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DIFFERENTIABILITY AND BEST LOCAL APPROXIMATION

HÉCTOR H. CUENYA AND CLAUDIA N. RODRIGUEZ

Abstract. In this paper we give sufficient conditions over the differentiability

of a function to assure existence of the best local approximant in Lp-spaces,

0 < p ≤ ∞. These conditions are weaker than those given in previous papers.
For p = 2 we show that, in a certain way, they are also necessary. In addition,

we characterize the best local approximant.

1. Introduction

Let x1, x2, . . . , xk be k points in R and let r > 0 be such that the intervals
[xi− r, xi+ r], 1 ≤ i ≤ k, are pairwise disjoint. Let L be the space of real Lebesgue

measurable functions defined on Ar :=
k⋃
i=1

[xi − r, xi + r]. For each Lebesgue

measurable set A ⊂ Ar, with |A| > 0, we consider the semi-norms on L,

‖h‖p,A :=

(
1

|A|

∫
A

|h(x)|pdx
)1/p

, 0 < p <∞, and ‖h‖∞,A := max
x∈A
|h(x)|,

where |A| denotes the measure of the set A. Note that for 0 < p < 1, ‖ · ‖p,A is not
a semi-norm, but we will also call it in this way.

If 0 < ε ≤ r, A−ε,i := [xi − ε, xi], A+ε,i := [xi, xi + ε], and Aε,i := [xi − ε, xi + ε],
we write ‖h‖p,−ε,i = ‖h‖p,A−ε,i , ‖h‖p,+ε,i = ‖h‖p,A+ε,i , and ‖h‖p,ε,i = ‖h‖p,Aε,i . So,
we have

‖h‖pp,ε,i =
1

2

(
‖h‖pp,−ε,i + ‖h‖pp,+ε,i

)
,

and

‖h‖pp,ε := ‖h‖pp,Aε =

k∑
i=1

‖h‖pp,ε,i.

With the obvious modifications we have the notation for p =∞. Suppose n a non
negative fixed integer and n+ 1 = kq. For a non negative integer s, we denote by
Πs the linear space of polynomials of degree at most s.

If h has left derivatives up to order q−1 at xi, 1 ≤ i ≤ k, say h
(j)
− (xi), we denote

by H−(h) the left Hermite interpolate polynomial of degree n, i.e., H−(h) is the
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16 HÉCTOR H. CUENYA AND CLAUDIA N. RODRIGUEZ

unique polynomial in Πn such that H
(j)
− (h)(xi) = h

(j)
− (xi), 1 ≤ i ≤ k, 0 ≤ j ≤ q−1.

The right Hermite interpolate polynomial of degree n, H+(h), is defined in a similar
way.

If h ∈ L, it is well known that there exists a best ‖ · ‖p,ε-approximant of h from
Πn. Let Pε(h) denote such a best approximant, i.e., Pε(h) ∈ Πn satisfies

‖h− Pε(h)‖p,ε ≤ ‖h− P‖p,ε, for all P ∈ Πn.

If there exists the lim
ε→0

Pε(h) =: P0(h) ∈ Πn, then P0(h) is called the best local

approximant of h at xi, 1 ≤ i ≤ k, from Πn.
The existence of the best local approximant to a function f from Πn, in one

variable, has been extensively studied. This problem was investigated in a single
point and several points. In Lp-spaces, where 1 ≤ p ≤ ∞, we can mention [3]
and [2], while if 0 < p ≤ ∞ we can mention [8]; in Orlicz spaces we cite [6], [7]
and [4]. Recently the existence was considered for more general norms in [11] and
[10]. We emphasize that in all these works, the usual differentiability or the Peano
differentiability of a function f up to order q − 1 at xi, 1 ≤ i ≤ k, was required.

