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STRONGLY TRANSITIVE GEOMETRIC SPACES:

APPLICATIONS TO HYPERRINGS

S. MIRVAKILI AND B. DAVVAZ

Abstract. In this paper, we determine two families R and G of subsets of a hyperring R and

sufficient conditions such that two geometric spaces (R,R) and (R,G) are strongly transitive.
Moreover, we prove that the relations Γ and α are strongly regular equivalence relations on a
hyperfield or a hyperring such that (R,+) has an identity element.

1. Introduction

Hyperstructures represent a natural extension of classical algebraic structures
and they were introduced by the French mathematician F. Marty. Algebraic hy-
perstructures are a suitable generalization of classical algebraic structures. In a
classical algebraic structure, the composition of two elements is an element, while
in an algebraic hyperstructure, the composition of two elements is a set. An ex-
haustive review updated to 1992 of hypergroup theory appears in [3], see also
[1, 5, 14, 15, 16]. A recent book [4] contains a wealth of applications.

In this paragraph, we summarize the preliminary definitions and results required
in the sequel. Let H be a non-empty set and let P∗(H) be the family of all non-
empty subsets of H . A hyperoperation on H is a map ◦ : H ×H −→ P∗(H) and
the couple (H, ◦) is called a hypergroupoid. If A and B are non-empty subsets of
H , then we denote

A ◦B =
⋃

a∈A, b∈B

a ◦ b, x ◦A = {x} ◦A and A ◦ x = A ◦ {x}.

A hypergroupoid (H, ◦) is called a semihypergroup if for all x, y, z of H we have
(x ◦ y) ◦ z = x ◦ (y ◦ z), which means that

⋃

u∈x◦y

u ◦ z =
⋃

v∈y◦z

x ◦ v.

We say that a semihypergroup (H, ◦) is a hypergroup if for all x ∈ H , we have
x ◦H = H ◦ x = H. An element e ∈ H is called identity (scalar) if for all x ∈ H we
have x ∈ x ◦ e ∩ e ◦ x (x = x ◦ e = e ◦ x). We call (H, ◦) is a canonical hypergroup

if it is commutative, has an scalar identity e ∈ H, and for every x ∈ H there exists
x−1 ∈ H such that e ∈ x ◦ x−1.
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44 S. Mirvakili and B. Davvaz

There are several types of hyperrings that can be defined on a non-empty set
R, see [6]. In what follows we shall consider one of the most general types of
hyperrings.

The triple (R,+, ·) is a hyperring if

(1) (R,+) is a hypergroup;
(2) (R, ·) is a semihypergroup;
(3) the hyperoperation “ ·” is distributive over the hyperoperation “+”, which

means that for all x, y, z of R we have:

x · (y + z) = x · y + x · z and (x+ y) · z = x · z + y · z.

We call (R,+, ·) a hyperfield if (R,+, ·) is a hyperring and (R, ·) is a hypergroup.
A Krasner hyperring is a hyperring such that (R,+) is a canonical hypergroup

with identity 0 and · is an operation such that 0 is a bilaterally absorbing element.
An exhaustive review updated to 2007 of hyperring theory appears in [6].

2. Basic facts about fundamental relation

If H is a hypergroup and ρ ⊆ H ×H is an equivalence relation then for all pairs
(A,B) of non-empty subsets of H , we set AρB if and only if aρb for all a ∈ A
and b ∈ B. The relation ρ is said to be strongly regular to the right if xρy implies
x ◦ a ρ y ◦ a for all (x, y, a) ∈ H3. Analogously, we can define strongly regular to

the left. Moreover ρ is called strongly regular if it is strongly regular to the right
and to the left. Let H be a hypergroup and ρ an equivalence relation on H . Let
ρ(a) be the equivalence class of a with respect to ρ and let H/ρ = {ρ(a) | a ∈ H}.
A hyperoperation ⊗ is defined on H/ρ by ρ(a)⊗ ρ(b) = {ρ(x) | x ∈ ρ(a) ◦ ρ(b)}. If
ρ is strongly regular then it readily follows that ρ(a)⊗ ρ(b) = {ρ(x) | x ∈ a ◦ b}. It
is well known for ρ strongly regular that < H/ρ,⊗ > is a group (see Theorem 31
in [3]), that is ρ(a)⊗ ρ(b) = ρ(c) for all c ∈ a ◦ b.

