton.j(z) < f(z) and we

immediately get
UM (@) = f@)] = |firzng(z) = f(@)]
= (@)= Frans(o) < @) - 10 /n) <200 (£17).
(iiiy) US (f)(@) > f(x), when

J+2
UM () (@) = f ()] = fiz2my(@) = f(2) = mjron; (@) f(——) = flz)
 +2
< F(E=5) - f(@)
Since 0 < % —z < % — ﬁ = 22&(3_4;)2) < % it follows f(%) — f(z) <
2w (f; %), which proves the lemma. O
Lemma 4.3. Let f :[0,1] — [0,00) be concave. Then the function g : (0,1] —

[0,00),¢9(x) = @ is monincreasing.

Proof. Let z,y € (0,1] be with z < y. Then

x y— x y—x x
) =1 (S =20) = 24 + L2500 2 2100)
(x) ; ; () ; (0) ; )
which implies @ > % 1
Corollary 4.4. Let f :[0,1] — [0,00) be a nondecreasing function such that
the function g : (0,1] — [0,00), g(z) = 1) g nonincreasing, then

x

1
—>, for all x €10,1], andn € Nyn > 2.
n

U () @) - )| < 2 (1
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Proof. Since f is nondecreasing it follows (see the proof of Theorem 5.3 in the
next section)

U (1 \/ femj(x), forall w € [j/(n—1),(j +1)/(n - 1)].
k>4

Let z € [0,1] and j € {0,1,...,n — 2} such that =z € [ﬁ,%] Let k €
{0,1,...,n} be with & > j. Then
E+1

(Zillc) L)k“’jf(—)
1+ n

fk+1,n,j($)

k41 k .
Since g( ) is nonincreasing we get 1 z5 ) < f(éb) that is f(%) < %f(%) From
r< e 1t follows
("), @ i+l otk k41 k

fotin () < f(=)

("ﬂ:_l)(l—i—x) n+j k+1 &k n

J
B oJtl n+k  (nt+gk+n(+1-Fk) +k }
- fk,n,j(x)n_'_j k - (n+j)]€ fk,n,](x)~

It is immediate that for k > j 4 2 we have fx, ;(x) > frt1,n,;(x). Thus we obtain

fit2ni (@) > fitami(@) > .. > fojn(z),

that is
UM (£)(w) = max{ fjn; (@), 10,5 (@), fi12.n5(2)},
forallz € [j/(n—1),(j +1)/(n—1)], and from Lemma 4.2 we obtain

UED(1)e) ~ )| < 2 (157 ).

O
Corollary 4.5. Let f : [0,1] — [0,00) be a nondecreasing concave function.
Then

U9 (D)) ~ @) < 200 (f; %) or all z € [0,1].

Proof. The proof is immediate by Lemma 4.3 and by Corollary 4.4. (]
Remarks. 1) It is easy to see that if f : [0,1] — [0,00) is a convex, non-

decreasing function satisfying @ > f(1) for all z € [0,1], then the function

g : (0,1] — [0,00),g9(x) = f(;) is nonincreasing and as a consequence for f is
valid the conclusion of Corollary 4.4. Indeed, for simplicity let us suppose that
f € C'0,1] and denote F(x) = zf'(x) — f(x), = € [0,1]. Then ¢'(x) =
all x € (0,1]. Since the inequality @ > f(1) can be written as w < f(1),
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for all x € [0,1), passing to limit with x — 1 it follows f/(1) < f(1), which implies
(since f’ is nondecreasing)

F(z) <af'(1) = f(o) <zf' (1) —xf(1) = 2[f'(1) = f(1)] 0, for all z € (0,1],

which means that g(z) is nonincreasing.
An example of function satisfying the above conditions is f(z) = e*, x € [0, 1].
2) It is known that for the most sequences of linear Bernstein-type opera-
tors L,(f)(x), n € N, € [0,1], the uniform estimate cannot be better than
wy (f;1/4/n), where wg (f;0) is the Ditzian-Totik second order modulus of smooth-
ness given by

w3 (f36) = sup{sup{|f(x + hep(2)) — 2f(x) + f (2 — heo(x))[; x € In}, h € [0, 5]},
with ¢(z) = /z(l —z), d <1 and I, = [lﬁ%, #}