In Section 2 of this paper we give a sufficient condition weaker than the dif-
ferentiability up to order q − 1, in order to assure the existence of the best local
approximant of a function f at xi, 1 ≤ i ≤ k, from Πn in Lp-spaces, 0 < p ≤ ∞.
More precisely, we show that the differentiability of f at xi, up to the order q − 2,
and the existence of the lateral derivatives of order q− 1 at xi, 1 ≤ i ≤ k, are suffi-
cient conditions for the existence of the best local approximant, whenever certain
minimization problem has a unique solution. In particular, if p > 1, or p = 1 and
q 6= 1, that minimization problem has a unique solution. We also give a charac-
terization of the best local approximant, i.e., it is just the average of the left and
right Hermite interpolate polynomials at the points xi, 1 ≤ i ≤ k. To prove these
results we will adapt the technique used in [8], which was employed to show the
existence of the best local approximant in several points.

In Section 3, we will consider k = 1, and we will prove that the established
conditions in Section 2 are also necessary in the setting of the L2-space, when we
approximate to a function which has lateral derivatives up to order n at x1.

2. Sufficient conditions in Lp

Henceforward, f shall be a fixed function in L, and K a positive constant,
not necessarily the same at each occurrence. Assume that f has left and right
derivatives up to order q − 1 at xi, 1 ≤ i ≤ k.

If f
(j)
− (xi) = f

(j)
+ (xi) =: f (j)(xi), 0 ≤ j ≤ q − 2, 1 ≤ i ≤ k, and ε → 0, under

certain conditions we shall show that the best approximants of f on Aε from Πn

converge to the polynomial H ∈ Πn defined by

H =
H−(f) +H+(f)

2
.

If q = 1 we do not require any condition over the derivatives of f .
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DIFFERENTIABILITY AND BEST LOCAL APPROXIMATION 17

We write f
(j)
− (xi) = pj,i and f

(j)
+ (xi) = tj,i, 0 ≤ j ≤ q − 1, 1 ≤ i ≤ k. We also

denote by T s−,i(f) and T s+,i(f) the left and right Taylor polynomials of f at xi, of
degree s, respectively. If T s−,i(f) = T s+,i(f) we denote it by T si (f).

Suppose that pj,i = tj,i, 0 ≤ j ≤ q−2, 1 ≤ i ≤ k, and consider the following set:

H(f) = {Q ∈ Πn : Q(j)(xi) = f (j)(xi), 0 ≤ j ≤ q − 2, 1 ≤ i ≤ k}.

If q = 1 we put H(f) = {0}. Let H0 ∈ H(f). If g = f − H0, then g(j)(xi) = 0,
1 ≤ j ≤ q − 2, 1 ≤ i ≤ k. The next lemma immediately follows.

Lemma 2.1. Let P ∈ Πn, 0 < p ≤ ∞, and 0 < ε ≤ r. Then P is a best ‖ · ‖p,ε-
approximant to f from Πn if and only if P = H0 + Q, with Q a best ‖ · ‖p,ε-
approximant to g from Πn. In addition, the best local approximant to f exists if
and only if the best local approximant to g exists, and P0(f) = P0(g) +H0.

Therefore, it shall be sufficient for our purposes to prove the existence and
characterization of P0(g).

Lemma 2.2. Let 0 < p ≤ ∞. The set of polynomials {Pε(g)}, for ε small, is
uniformly bounded on compact sets.

Proof. Let 0 < p <∞. It is easy to show that

‖g − T q−1
±,i (g)‖p,±ε,i + ‖T q−1

±,i (g)‖p,±ε,i = o(εq−1) +O(εq−1) = O(εq−1),

1 ≤ i ≤ k. So, we get

‖g‖pp,ε,i ≤
1

2

(
‖g − T q−1

−,i (g)‖p,−ε,i + ‖T q−1
−,i (g)‖p,−ε,i

)p
+

1

2

(
‖g − T q−1

+,i (g)‖p,+ε,i + ‖T q−1
+,i (g)‖p,+ε,i

)p
= O(εp(q−1)), 0 < p <∞.