The notion of fundamental relation on hypergroups was introduced by Koskas
[13], and then studied by Corsini [3], Freni [9, 10, 11] and Gutan [12], Vougiouklis
[20, 21], Davvaz et. al. [1, 7, 8]. In [9], Freni firstly proved that the relation β is
transitive in every hypergroup. The relations γ and γ∗ were firstly introduced and
analyzed by Freni [10]. He proved that the relation γ on hypergroup is transitive
and γ = γ∗. Also, Freni [11] determined a family Pσ(H) of subsets of a hypergroup
H such that the geometric space (H,Pσ(H)) is strongly transitive.

In 1990, Vougiouklis at the fourth AHA congress [20], introduced the concept of
fundamental relation Γ on a hyperring, and then it studied by himself and many
authors, for example see [1, 2, 6, 8, 17, 21]. Recently, Mirvakili and Davvaz [18]
proved that the relation Γ on every hyperfield is an equivalence relation and Γ =
Γ∗. In [8], Davvaz and Vougiouklis introduced a new strongly regular equivalence
relation on a hyperring such that the set of quotients is an ordinary commutative
ring and later some properties of relation α are studied[17]. Moreover, Pelea [19]
introduced the fundamental relation of a multialgebra.
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Strongly transitive geometric spaces: Applications to hyperrings 45

Definition 2.1. [20] Let R be a hyperring. We define the relation Γ as follows:
x Γ y ⇔ ∃n ∈ N, ∃ki ∈ N, ∃(xi1, . . . , xiki

) ∈ Rki , 1 ≤ i ≤ n, such that {x, y} ⊆
∑n

i=1

(
∏ki

j=1 xij

)

.

Definition 2.2. [8] Let R be a hyperring. We consider the relation α as follows :
x α y ⇐⇒ ∃n ∈ N, ∃(k1, . . . , kn) ∈ Nn, ∃σ ∈ Sn and [∃(xi1, . . . , xiki

) ∈ Rki ,
∃σi ∈ Ski

, (i = 1, . . . , n)] such that

x ∈
n∑

i=1





ki∏

j=1

xij



 and y ∈
n∑

i=1

Aσ(i),

where Ai =

ki∏

j=1

xiσi(j).

The relation α and Γ are reflexive and symmetric. Let α∗ and Γ∗ be the transitive
closure of α and Γ. Then we recall the following theorem from [8, 20]:

Theorem 2.3. Let (R,+, ·) be a hyperring.

(1) Γ∗ is the smallest equivalence relation on R such that the quotient R/Γ∗ is

a ring. R/Γ∗ is called the fundamental ring.

(2) α∗ is the smallest equivalence relation on R such that the quotient R/α∗ is

a commutative ring. R/α∗ is called the commutative fundamental ring.

A geometric space is a pair (S,B) such that S is a non-empty set, whose elements
we call points, and B is a non-empty family of subsets of S, whose elements we call
blocks. B is a covering of S if for every point y ∈ S, there exists a block B ∈ B
such that y ∈ B. If C is a subset of S, we say that C is a B-part or B-subset of S
if for every B ∈ B,

B ∩C 6= ∅ ⇒ B ⊆ C.

If B1, B2, . . . , Bn are n blocks of geometric space (S,B) such that Bi∩Bi+1 6= ∅,
for any i ∈ {1, 2, . . . , n− 1}, then the n-tuple (B1, B2, . . . , Bn) is called polygonal

of (S,B). The concept of polygonal allows us to define on S the following relation:

x ≈ y ⇔ x = y or a polygonal (B1, B2, . . . , Bn) exists such that x ∈ B1

and y ∈ Bn.

