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DIFFERENTIABILITY AND BEST LOCAL APPROXIMATION

HECTOR H. CUENYA AND CLAUDIA N. RODRIGUEZ

ABSTRACT. In this paper we give sufficient conditions over the differentiability
of a function to assure existence of the best local approximant in LP-spaces,
0 < p < co. These conditions are weaker than those given in previous papers.
For p = 2 we show that, in a certain way, they are also necessary. In addition,
we characterize the best local approximant.

1. INTRODUCTION

Let z1,29,...,2; be k points in R and let » > 0 be such that the intervals

[x; —r,x;+ 7], 1 <@ <k, are pairwise disjoint. Let £ be the space of real Lebesgue
k

measurable functions defined on A, := |J[z; — r,z; + r]. For each Lebesgue
i=1

measurable set A C A,, with |A| > 0, we consider the semi-norms on L,

1/p

1

T 7/ h(@)Pde)  ,0<p<oo, and  [hllea i= max|h(z)],
|A| A €A

where |A| denotes the measure of the set A. Note that for 0 <p < 1, || - ||, 4 is not
a semi-norm, but we will also call it in this way.

fo<e<r A_.;:=[x;—€;], Are; = [z, z;+€], and A, = [z; —€,2; + €],
we wite [hllp. i = [Bllpa-.s 1bllposes = [l and [Blpes = [l So.
we have

1
1l5es = 5 (NRI5 —ci + 1P )

and
k
BB = (IRIE 4, =D IBIE .
i=1

With the obvious modifications we have the notation for p = co. Suppose n a non
negative fixed integer and n + 1 = kq. For a non negative integer s, we denote by
IT° the linear space of polynomials of degree at most s.

If h has left derivatives up to order ¢—1 at x;, 1 <i < k, say h(j)(xi), we denote
by H_(h) the left Hermite interpolate polynomial of degree n, i.e., H_(h) is the
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16 HECTOR H. CUENYA AND CLAUDIA N. RODRIGUEZ

unique polynomial in II" such that H(_j)(h)(xl) = h(_j)(xi), 1<i<k0<j5<qg—1.
The right Hermite interpolate polynomial of degree n, H (h), is defined in a similar
way.

If h € £, it is well known that there exists a best || - ||, c-approximant of i from
IT". Let P.(h) denote such a best approximant, i.e., P.(h) € II" satisfies

Ih = Po(h)||pe < ||h — Pllpe, forall PeTI™

If there exists the lin%) P.(h) =: Py(h) € II", then Py(h) is called the best local
€E—>

approzimant of h at x;, 1 <i <k, from II".

The existence of the best local approximant to a function f from II", in one
variable, has been extensively studied. This problem was investigated in a single
point and several points. In LP-spaces, where 1 < p < oo, we can mention [3]
and [2], while if 0 < p < co we can mention [§]; in Orlicz spaces we cite [6], [7]
and [4]. Recently the existence was considered for more general norms in [11] and
[10]. We emphasize that in all these works, the usual differentiability or the Peano
differentiability of a function f up to order ¢ — 1 at z;, 1 <1 < k, was required.

In Section 2 of this paper we give a sufficient condition weaker than the dif-
ferentiability up to order ¢ — 1, in order to assure the existence of the best local
approximant of a function f at z;, 1 < i < k, from II" in LP-spaces, 0 < p < oo.
More precisely, we show that the differentiability of f at x;, up to the order g — 2,
and the existence of the lateral derivatives of order ¢ — 1 at x;, 1 < i < k, are suffi-
cient conditions for the existence of the best local approximant, whenever certain
minimization problem has a unique solution. In particular, if p > 1, or p = 1 and
q # 1, that minimization problem has a unique solution. We also give a charac-
terization of the best local approximant, i.e., it is just the average of the left and
right Hermite interpolate polynomials at the points z;, 1 < i < k. To prove these
results we will adapt the technique used in [§], which was employed to show the
existence of the best local approximant in several points.

In Section 3, we will consider k¥ = 1, and we will prove that the established
conditions in Section 2 are also necessary in the setting of the L?-space, when we
approximate to a function which has lateral derivatives up to order n at x;.

2. SUFFICIENT CONDITIONS IN LP

Henceforward, f shall be a fixed function in £, and K a positive constant,
not necessarily the same at each occurrence. Assume that f has left and right
derivatives up to order ¢ — 1 at z;,1 < i < k.