(2.1)

Analogously, we obtain ‖g‖∞,ε,i = O(εq−1). Now, we recall the Pólya inequality
(see [5], Lemma 2.1): There exists a constant K = K(p) > 0 (0 < p ≤ ∞) such
that

|Pε(g)(j)(xi)| ≤
K

εj
‖Pε(g)‖p,ε,i, 0 ≤ j ≤ q − 1, 0 < ε ≤ r, 1 ≤ i ≤ k. (2.2)

As a consequence of (2.2) and (2.1), we have

|Pε(g)(j)(xi)| ≤
K

εj
(‖Pε(g)− g‖p,ε,i + ‖g‖p,ε,i)

≤ 2K

εj
‖g‖p,ε,i = O(εq−1−j), 0 ≤ j ≤ q − 1, 1 ≤ i ≤ k.

(2.3)

So, the lemma is proved. �

Let p′i = pq−1,i −H(q−1)
0 (xi) and t′i = tq−1,i −H(q−1)

0 (xi). We write

ui =
p′i

(q − 1)!
and vi =

t′i
(q − 1)!

.
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18 HÉCTOR H. CUENYA AND CLAUDIA N. RODRIGUEZ

Henceforward, without loss of generality we assume r = 1. If P ∈ Πn we consider
the following function defined on A1,

P ∗(x) =

{
ui(x− xi)q−1 − T q−1

i (P )(x), if x ∈ [xi − 1, xi],

vi(x− xi)q−1 − T q−1
i (P )(x), if x ∈ [xi, xi + 1].

Lemma 2.3. Let 0 < p ≤ ∞.
a) Every uniformly bounded net {Qε} ⊂ Πn verifies

‖g −Qε‖p,ε
εq−1

=
‖Q∗ε‖p,ε
εq−1

+ o(1), if 1 ≤ p ≤ ∞;

‖g −Qε‖pp,ε
εp(q−1)

=
‖Q∗ε‖pp,ε
εp(q−1)

+ o(1), if 0 < p < 1.

(2.4)

b)
‖g − Pε(g)‖p,ε

εq−1
= O(1).

Proof. Let {Qε} ⊂ Πn be uniformly bounded. We have

(g −Qε −Q∗ε )(x) =

{
g(x)− ui(x− xi)q−1 +O(x− xi)q, if x ∈ [xi − 1, xi],
g(x)− vi(x− xi)q−1 +O(x− xi)q, if x ∈ [xi, xi + 1].

On the other hand,

‖g(x)− ui(x− xi)q−1 +O(x− xi)q‖p,−ε,i
= ‖g(x)− T q−1

−,i (g)(x) +O(x− xi)q‖p,−ε,i = o(εq−1)

and

‖g(x)− vi(x− xi)q−1 +O(x− xi)q‖p,+ε,i
= ‖g(x)− T q−1

+,i (g)(x) +O(x− xi)q‖p,+ε,i = o(εq−1).

Therefore,

‖g −Qε −Q∗ε‖p,ε
εq−1

= o(1).

For 1 ≤ p ≤ ∞, the triangular inequality implies (2.4). For 0 < p < 1, (2.4) follows
from the following inequality:

|‖g −Qε‖pp,ε − ‖Q∗ε‖pp,ε| ≤ ‖g −Qε −Q∗ε‖pp,ε.

To prove b) we observe that

‖Pε(g)∗‖pp,ε
ε(q−1)p

=

k∑
i=1

∫
Aε,i

|Pε(g)∗(t)|p

ε(q−1)p

dt

2kε

=

k∑
i=1

∫
[−1,1]

|Pε(g)∗(xi + εt)|pdt
2kε(q−1)p

,

(2.5)
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DIFFERENTIABILITY AND BEST LOCAL APPROXIMATION 19

and

Pε(g)∗

εq−1
(xi + εt) =


uit

q−1 −
q−1∑
j=0

1
j!ε

j−q+1tjPε(g)(j)(xi), if t ∈ [−1, 0];

vit
q−1 −

q−1∑
j=0

1
j!ε

j−q+1tjPε(g)(j)(xi), if t ∈ [0, 1].