The relation ≈ is an equivalence relation and it is easy to see that it coincides with
the transitive closure of the following relation:

x ∼ y ⇔ x = y or there exists B ∈ B such that {x, y} ⊆ B.

So ≈ is equal to
⋃

n≥1 ∼
n, where ∼

n= ∼ ◦ ∼ ◦ . . . ◦ ∼
︸ ︷︷ ︸

n times

.

Freni [11] proved that the following theorem:

Theorem 2.4. For every pair (A,B) of blocks of a geometric space (S,B) and for

any integer n ∈ N, the following conditions are equivalent:

(1) A ∩B 6= ∅, x ∈ B ⇒ ∃C ∈ B : (A ∪ {x}) ⊆ C.
(2) A ∩B 6= ∅, x ∈ Γ(B) ⇒ ∃C ∈ B : (A ∪ {x}) ⊆ C.
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46 S. Mirvakili and B. Davvaz

(3) A ∩ Γ(B) 6= ∅, x ∈ Γ(B) ⇒ ∃C ∈ B : (A ∪ {x}) ⊆ C.

A geometric space (S,B) is strongly transitive if the family B is a covering of S and
moreover one of the three equivalence conditions of Theorem 2.4 is satisfied. With
this definition it is proved that:

Theorem 2.5. If (S,B) is a strongly transitive geometric space, then the relation

∼ on S is transitive. Hence ≈ = ∼ .

3. Strongly transitive geometric spaces associated to hyperrings

Freni [11] introduced the notion of strongly transitive geometric space on hyper-
groups and proved that the relation ∼= γ is transitive. Anavariyeh and Davvaz
[2] used the notion of strongly transitive geometric space on hypermodules. Now,
we use the notion of strongly transitive geometric space on an arbitrary hyperring
and obtain new result in this respect.

Let (R,+, ·) be a hyperring. We can consider the geometric space (R,R) whose
points are the elements of R and whose blocks are the finite hypersums of hy-
perproducts of elements of H . Thus, R is the family of subsets of R defined as
follows:

For every n ∈ N ∪ {0}, ki ∈ N ∪ {0} and xij ∈ R where i = 1, 2, . . . , n and
j = 1, . . . , ki, we set:

BR

(

[x1k1
11 ], . . . , [xnkn

n1 ]
)

=
n∑

i=1

ki∏

j=1

xij .

Also, we can consider another geometric space (R,S) whose points are the ele-
ments of R and whose blocks are the sets formed by the union of all hypersums of
hyperproducts obtained by permuting in the following possible ways:

For every n ∈ N ∪ {0}, ki ∈ N ∪ {0} and xij ∈ R where i = 1, 2, . . . , n and
j = 1, . . . , ki, we set:

BS

(

[x1k1
11 ], . . . , [xnkn

n1 ]
)

=
⋃







n∑

i=1

kσ(i)
∏

j=1

xσ(i)σσ(i)(j)|σ ∈ Sn, σi ∈ Ski






.

With these notations we have:

Lemma 3.1. Let (R,+, ·) be a hyperring. Then

(1) BR

(

[x1k1
11 ], . . . , [xnkn

n1 ]
)

⊆ BS

(

[x1k1
11 ], . . . , [xnkn

n1 ]
)

.

(2) Moreover, we have: BS

(

[x1k1
11 ], . . . , [xnkn

n1 ]
)

=

=
⋃
{

BR

(

[x
σ(1)σσ(1)(kσ(1))

σ(1)σσ(1)(1)
], . . . , [x

σ(n)σσ(n)(kσ(n))

σ(n)σσ(n)(1)
]
)

| σ ∈ Sn, σi ∈ Ski

}

.

Lemma 3.2. Let (R,+, ·) be a hyperring. Then for every y ∈ H we have:

(1) BS

(

[x1k1
11 ], . . . , [xnkn

n1 ]
)

+ y = BS

(

[x1k1
11 ], . . . , [xnkn

n1 ], [y]
)

.