Now, if f is, for example, a nondecreasing concave polygonal line on [0, 1], then
we get that ws (f;8) ~ d for § < 1, which shows that the order of approximation
obtained in this case for the most sequences of linear Bernstein-type operators is
exactly ﬁ On the other hand, since such of function f obviously is a Lipschitz
function on [0, 1] (as having bounded all the derivative numbers) by Corollary 4.5
we get that the order of approximation by the truncated max-product Baskakov
operator is less than %, which is essentially better than in In a similar man-
ner, by Corollary 4.4 and by Remark 1 after Corollary 4.5, we can produce many
subclasses of functions for which the order of uniform approximation given by the
truncated max-product Baskakov operator, is essentially better than the order of
approximation given by the most sequences of linear Bernstein-type operators.

In fact, the Corollaries 4.4 and 4.5 have no corespondent in the case of these
linear and positive operators. All these prove the advantages we may have in
some cases, by using the truncated max-product Baskakov operator. Intuitively,
the truncated max-product Baskakov operator has better approximation properties
than any linear Benstein-type operator, for non-differentiable functions in a finite
number of points (with the graphs having some “corners”), as for example for
functions defined as a maximum of a finite number of continuous functions on

[0, 1].

5. Shape Preserving Properties

Remark. By the continuity of ,(LM)(f) () on [0, 1] in Lemma 2.4, it will suffice

to prove the shape properties of U,(LM)(f) () only on (0,1]. As a consequence, in
the notations and proofs below we always may suppose that = > 0.

In this section we will present some shape preserving properties. In what follows,
as in Section 4 for any k € {0,1,...,n} and j € {0,1,...,n — 2}, let us consider

the functions fi  ; : [ﬁ, e

et =mto () 33 (2) - ) ()1 5
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For any j € {0,1,...,n—2} and z € [ﬁ,%] we can write

UM (£) (@) =\ fom;(@).
k=0

Lemma 5.1. Letn € N, n > 2. If f:[0,1] — Ry is a nondecreasing function
then for any k € {0,1,...,n}, 7€40,1,....,n—2} with k < j and z € [ﬁ,%]
we have fin;(z) > fi1n,;(2).

Proof. Since k < j, by the proof of Lemma 3.1, case 2), it follows that
Mg, (X) > Mp—1 (). From the monotonicity of f we get f (%) > f (k;nl)
Thus we obtain

i @)f () 2 i@ (S,

n

which proves the lemma. 1

Corollary 5.2. Letn € N, n > 2. If f :[0,1] — Ry is nonincreasing then

Jrni (@) > fexin,i(z) for any k € {0,1,...,n}, j € {0,1,....,n — 2} with k > j
and x € [ﬁ, fbi_ll]

Proof. Since k > j, by the proof of Lemma 3.1, case 1), it follows that

Mg, (X) > Mp41n,;(z). From the monotonicity of f we get f (%) > f (’“—:;1)

Thus we obtain
k k+1
M5 (@) f (ﬁ) > mk+1,n,j(~’0)f( " ) ,

which proves the corollary. O

Theorem 5.3. If f : [0,1] — Ry is nondecreasing then Uy(LM)(f) is nondecreas-
ing, for any n € N with n > 2.

Proof. Since U,(LM)(f) is continuous on [0, 1], it suffices to prove that on each
subinterval of the form [ﬁ, IEL] with j € {0,1,...,n — 2}, UY(LM)(f) is nonde-
creasing. o

Solet j € {0,1,...,n — 2} and x € [-L5, ZE1]. As f is nondecreasing, from
Lemma 5.1 it follows that

fimi(@) > ficini(@) > fi—omj(@) > ... > fon;(2).