(2.6)

Now, (2.3) implies that Pε(g)
∗

εq−1 (xi + εt) is uniformly bounded on [−1, 1], as ε → 0.
As a consequence, from (2.5) and the part a) for Qε = Pε(g), we get b). The case
p =∞ follows with the obvious modifications. �

Next, we introduce k real functions on Rq. If 0 < p < ∞ and 1 ≤ i ≤ k we
define

Fp,i(c0,i, c1,i, . . . , cq−1,i) =

∫
[−1,0]

∣∣∣∣∣∣uitq−1 −
q−1∑
j=0

cj,it
j

∣∣∣∣∣∣
p

dt

2k

+

∫
[0,1]

∣∣∣∣∣∣vitq−1 −
q−1∑
j=0

cj,it
j

∣∣∣∣∣∣
p

dt

2k
,

(2.7)

and for p =∞ we define

Fp,i(c0,i, c1,i, . . . , cq−1,i)

= max

 max
t∈[−1,0]

∣∣∣∣∣∣uitq−1 −
q−1∑
j=0

cj,it
j

∣∣∣∣∣∣ , max
t∈[0,1]

∣∣∣∣∣∣vitq−1 −
q−1∑
j=0

cj,it
j

∣∣∣∣∣∣
 .

If max
0≤j≤q−1

|cj,i| → ∞, it is easy to see that Fp,i(c0,i, c1,i, . . . , cq−1,i)→∞, 0 < p ≤
∞. Since Fp,i is a continuous function, then Fp,i has a minimum value. We write

Bp,i = min
Rq

Fp,i(c0,i, c1,i, . . . , cq−1,i), 1 ≤ i ≤ k. (2.8)

If Bp is the minimum of
k∑
i=1

Fp,i(c0,i, c1,i, . . . , cq−1,i), where the minimum is taken

over all the k-tuples of vectors in Rq, clearly Bp =
k∑
i=1

Bp,i.

If there is a unique q-tuple minimizing (2.8), we denote it by (c0,i(p), c1,i(p), . . . ,
cq−1,i(p)).

Lemma 2.4. Let 1 ≤ p ≤ ∞. If p 6= 1 or q 6= 1, then there exists a unique q-tuple
that minimizes the problem (2.8).

Proof. Let hi be the function defined by hi(t) = ui t
q−1 if t ∈ [−1, 0), and hi(t) =

vi t
q−1 if t ∈ (0, 1]. We observe that the minimizing problem (2.8) is equivalent to

finding the best ‖ · ‖p,[−1,1]-approximant of hi from Πq−1.
If 1 < p <∞ and q ≥ 1, the Lemma is a consequence of the strict convexity of

the norm.
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20 HÉCTOR H. CUENYA AND CLAUDIA N. RODRIGUEZ

If q ≥ 2, hi is an essentially continuous function. Therefore, for p = 1 or
p =∞, the Lemma is a consequence of the uniqueness of the best approximant to
a continuous function from Πq−1 (see [9]).

Finally, if q = 1 and p =∞ it is easy to see that c0,i(p) = ui+vi
2 . �

Remark 2.5. If p = q = 1, in general we have not uniqueness for the minimizing
problem (2.8).

The following theorem gives us an expression for the asymptotic behavior of the
normalized error.

Lemma 2.6. Let Pε(g) be a best ‖ · ‖p,ε-approximant to g from Πn. Then

lim
ε→0

‖g − Pε(g)‖p,ε
εq−1

= B1/p
p , if 0 < p <∞, and

lim
ε→0

‖g − Pε(g)‖p,ε
εq−1

= Bp, if p =∞.