(2) y +BS

(

[x1k1
11 ], . . . , [xnkn

n1 ]
)

= BS

(

[y], [x1k1
11 ], . . . , [xnkn

n1 ]
)

.
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(3) BS

(

[x1k1
11 ], . . . , [xnkn

n1 ]
)

· y = BS

(

[x1k1
11 , y], . . . , [xnkn

n1 , y]
)

.

(4) y ·BS

(

[x1k1
11 ], . . . , [xnkn

n1 ]
)

= BS

(

[y, x1k1
11 ], . . . , [y, xnkn

n1 ]
)

.

(5) BS

(

[x1k1
11 ], . . . , [xnkn

n1 ]
)

+BS

(

[y1l111 ], . . . , [ymlm
m1 ]

)

=

= BS

(

[x1k1
11 ], . . . , [xnkn

n1 ], [y1l111 ], . . . , [ymlm
m1 ]

)

.

(6) BS

(

[x1k1
11 ], . . . , [xnkn

n1 ]
)

· BS

(

[y1l111 ], . . . , [ymlm
m1 ]

)

=

BS

(

[x1k1
11 , y1l111 ], . . . , [x1k1

11 , ymlm
m1 ], . . . , [xnkn

n1 , y1l111 ], . . . , [xnkn

n1 , ymlm
m1 ]

)

.

Proof. It is straightforward. �

Lemma 3.3. Lemma 3.2 is true for the geometric space (R,R).

Lemma 3.4. Let (R,+, ·) be a hyperring. Then for every σ ∈ Sn and σi ∈ Ski
we

have

BS

(

[x1k1
11 ], . . . , [xnkn

n1 ]
)

= BS

(

[x
σ(1)σσ(1)(kσ(1))

σ(1)σσ(1)(1)
], . . . , [x

σ(n)σσ(n)(kσ(n))

σ(n)σσ(n)(1)
]
)

Moreover, if (R,+, ·) is a commutative hyperring then two geometric spaces (R,R)
and (R,S) are equal.

Proof. It obtains from definition of geometric spaces (R,R) and (R,S) . �

Lemma 3.5. Let (R,+, ·) be a hyperring. Then:

(1) If xrs ∈ a · b then BS

(

[x1k1
11 ], . . . , [xnkn

n1 ]
)

⊆

⊆ BS

(

[x1k1
11 ], . . . , [x

r(s−1)
r1 , a, b, xrkr

r(s+1)], . . . , [x
nkn

n1 ]
)

.

(2) If xrs ∈ a+ b then BS

(

[x1k1
11 ], . . . , [xnkn

n1 ]
)

⊆

⊆ BS

(

[x1k1
11 ], . . . , [x

(s−1)kr−1

(r−1)1 ], [x
r(s−1)
r1 , a, xrkr

r(s+1)],

[x
r(s−1)
r1 , b, xrkr

r(s+1)], [x
(r+1)kr+1

(r+1)1 ], . . . , [xnkn

n1 ]
)

.

(3) If xrs ∈ B = BS

(

[y1l111 ], . . . , [ymlm
m1 ]

)

then

BS

(

[x1k1
11 ], . . . , [xnkn

n1 ]
)

⊆ BS

(

[x1k1
11 ], . . . , [x

r(s−1)
r1 , B, xrkr

r(s+1)], . . . , [x
nkn

n1 ]
)

= BS

(

[x1k1
11 ], . . . , [x

(r−1)kr−1

(r−1)1 ], [·], [x
(r+1)kr+1

(r+1)1 ], . . . , [xnkn

n1 ]
)

,

where [·] = [x
r(s−1)
r1 , y1l111 , xrkr

r(s+1)], . . . , [x
r(s−1)
r1 , ymlm

m1 , xrkr

r(s+1)].