If fﬁj)(xl) = _E_])(xl) = fON(z;),0<j<q—2,1<i<k,and ¢ — 0, under
certain conditions we shall show that the best approximants of f on A, from II"
converge to the polynomial H € IT" defined by

H_(f)+ H.(f)
5 :

If ¢ = 1 we do not require any condition over the derivatives of f.

H =
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DIFFERENTIABILITY AND BEST LOCAL APPROXIMATION 17

We write fﬁj)(azi) = p,; and ff)(xi) =t;;,0<j<qg—1,1<i<Ek Wealso
denote by 7% ;(f) and T ;(f) the left and right Taylor polynomials of f at x;, of
degree s, respectively. If T ,(f) =T% ;(f) we denote it by T (f).

Suppose that p;; =t;;, 0 < j < ¢—2,1 <7 <k, and consider the following set:

H()={Q eI : QW (z;)) = /P (x:), 0<j <q—2, 1<i <k}
If ¢ = 1 we put H(f) = {0}. Let Hy € H(f). If g = f — Hy, then ¢\ (z;) = 0,
1<j<qg—2,1<i<k. The next lemma immediately follows.

Lemma 2.1. Let P € II", 0 < p < 00, and 0 < € < 1. Then P is a best || - ||p.e-
approzimant to f from II" if and only if P = Hy + Q, with @ a best || - ||p.e-
approzimant to g from II"™. In addition, the best local approximant to f exists if
and only if the best local approzimant to g exists, and Py(f) = Py(g) + Hop-

Therefore, it shall be sufficient for our purposes to prove the existence and
characterization of Py(g).

Lemma 2.2. Let 0 < p < oo. The set of polynomials {P.(g)}, for € small, is
uniformly bounded on compact sets.

Proof. Let 0 < p < oco. It is easy to show that
lg — T:?:Til(g)”p,ﬂ:e,i + ||T:?:Til(g)||p,:te,i = 0(€q_1) + O(eq_l) = O(Gq_l)a
1 <i<k. So, we get

1 -1 -1 p
90, < 5 (o = T3 @)l + 1T (0) )
1 1 1 P _
45 (19 = T @ s + 1T @) ves) = O@T™), 0<p< oo,
(2.1)

Analogously, we obtain [|gs.ci = O(e?"!). Now, we recall the Pélya inequality
(see [B], Lemma 2.1): There exists a constant K = K(p) > 0 (0 < p < o0) such
that

. K
1P(9) P (@) € ZP9)llpeis 0<j<qg-1, 0<e<r, 1<i<hk (22
€
As a consequence of (2.2) and (2.1]), we have

- K
1Pe(9)P (@) < = (1Pe(9) = 9llp.csi + 19llp.esi)
;K (2.3)
< = lglpei=0(1), 0<j<q-1, 1<i<k
€
So, the lemma is proved. O

Let p, = pg—1,; — Héq_l)(xi) and ) =tq_1,; — Héq_l)(a:i). We write
t

(¢— 1

and v; =
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18 HECTOR H. CUENYA AND CLAUDIA N. RODRIGUEZ

Henceforward, without loss of generality we assume r = 1. If P € II"" we consider
the following function defined on Ay,

Px) = wi(e —z) T = TN (P)(2), ifx e[z — 1,2,
vi(r — 2)1 Tq YP)(x), ifze|ria+1]

Lemma 2.3. Let 0 < p < o0.
a) Every uniformly bounded net {Q.} C II™ verifies

g — Qs s .
H Eq,lnp o o), if 1<p<oo;
2.4
Hg - Qe”%,e . ||Qe p,€ . ( )
erla—1) 7 eple—1) +o(), i O<p<l.
lg — P( )y,
b) =0(1).

Proof. Let {Q.} C II" be uniformly bounded. We have

. f og(@) —ui(z —2)T + Oz — x;)9, ifz €[z — 1,13,
(9= Qc = Qc)() = { g(x) —vi(z — )7V + O(x — )%, ifx € [y, + 1]

On the other hand,
lg(z) = wi(z — )" + Oz — 2:)lp,—e.i
= llg(z) = T3 (9) () + Oz — )|y, ;i = o(e" ")
and

lg(z) = vi(z — )" + O(x — 23)|p 1e.s

= llg(x) = T (9)(@) + O(a = ) [prei = 0(e?™Y).

Therefore,

lg — Qe — Q¢llp,

1 < =o(1).