Proof. Suppose 0 < p < ∞ and let (a0,i, . . . , aq−1,i), 1 ≤ i ≤ k, be such that

Fp,i(a0,i, . . . , aq−1,i) = Bp,i. Let Qε ∈ Πn be the polynomial satisfying Q
(j)
ε (xi) =

aj,ij!ε
q−1−j , 0 ≤ j ≤ q − 1, 1 ≤ i ≤ k. As a consequence of Lemma 2.3, a), we get

‖g − Pε(g)‖p,ε
εq−1

≤ ‖g −Qε‖p,ε
εq−1

=
‖Q∗ε‖p,ε
εq−1

+ o(1) = B1/p
p + o(1), 1 ≤ p <∞

‖g − Pε(g)‖pp,ε
εp(q−1)

≤
‖g −Qε‖pp,ε
εp(q−1)

=
‖Q∗ε‖pp,ε
εp(q−1)

+ o(1) = Bp + o(1), 0 < p < 1,

(2.9)

where the last equality follows from the definitions of (a0,i, a1,i, . . . , aq−1,i) and Qε.

On the other hand, if bj,i = 1
j!ε

j−q+1Pε(g)(j)(xi), using again Lemma 2.3, a), for

the net {Pε(g)}, we have

B1/p
p ≤

(
k∑
i=1

Fp,i(b0,i, b1,i, . . . , bq−1,i)

)1/p

=
‖P ∗ε (g)‖p,ε

εq−1
=
‖g − Pε(g)‖p,ε

εq−1
+ o(1),

(2.10)
for 1 ≤ p <∞, and

Bp ≤
k∑
i=1

Fp,i(b0,i, b1,i, . . . , bq−1,i) =
‖P ∗ε (g)‖pp,ε
εp(q−1)

=
‖g − Pε(g)‖pp,ε

εp(q−1)
+ o(1), (2.11)

for 0 < p < 1. Now the lemma is a consequence of (2.9)–(2.11). The case p = ∞
follows with the obvious modifications. �

Lemma 2.7. Let 0 < p ≤ ∞. Assume that the minimization problem (2.8) has a

unique solution. Let Qi ∈ Πq−1, 1 ≤ i ≤ k, be defined by Qi(t) =
q−1∑
j=0

cj,i(p)t
j =:

Q̃i(t) + cq−1,i(p)t
q−1. Then we have cq−1,i(p) = ui+vi

2 .
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DIFFERENTIABILITY AND BEST LOCAL APPROXIMATION 21

Proof. We give the proof for q − 1 even. The case q − 1 odd is similar. Let
di = ui + vi − cq−1,i(p). From definition (2.7) and the change of variable x = −t
we get

Fp,i(c0,i(p), c1,i(p), . . . , cq−1,i(p))

=

∫
[−1,0]

∣∣∣(di − vi)tq−1 − Q̃i(t)
∣∣∣p dt

2k
+

∫
[0,1]

∣∣∣(di − ui)tq−1 − Q̃i(t)
∣∣∣p dt

2k

=

∫
[0,1]

∣∣∣(vi − di)xq−1 + Q̃i(−x)
∣∣∣p dx

2k
+

∫
[−1,0]

∣∣∣(ui − di)xq−1 + Q̃i(−x)
∣∣∣p dx

2k

= Fp,i(−c0,i(p), c1,i(p), . . . , (−1)j+1cj,i(p), . . . , cq−2,i(p), di).

(2.12)

Therefore, the uniqueness of the q-tuple (c0,i(p), c1,i(p), . . . , cq−1,i(p)) which min-

imizes (2.8) implies that Q̃i(t) = −Q̃i(−t), for all t ∈ R, and di = cq−1,i(p).
Therefore cq−1,i(p) = ui+vi

2 .
If p =∞, the proof follows with the obvious modifications. �

Lemma 2.8. Let 0 < p ≤ ∞. If the minimization problem (2.8) has a unique
solution then the best local approximant of g exists, and it satisfies P (j)(xi) = 0,

0 ≤ j ≤ q − 2, P (q−1)(xi) = (ui+vi)(q−1)!
2 , 1 ≤ i ≤ k.