Proof. (1) Let xrs ∈ a · b and y ∈ BS([x
1k1
11 ], . . . , [xnkn

n1 ]). Then there exists σ ∈ Sn

and σr ∈ Skr
such that y ∈

n∑

i=1

kσ(i)
∏

j=1

xσ(i)σσ(i)(j), if σ(u) = r and σr(v) = s then we
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have xσ(u)σσ(u)(v) = xrs ∈ a · b and so we have

y ∈
n∑

i=1

kσ(i)
∏

j=1

xσ(i)σσ(i)(j)

=

u−1∑

i=1

kσ(i)
∏

j=1

xσ(i)σσ(i)(j) +

v−1∏

j=1

xrσr(j) · xrs ·
ku∏

j=v+1

xrσr(j) +

n∑

i=u+1

kσ(i)
∏

j=1

xσ(i)σσ(i)(j)

⊆
u−1∑

i=1

kσ(i)
∏

j=1

xσ(i)σσ(i)(j) +

v−1∏

j=1

xrσr(j) · a · b ·
ku∏

j=v+1

xrσr(j) +

n∑

i=u+1

kσ(i)
∏

j=1

xσ(i)σσ(i)(j)

= BS([x1k1
11 ], . . . , [x

r(s−1)
r1 , a, b, xrkr

r(s+1)], . . . , [x
nkn

n1 ]).

Proof of (2) is similar to (1) and (3) obtains from (1) and (2). �

Lemma 3.6. Lemma 3.5, is true for the geometric space (R,R).

Theorem 3.7. If (R,+, ·) is a hyperfield then

(1) The geometric space (R,R) is a strongly transitive geometric space.

(2) The geometric space (R,S) is a strongly transitive geometric space.

Proof. (1) Let B = BR

(

[x1k1
11 ], . . . , [xnkn

n1 ]
)

and B′ = BR

(

[y1l111 ], . . . , [ymlm
m1 ]

)

be

two blocks of R such that

B ∩B′ 6= ∅ and x ∈ B′.

Let b ∈ B ∩ B′. Since (R,+, ·) is a hyperfield, thus there exist un
1 ∈ R and v ∈ R

such that xiki
∈ ui · x and x ∈ b · v. Now, we have:

x ∈ b · v ⊆ BR

(

[x1k1
11 ], . . . , [xnkn

n1 ]
)

· v

⊆ BR

(

[x
1(k1−1)
11 , u1, x], . . . , [x

n(kn−1)
n1 , un, x]

)

· v

= BR

(

[x
1(k1−1)
11 , u1, x, v], . . . , [x

n(kn−1)
n1 , un, x, v]

)

⊆ BR

(

[x
1(k1−1)
11 , u1, B

′, v], . . . , [x
n(kn−1)
n1 , un, B

′, v]
)

.

So C = BR

(

[x
1(k1−1)
11 , u1, B

′, v], . . . , [x
n(kn−1)
n1 , un, B

′, v]
)

is a block ofR and x ∈ C.

Moreover, since b ∈ B, we obtain:

B = BR

(

[x1k1
11 ], . . . , [xnkn

n1 ]
)

⊆ BR

(

[x
1(k1−1)
11 , u1, x], . . . , [x

n(kn−1)
n1 , un, x]

)

⊆ BR

(

[x
1(k1−1)
11 , u1, b, v], . . . , [x

n(kn−1)
n1 , un, b, v]

)

⊆ BR

(

[x
1(k1−1)
11 , u1, B

′, v], . . . , [x
n(kn−1)
n1 , un, B

′, v]
)

= C.

Therefore, B ∪ {x} ⊆ C and the geometric space (R,R) is strongly transitive.
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In a similar way we obtain (2). �

Theorem 3.8. Let (R,+, ·) be a hyperfield. Then

(1) The relation Γ is a strongly regular equivalence relation and Γ = Γ∗, where
Γ∗ is the fundamental relation on R.

(2) The relation α is a strongly regular equivalence relation and α = α∗, where
α∗ is the commutative fundamental relation on R.