Then it is immediate that

UM (A () =\ frns(@),
k>j

for all z € [;_Ll, ;%11] Clearly that for k > j the function fy . ; is nondecreasing

and since U™ (f) is defined as the maximum of nondecreasing functions, it follows
that it is nondecreasing. O
Corollary 5.4. If f : [0,1] — Ry is nonincreasing then U,(ZM)(f) is nonincreas-

ing, for any n € N with n > 2.
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Proof. Since U,(LM)(f) is continuous on [0, 1], it suffices to prove that on each
subinterval of the form [ﬁ, I with j € {0,1,...,n — 2}, U,(LM)(f) is nonin-
creasing. o

Solet j € {0,1,...,n —2} and = € [, %] As f is nonincreasing, from
Corollary 5.2 it follows that

fj,n,j(x) > fj+1,n,j(x) > fj+2,n,j(x) > .2 fn,n,j(x)'

Then it is immediate that

UM () (@) =\ frni(@),

k>0

for all x € [ﬁ, %] Clearly that for k£ < j the function f , ; is nonincreasing

and since U, ,(ZM) (f) is defined as the maximum of nonincreasing functions, it follows
that it is nonincreasing. O
In what follows, let us consider the following concept generalizing the mono-
tonicity and convexity.
Definition 5.5. Let f : [0,1] — R be continuous on [0, 1]. One says that f is
quasi-convex on [0, 1] if it satisfies the inequality

fAz 4+ (1= XNy) < max{f(z), f(y)}, forall z,y, A € [0,1].

(see e.g. the book [4], p. 4, (iv)).

Remark. By [5], the continuous function f is quasi-convex on [0, 1] equivalently
means that there exists a point ¢ € [0,1] such that f is nonincreasing on [0, ]
and nondecreasing on [c, 1]. The class of quasi-convex functions includes the both
classes of nondecreasing functions and of nonincreasing functions (obtained from
the class of quasi-convex functions by taking ¢ = 0 and ¢ = 1, respectively). Also,
it obviously includes the class of continuous convex functions on [0, 1].

Corollary 5.6. If f : [0,1] — Ry is continuous and quasi-convez on [0,1] then
for allm e Nyn > 2, U,(LM)(f) is quasi-convez on [0, 1].

Proof. If f is nonincreasing (or nondecreasing) on [0,1] (that is the point
¢ =1 (or ¢ = 0) in the above Remark) then by the Corollary 5.4 (or Theorem
5.3, respectively) it follows that for all n € N, n > 2, U,(ZM)( f) is nonincreasing (or
nondecreasing) on [0, 1].

Suppose now that there exists ¢ € (0,1), such that f is nonincreasing on [0, c|
and nondecreasing on [c, 1]. Define the functions F,G : [0,1] — R by F(x) = f(z)
for all x € [0,¢], F(z) = f(c) for all x € [¢,1] and G(z) = f(c) for all z € [0, ],
G(z) = f(x) for all z € [¢, 1].

It is clear that F' is nonincreasing and continuous on [0, 1], G is nondecreasing
and continuous on [0, 1] and that f(x) = max{F(x),G(z)}, for all z € [0, 1].

But it is easy to show (see also Remark 1 after the proof of Lemma 2.1) that

UM (f)(x) = max{UM (F)(2), UM (G) (@)}, for all z € [0,1],

where by the Corollary 5.4 and Theorem 5.3 , U™ (F)(z) is nonincreasing and
continuous on [0, 1] and Ui (G)(z) is nondecreasing and continuous on [0, 1]. We
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have two cases : 1) M) (F)(z) and Uy(LM)(G) () do not intersect each other ; 2)
U,(LM)(F)(Q:) and U,(LM)(G)(Q:) intersect each other.

Case 1). We have maX{U,(LM)(F)(a:), ,(LM)(G)(Q:)} = U,(LM)(F)(Q:) for all €
[0,1] or max{USM (F)(z), UM (G)(z)} = UM (G)(z) for all x € [0,1], which
obviously proves that UM (f)(x) is quasi-convex on [0, 1].

Case 2). In this case it is clear that there exists a point ¢’ € [0,1] such that
U,(ZM)( f)(x) is nonincreasing on [0, '] and nondecreasing on [¢/, 1], which by the

result in [5] implies that UM (f)(z) is quasiconvex on [0, 1] and proves the corollary.
|
It is of interest to exactly calculate U,(LM)(f) for f(z) = eg(x) = 1 and for

f(z) = e1(x) = x. In this sense we can state the following.
Lemma 5.7. For all x € [0,1] and n € N,n > 2 we have UM (eo)(x) =1 and