Proof. Suppose 0 < p < ∞ and let {εm} be a sequence tending to zero. Let

cj,i(εm) := 1
j!ε

j−q+1
m P

(j)
εm (g)(xi), 0 ≤ j ≤ q − 1. From (2.6) and (2.7), we obtain

k∑
i=1

Fp,i(c0,i(εm), c1,i(εm), . . . , cq−1,i(εm)) =

∥∥∥∥P ∗εm(g)

εq−1
m

∥∥∥∥p
p,εm

. (2.13)

By Lemma 2.3, a), and Lemma 2.6 we have lim
m→∞

‖P∗
εm

(g)‖p,εm
εq−1
m

= B
1/p
p . So, from

(2.13) we obtain

lim
m→∞

k∑
i=1

Fp,i(c0,i(εm), c1,i(εm), . . . , cq−1,i(εm)) = Bp. (2.14)

Lemma 2.2 implies that there is a subsequence εml → 0, as l → ∞, such that
(Pεml (g)(xi), Pεml (g)(1)(xi), . . . ,

1
(q−1)!Pεml (g)(q−1)(xi)) converges to a q-tuple (a0,i,

a1,i, . . . , aq−1,i). On the other hand, as a consequence of (2.3), the sequence
(c0,i(εml), c1,i(εml), . . . , cq−1,i(εml)) is bounded, therefore it has a subsequence
which we denote in the same way, such that it converges to a q-tuple (b0,i, b1,i, . . . ,
bq−1,i). Clearly, by definition of cj,i(εml) we get aj,i = 0, 0 ≤ j ≤ q − 2, and
aq−1,i = bq−1,i.

The continuity of Fp,i (2.14) and the definition of Bp,i imply that cj,i(p) = bj,i,
0 ≤ j ≤ q − 1, 1 ≤ i ≤ k. By Lemma 2.7 we obtain aq−1,i = ui+vi

2 . So, there

exists P (x) = lim
l→∞

Pεml (x) verifying P (j)(xi) = 0, 0 ≤ j ≤ q − 2, P (q−1)(xi) =
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22 HÉCTOR H. CUENYA AND CLAUDIA N. RODRIGUEZ

(ui+vi)(q−1)!
2 , 1 ≤ i ≤ k. Note that the polynomial P ∈ Πn is univocally determined

by these conditions. Since {εm} is arbitrary, we have proved the lemma for 0 <
p <∞.

For p =∞ the proof follows the same patterns of above. �

Now, we establish one of our main results.

Theorem 2.9. Let 0 < p ≤ ∞. Let f be a function with derivatives up to order
q − 2 at xi, and with lateral derivatives of order q − 1 at xi, 1 ≤ i ≤ k. If the
minimization problem (2.8) has a unique solution, then the best local approximant
of f exists, and it is equal to

H−(f) +H+(f)

2
.

Proof. From Lemma 2.8 we have Pε(g)(x)→ H−(g)+H+(g)
2 , as ε→ 0. Therefore, by

Lemma 2.1 the best local approximant of f exists and it is equal to H−(g)+H+(g)
2 +

H0 = H−(f)+H+(f)
2 . �

The next corollary immediately follows from Lemma 2.4 and Theorem 2.9.

Corollary 2.10. Let f be a function with derivatives up to order q − 2 at xi, and
with lateral derivatives of order q− 1 at xi, 1 ≤ i ≤ k, and let 1 ≤ p ≤ ∞. If p 6= 1
or q 6= 1, then the best local approximant of f exists and it is

H−(f) +H+(f)

2
.

Remark 2.11. Suppose that f is Peano differentiable up to order q − 2 and left
and right Peano differentiable of order q − 1 (see [1]), i.e., there exist polynomials
Ri ∈ Πq−2, and real numbers pi and qi, 1 ≤ i ≤ k, such that

‖f(x)−Ri(x)− pi(x− xi)q−1‖p,−ε,i = o(εq−1),

and

‖f(x)−Ri(x)− qi(x− xi)q−1‖p,+ε,i = o(εq−1).