Proof. We prove (2). The proof of (1) is similar. Let (R,+, ·) be a hyperring. Then
the relation ∼ defined on the geometric space (R,S) coincides with the relation
α on the hyperring (R,+, ·). Also, the relation ≈ defined on the geometric space
(R,S) coincides with the commutative fundamental relation α∗ on the hyperring
(R,+, ·). Now, if (R,+, ·) is a hyperfield then the geometric space (R,S) is strongly
transitive by Theorem 3.7. Thus by Theorem 2.5, we have:

α = ∼ = ≈ = α∗.

�

Let ϕ : R → R/Γ∗ and φ : R → R/α∗ be the canonical projection homomor-
phisms.

Proposition 3.9. For every non-empty subset A of a hyperring R such that (R,+)
has an identity 0, we have:

(1) ϕ−1(ϕ(A)) = ω(R) +A = A+ ω(R), where ω(R) = ϕ−1(0R/Γ∗).

(2) If A is a R-part of R, then ϕ−1(ϕ(A)) = A.
(3) φ−1(φ(A)) = D(R) +A = A+D(R), where D(R) = φ−1(0R/α∗).

(4) If A is a S-part of R, then φ−1(φ(A)) = A.

Proof. (1) For every x ∈ ω(R) + A, there exists a pair (a, b) ∈ A × ω(R) such
that x ∈ b + a . Then ϕ(x) = ϕ(b) + ϕ(a) = 0R/Γ∗ + ϕ(a) = ϕ(a). Therefore,

x ∈ ϕ−1(ϕ(a)) ⊆ ϕ−1(ϕ(A)).
Conversely, for every x ∈ ϕ−1(ϕ(A)), there exists an element a ∈ A such that

ϕ(x) = ϕ(a). Since (R,+) is a hypergroup, there exists b ∈ R such that x ∈ b+ a,
so ϕ(a) = ϕ(x) = ϕ(b) + ϕ(a) and this implies that ϕ(b) = 0R/Γ∗ . Therefore,

b ∈ ϕ−1(0R/Γ∗) = ω(R) and so x ∈ b+a ⊆ ω(R)+A. This proves that ϕ−1(ϕ(A)) =
ω(R) +A.

In the same way, we can prove that ϕ−1(ϕ(A)) = A+ ω(R).
(2) It is obvious that A ⊆ ϕ−1(ϕ(A)). Moreover, if x ∈ ϕ−1(ϕ(A)), then there

exists an element a ∈ A such that ϕ(a) = ϕ(x). Hence x ∈ Γ∗(x) = Γ∗(a) ⊆ A and
ϕ−1(ϕ(A)) ⊆ A.

In a similar way, we can prove (3) and (4). �

Theorem 3.10. Let (R,+, ·) be a hyperring such that (R,+) has an identity 0. If

A and B are two blocks of (R,R), 0 ∈ B and A∩B 6= ∅ then there exists a block C
such that A ∪ {0} ⊆ C. Also, this theorem is true for the geometric space (R,S).
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Proof. If x ∈ A ∩B then there exists x′ ∈ R such that 0 ∈ x+ x′, so we have:

0 ∈ x+ x′ ⊆ A+ x′ ⊆ A+ 0 + x′ ⊆ A+B + x′,

also,

A ⊆ A+ 0 ⊆ A+ x+ x′ ⊆ A+B + x′.

Set C = A+B + x′. Then C is a block and A ∪ {0} ⊆ C. �

Theorem 3.11. Let (R,+, ·) be a hyperring such that (R,+) has an identity 0.
Then two geometric spaces (R,R) and (R,S) are strongly transitive.

Proof. Let A and B be two blocks of (R,R), A∩B 6= ∅ and x ∈ B. We prove that
there exists a block C of (R,R) such that A∪ {x} ⊆ C. Let b ∈ A∩B and a ∈ A,.
Then {a, b} ⊆ A and {x, b} ⊆ B. Hence, aΓb and bΓx and this implies that aΓ∗x.
Then by part (1) of Proposition 3.9,

x ∈ ϕ−1(ϕ(a)) = a+ ω(R).