For 1 < p < oo, the triangular inequality implies (2.4)). For 0 < p < 1, (2.4)) follows
from the following inequality:

llg = QellF,c = 1QEIF.l < llg — Qe — QLT -

To prove b) we observe that

[ Pe(9)" I15.c () dt
©elg=Dp Z/ ela— 1);0 oke
Z/ .'L'l + Et)lpdt
1 1] le q— 1)1’ ’
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DIFFERENTIABILITY AND BEST LOCAL APPROXIMATION 19

ut? ! — Z l, I=atl P (g)9) (x;), ift € [-1,0];

vit1~1 — Z}J 143 P (g) D (2;), ift€[0,1].

(2.6)

Q.
’—‘O

Now, (2.3)) implies that 5(9) (x; + €t) is uniformly bounded on [-1,1], as € — 0.
As a consequence, from 1-) and the part a) for Q. = P.(g), we get b). The case
p = oo follows with the obvious modifications. O

Next, we introduce k real functions on R?. If 0 < p < cocand 1 < i < k we

define
p

qg—1
| dt
-1
Fpi(coisCiy .-y Cq—1,) = / ut!™" — ch,itj o
—
[_170] J
) » (2.7)
q—
o dt
-1
+ 'Uitq — Z Cj’it‘] -,
— 2k
[0,1] =
and for p = oo we define
Fpi(coyisciyis- - rCq-1,i)
= max{ max |u;t?"} Z ¢jat’ |, max vtdt — E cjyitj
te[—1,0] €[0,1] ”
If JJnax |cj.i| = o0, it is easy to see that F, ;(co,i,c1,i,...,Cq-1,) = 00, 0 < p <
<j<qg—
oo. Since Fj; is a continuous function, then F},; has a minimum value. We write
Bpﬂ- = r%}]n Fp,i(CO,i7 Clyy--vs qul,i); 1 < ) < k. (28)
k
If B, is the minimum of ) F};(co,i,¢1,i,--.,Cq—1,:), Where the minimum is taken
i=1
k

over all the k-tuples of vectors in R, clearly B, = Z B,

If there is a unique g-tuple minimizing , we denote it by (co,i(p), c1.:(p),-- -,
Cq—1,i (p))

Lemma 2.4. Let 1 <p<oo. Ifp#1 orq#1, then there exists a unique q-tuple
that minimizes the problem

Proof. Let h; be the function defined by h;(t) = u; t9~ 1 if t € [-1,0), and h;(t) =
v; 971 if t € (0, 1]. We observe that the minimizing problem is equivalent to
finding the best || - [|,,j—1,1j-approximant of h; from 1171,

If 1 <p<ooandq>1, the Lemma is a consequence of the strict convexity of
the norm.
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20 HECTOR H. CUENYA AND CLAUDIA N. RODRIGUEZ

If ¢ > 2, h; is an essentially continuous function. Therefore, for p = 1 or
p = oo, the Lemma is a consequence of the uniqueness of the best approximant to
a continuous function from 119! (see [9]).

Finally, if ¢ = 1 and p = oo it is easy to see that ¢ ;(p) = % O

Remark 2.5. If p = ¢ = 1, in general we have not uniqueness for the minimizing

problem (2.8]).

The following theorem gives us an expression for the asymptotic behavior of the
normalized error.

Lemma 2.6. Let P.(g) be a best || - ||p,c-approzimant to g from II". Then

_Pe € .
lin(l)”gq#:B;/p, if 0<p<oo, and
€E—> €

- Nlg = Pe(g)llp.e _ T

liy S = By p=oc

Proof. Suppose 0 < p < oo and let (ag;,...,aq-1,:), 1 < i < k, be such that
Fpi(agis. .. aq-1) = By;. Let Q. € TI" be the polynomial satisfying QY (z;) =
ajijle?™ 177, 0<j<q—1,1<i<k Asa consequence of Lemma a), we get

- Pe € - € € : €
lo = Pollee o= Quloe _1Qlnc 1) _ piiv o1, 1< p< oo
€ € €
(2.9)
lg—P(Dlbe llg—Qellb. QL.
a0 = g e Tol)=Bptol), 0<p<l,
where the last equality follows from the definitions of (ag i, a1,i,- - -, ag—1,;) and Q..

On the other hand, if b, ; = %eij“Pe(g)(j)(xi), using again Lemma a), for
the net {P.(g)}, we have

& 1/p

P: g J€ g — Pe g ,€

o S(ZFP,Z_(WM“,bq_m_)> _l €§_>1||p |l 6q_<1>\|p o),
i=1

(2.10)
for 1 < p < oo, and

i +0(1), (2.11)

k
1PE(@)Ipe _ llg — Pe(g)
B, < E Fpi(bo,is b1,is - -y bg—1,i) = 7y R
i=1

for 0 < p < 1. Now the lemma is a consequence of (2.9)—(2.11)). The case p = 0o
follows with the obvious modifications. O

Lemma 2.7. Let 0 < p < co. Assume that the minimization problem @ has a
q—1 .

unique solution. Let Q; € 1771, 1 < i <k, be defined by Q;(t) = > cji(p)t/ =:
j=0

Qi(t) + cq—1,i(p)tT . Then we have cq—1 ;(p) = “54%.