If 1 ≤ p ≤ ∞ , and p 6= 1 or q 6= 1, we can prove in a similar way to the proof
of Corollary 2.10, that the best local approximant of f from Πn is the polynomial

H satisfying H(j)(xi) = R
(j)
i (xi), 0 ≤ j ≤ q − 2, and H(q−1)(xi) = (q−1)!(pi+qi)

2 ,
1 ≤ i ≤ k.

3. A necessary condition in L2

In this section we assume k = 1, x1 = 0 and n ≥ 1. Let f ∈ L be a function
which has left and right derivatives up to order n at 0. We shall prove in this
section that a necessary condition for the existence of the best local approximant
of f from Πn, is that f be differentiable up to order n− 1 at 0.

We write f
(j)
− (0)/j! = pj and f

(j)
+ (0)/j! = qj , 0 ≤ j ≤ n. Let Pε(f) be the best

‖ · ‖2,ε-best approximant of f on [−ε, ε] from Πn.
We assume that the best local approximant exists.
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It is well known that Pε(f) :=
n∑
j=0

aj(ε)x
j verifies

∫
[−ε,ε]

(f − Pε(f))(x)xidx = 0, 0 ≤ i ≤ n. (3.1)

Now we can write f(x) =
n∑
j=0

pjx
j + o(xn), if x ∈ [−1, 0], and f(x) =

n∑
j=0

qjx
j +

o(xn), if x ∈ [0, 1]. Therefore, from (3.1) we get for 0 ≤ i ≤ n,

n∑
j=0

∫
[−ε,0]

pjx
i+jdx+

∫
[0,ε]

qjx
i+jdx =

n∑
j=0

aj(ε)

∫
[−ε,ε]

xi+jdx+ o(εn+1+i). (3.2)

A straightforward computation shows that (3.2) is equivalent to

n∑
j=0

εi+j+1

i+ j + 1
[qj − (−1)i+j+1pj ] =

n∑
j=0

εi+j+1

i+ j + 1
aj(ε)[1− (−1)i+j+1] + o(εn+1+i),

(3.3)
0 ≤ i ≤ n.

We shall need the following auxiliary lemma.

Lemma 3.1. Let α ∈ R, m ∈ N, and let A(α) and A′(α) be the m ×m matrices
defined by

aij =


ε2(i+j−1)−1

2(i+j−1)−1 1 ≤ i ≤ m, 1 ≤ j ≤ m− 1,

ε2(i+m−1)−αOi(1) 1 ≤ i ≤ m, j = m,

(3.4)

a′ij =


ε2(i+j)−1

2(i+j)−1 1 ≤ i ≤ m, 1 ≤ j ≤ m− 1,

ε2(i+m)−2+αOi(1) 1 ≤ i ≤ m, j = m,

(3.5)

respectively, where Oi(1) means a bounded function as ε→ 0. Then

det(A(α)) = ε2m
2−m−α+1O(1), and det(A′(α)) = ε2m

2+m−1+αO(1).

If ai,m = ε2(i+m−1)−α

2(i+m−1)−α , 1 ≤ i ≤ m, then O(1) = K(α), and if a′i,m = ε2(i+m)−2+α

2(i+m)−2+α ,

1 ≤ i ≤ m, then O(1) = K ′(α), where K(α) and K ′(α) are real numbers not
dependent on ε. In addition, K(2) > 0 and K ′(0) > 0.