Thus, there exists y ∈ ω(R) such that x = a+ y. Since a ∈ ω(R) so there exists a
block A′ such that {0, y} ⊆ A′. Now, we have

x ∈ a+ y ⊆ A′ +A

and

A ⊆ 0 +A ⊆ A′ +A.

Therefore, C = A′ +A is a block and A ∪ {x} ⊆ C.
In a similar way we obtain the geometric space (R,S) is strongly transitive. �

Theorem 3.12. Let (R,+, ·) be a hyperring such that (R,+) has an identity 0.
Then

(1) The relation Γ is transitive and Γ = Γ∗, where Γ∗ is the fundamental

relation on R.
(2) The relation α is transitive and α = α∗, where α∗ is the commutative

fundamental relation on R.

Proof. We prove (1), the proof of (2) is similar. Let (R,+, ·) be a hyperring. Then
the relation ∼ defined on the geometric space (R,R) coincides with the relation
Γ on the hyperring (R,+, ·). Also, the relation ≈ defined on the geometric space
(R,R) coincides with the fundamental relation Γ∗ on the hyperring (R,+, ·). Now,
if (R,+, ·) is a hyperring such that (R,+) has an identity 0 then by Theorem 3.11,
the geometric space (R,R) is strongly transitive. Therefore, by Theorem 2.5, we
obtain:

Γ = ∼ = ≈ = Γ∗.

�

Corollary 3.13. Let (R,+, ·) be a Krasner hyperring. Then Γ = Γ∗ and α = α∗.
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Example 1. This example shows that Theorem 3.12 for semihyperrings is not
valid.

Set R = {a, b, c, d} and hyperoperations + and · are defined as follow:

+ a b c d
a {b, c} {b, d} {b, d} {b, d}
b {b, d} {b, d} {b, d} {b, d}
c {b, d} {b, d} {b, d} {b, d}
d {b, d} {b, d} {b, d} {b, d}

· a b c d
a {b, d} {b, d} {b, d} {b, d}
b {b, d} {b, d} {b, d} {b, d}
c {b, d} {b, d} {b, d} {b, d}
d {b, d} {b, d} {b, d} {b, d}

(R,+, ·) is a semihyperring. We have bΓc and bΓd but c/Γd and so Γ is not
transitive.

Example 2. Let R = {a, b, c, d, e, f, g} and + be a hyperoperation defined as
follows:

+ a b c d e f g
a {a, b} {a, b} c d e f g
b {a, b} {a, b} c d e f g
c c c {a, b} f g d e
d d d g {a, b} f e c
e e e f g {a, b} c d
f f f e c e g {a, b}
g g g d e c {a, b} f

(R,+) is a hypergroup. Now, we define a hyperoperation · as follows:

x · y = {a, b}, ∀x, y ∈ R.

It is not difficult to see that (R,+, ·) is a hyperring and Γ = Γ∗, α = α∗ and
δR 6= Γ 6= α 6= ∆R. In fact, Γ(a) = {a, b} and for all x ∈ R − {a, b}, Γ(x) = {x}.
Also, α(a) = {a, b, g, f} and α(c) = {c, d, e}.

The foregoing examples can be easily extended to larger sets.

Example 3. Let R be a ring as follows:

R = TL2(Z2) =

{[
a b
0 c

]

| a, b, c ∈ Z2

}

.

(R,+, ·) is a non-commutative ring and so Γ = Γ∗ = δR. Moreover,

α

([

0 0

0 0

])

=

{[

0 0

0 0

]

,

[

0 1

0 0

]}

, α

([

1 0

0 0

])

=

{[

1 0

0 0

]

,

[

1 1

0 0

]}

,

α

([

0 0

0 1

])

=

{[

0 0

0 1

]

,

[

0 1

0 1

]}

, α

([

1 0

0 1

])

=

{[

1 0

0 1

]

,

[

1 1

0 1

]}

.

α = α∗ and Γ∗ 6= α∗.
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