by )
U0 e)lo) = o 0] — 2 i e 0.1/

T n a?
el e 1/n /- )L

UM (e1)(2) =

_obagaa(e) oz n+1 i _— "
UV(LM)(el)(x) =z bn,l(x) - 1+ n f € [1/( 1)’2/ ]a
Do) — g a0 D)
bnyi2(z) @ n+2 . _— "
 bpyas(e)  a? n+2)(n+3) .
Ur(LM)(el)(x) =T b:,g(x) - (1 +.23)2 ’ 3n , ifw e [3/n,3/(n— 1)];
and so on, in general we have
U (e)e) = 1 L i e /(= 1), G+ 1)/,
__a? (t)mti+l) ‘ ‘
UM (en(e) = T e € G D/ G+ D/ 1),

forje{0,1,...,n—2}.
Proof. The formula U™ (e0)(x) = 1is immediate by the definition of UM (f)(z).
To find the formula for U,(LM)(el)(x) we will use the explicit formula in Lemma
3.4 which says that

" ] 4+ 1
\/ bpk(x) =by j(z), for all x € [ 7_ %
k=0

1 =0,1,...,n—2
n—]_,n—]_]’J y 7n )

where by, i (z) = ("TF )2k /(1 + @) TR
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Since

mox {ona@h ) = max {ha@ il o s Gl

k=0,...,n k=1,....n k=0,...,n—
and because from the proof of Lemma 3.4 we have b, ,(2) < by n—1(z) < by n—2(2)
for all z € [0, 1] we obtain
n+1
V bn+1,k(x)
U (o) (o) = - B

[}

Now the conclusion of the lemma is immediate by applying Lemma 3.4 to both

n+1 n
expressions \/ bn11x(z), V bnr(x), taking into account that we get the following
k=0 k=0

division of the interval [0, 1

1 1
0<—<
n n—1

<-< <-<

<...

SES 2 3 3 4 4
n n n

n—1 n—1 n—1

Remarks. 1) The convexity of f on [0, 1] is not preserved by U,(LM)( f) as can
be seen from Lemma 5.7. Indeed, while f(z) = e1(x) = z is obviously convex on
[0,1], it is easy to see that UM (e1) is not convex on [0, 1].

2) Also, if f is supposed to be starshaped on [0, 1] (that is f(Az) < Af(x) for all
x, A € [0,1]), then again by Lemma 5.7 it follows that U,(lM)(f) for f(x) =ei(x) is
not starshaped on [0, 1], although e;(x) obviously is starshaped on [0, 1].

Despite of the absence of the preservation of the convexity, we can prove the
interesting property that for any arbitrary nonincreasing function f, the max-
product Baskakov operator U,(ZM)( f) is piecewise convex on [0,1]. We present the
following.

Theorem 5.8. Let n € N be with n > 2. For any nonincreasing function
f 10,1 — [0,00), éM)(f) is conver on any interval of the form [ﬁ,%],
j=0,1,....,n—2.

Proof. For any k € {0,1,...,n} and j € {0,1,...,n — 2} let us consider the

. i1
functions fy n; @ 717, %] - R,

i (n+£—1) N
P (x) = M (2) () = o : < > ).
From the proof of Corollary 5.4 we have

UM () (@) =\ frmi(@),

k>0

for any j € {0,1,...,n — 2} and x € [-4, 11,

n—1’n—1
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We will prove that for any fixed j and &k < j, each function fy » j(z) is convex on

(=L, Zbi_ll], which will imply that Ur(lM)( f) can be written as a maximum of some
convex functions on [ﬁ, %]

Sinc: f > 0 it suffices to prove that the functions gy ; : [0,1] = Ry, gi j(z) =
(H%) ' are convex on [ﬁ, flifl]
For k = j, g;,; is constant so is convex.

For k = j—1it follows g;j_1,;(x) = L for any x € [ﬁ, ZXL]. Then gj_1(w) =
J j+1]
n—17 n—11"

2 >0 for any z € |
: /1 . T k=i=2 1 .
Ifkﬁj—chengk,j(x) =(k—j) (Hz) S sy (k—=7—1-2x) >0, for

g
any x € [-L;, L.

Since all the fgnctions gr,j are convex on [—I=, fbi_ll], we get that UM (f) is
convex on [—L+, ZE1] as maximum of these functions, which proves the theorem.
0
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