Proof. We denote Bij the matrix A(α) where we have omitted the i-th file and the
j-th column. If we develop the determinant of A(α) by the last column, we obtain

det(A(α)) =

m∑
i=1

(−1)i+maim det(Bim) =

m∑
i=1

ε2(i+m−1)−αOi(1) det(Bim). (3.6)

If p denotes an arbitrary permutation of {1, 2, . . . ,m− 1}, we have
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det(Bim) =
∑
p

sgn(p) a1p1 . . . a(i−1)pi−1
a(i+1)pi . . . ampm−1

= ε2m
2−3m−2i+3Ci,

(3.7)

where Ci, 1 ≤ i ≤ m, are real numbers not dependent on ε and α.

From (3.6) and (3.7) it follows that det(A(α)) = ε2m
2−m−α+1O(1). Following

the same patterns as before we can show that det(A′(α)) = ε2m
2+m−1+αO(1).

Next we suppose ai,m = ε2(i+m−1)−α

2(i+m−1)−α , 1 ≤ i ≤ m. Clearly, we have that

the functions Oi(1), 1 ≤ i ≤ m, in (3.4) are not dependent on ε. In conse-

quence, we can write det(A(α)) = ε2m
2−m−α+1K(α). Analogously, det(A′(α)) =

ε2m
2+m−1+αK ′(α).

On the other hand, K(2) is the determinant of a sub-matrix of a Hilbert matrix.
It is well known that a Hilbert matrix is totally positive, i.e., every sub-matrix has
a positive determinant, so K(2) > 0. Analogously, K ′(0) > 0. �

Theorem 3.2. Let f be a function with lateral derivatives up to order n at 0
and suppose that there exists the best local approximant of f from Πn. Then f is
differentiable up to order n− 1 at 0.

Proof. By hypothesis (3.3) holds. In particular, if i = 1 we obtain

n∑
j=0

ε2+j

2 + j
[qj − (−1)2+jpj ] =

n∑
j=1,j odd

ε2+j

2 + j
2aj(ε) + o(εn+2). (3.8)

Since we have assumed the existence of the best local approximant, the coefficients
aj(ε), 1 ≤ j ≤ n, are uniformly bounded as ε → 0. Therefore, from 3.8 we get
q0 − p0 = O(ε), i.e., p0 = q0.

Next, we proceed with an inductive argument. Suppose that qj = pj for all
0 ≤ j < s with s ≤ n − 1, and we shall show that qs = ps. First we assume
s odd, say s = 2l − 1, l ∈ N, and we consider the sub-system of (3.3) for the
values i = 0, 2, . . . , s + 1, where we omit the columns corresponding to qj − pj ,
j = 1, 3, . . . , s − 2, i.e., we consider the linear equations system in the variables
qj + pj − 2aj(ε), for j even, 0 ≤ j ≤ s, and qs − ps. Since the coefficients aj(ε),
s + 1 ≤ j ≤ n, are uniformly bounded as ε → 0, the principal matrix and the
matrix of non-homogeneous terms now are of the form

ε ε3

3 . . . εs

s
εs+1

s+1

ε3

3
ε5

5 . . . εs+2

s+2
εs+3

s+3

...
...

. . .
...

...

εs+2

s+2
εs+4

s+4 . . . ε2s+1

2s+1
ε2s+2

2s+2


and



εs+2O(1)

εs+4O(1)

...

ε2s+3O(1)


.

Rev. Un. Mat. Argentina, Vol. 54, No. 1 (2013)



DIFFERENTIABILITY AND BEST LOCAL APPROXIMATION 25

By the Cramer rule and Lemma 3.1, (3.4), for m = l + 1, α1 = 1, and α2 = 2 we
get

qs − ps =
det(A(α1))

det(A(α2))
=

O(1)ε

K(α2)
,

i.e., qs = ps.
Finally, if s is even, i.e., s = 2l, l ∈ N, we consider the sub-system of (3.3) for

the values i = 1, 3, . . . , s+ 1, where we omit the columns corresponding to qj − pj ,
j = 0, 2, . . . , s− 2. Then we proceed inductively in a similar way to the odd case,
using Lemma 3.1, (3.5), for m = l + 1, α1 = 1, and α2 = 0. �
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Héctor H. Cuenya
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