Rev. Un. Mat. Argentina, Vol. 54, No. 1 (2013)



DIFFERENTIABILITY AND BEST LOCAL APPROXIMATION 21

Proof. We give the proof for ¢ — 1 even. The case ¢ — 1 odd is similar. Let
d; = u; +v; — ¢g—1,i(p). From definition (2.7) and the change of variable x = —t
we get

Fpi(coi(p),c1,i(p)s-- -, cq-1,i(p))
- [l o [ e -aof

—1,0] [0,1]
— P d
/] e Q) Gp [ - et Qia)| g
[0,1] [—1,0]
= Fp,i(*co,i(P)v Cl,i(p)v B (*1)%10]',1(17)7 e 7Cq—2,i(p)7 di)-
(2.12)

Therefore, the uniqueness of the g-tuple (co;(p),c1,:(p),- .., cq—1,:(p)) which min-
imizes 1) implies that Q;(t) = —Q;(—t), for all ¢ € R, and d; = c4—1,:(p).

Uit
5 -

Therefore ¢4—1,;(p) =
If p = oo, the proof follows with the obvious modifications. O

Lemma 2.8. Let 0 < p < oco. If the minimization problem (@ has a unique
solution then the best local approrimant of g exists, and it satisfies P(j)(xi) =0,
0<j<g—2 PO (g) = el g < < k.

Proof. Suppose 0 < p < oo and let {e,} be a sequence tending to zero. Let
¢jilem) == %e%_q“'lPe(i)(g)(xi), 0<j<q-—1.From lb and l} we obtain

k

PL@|"
> Fpslanstemreren). . q-rsten)) = | 213
i=1 m Py€m

By Lemma a), and Lemma we have lim % = B;/p. So, from
m—oo €m
(2.13) we obtain

Tr}gnoo Z i(coi(em), c1,i(€m), . cq—1,i(€m)) = Bp. (2.14)

Lemma implies that there is a subsequence €,,, — 0, as [ — oo, such that
(Pey, (9)(@3), Pey (@) (), -+ gty P, (9)97 1 (1)) converges to a g-tuple (ao,s,
a1,i,...,09-1,). On the other hand, as a consequence of ( ., the sequence
(co,i(€m;),c1,i(€my)s -+ Cq—1,i(€m,;)) is bounded, therefore it has a subsequence
which we denote in the same way, such that it converges to a g-tuple (bo,b1,i,- - -,
bg—1,:). Clearly, by definition of ¢;;(€y,,) we get a;; = 0, 0 < j < ¢ — 2, and
ag—1,i = bg—1,-

The continuity of F), ; and the definition of By, ; imply that ¢;;(p) = b; ;.
0<j<q—-1,1<i<k By Lemmawe obtain aq_1; = "’+”’ . So, there
exists P(x) = hm P, (x) verifying PU)(z;) = 0,0 < j < q— 2, P(q 1)( i) =

€m,
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22 HECTOR H. CUENYA AND CLAUDIA N. RODRIGUEZ

, 1 <i < k. Note that the polynomial P € II" is univocally determined
by these conditions. Since {e,,} is arbitrary, we have proved the lemma for 0 <
p < o0.

For p = 0o the proof follows the same patterns of above. O

(witvi)(g—1)!
2

Now, we establish one of our main results.

Theorem 2.9. Let 0 < p < oco. Let f be a function with derivatives up to order
q — 2 at x;, and with lateral derivatives of order ¢ — 1 at x;, 1 < i < k. If the
minimization problem (@ has a unique solution, then the best local approximant
of [ exists, and it is equal to

H_(f)+ H(f)
5 :

Proof. From Lemmamwe have P.(g)(z) — w, as € = 0. Therefore, by

Lemma ﬂ the best local approximant of f exists and it is equal to % +
Hy = L) 0
5 .

The next corollary immediately follows from Lemma [2:4] and Theorem [2.9

Corollary 2.10. Let f be a function with derivatives up to order ¢ — 2 at x;, and
with lateral derivatives of order q—1 at x;, 1 <i <k, andlet1 <p<oo. Ifp#1
or q # 1, then the best local approzimant of f exists and it is

H_(f) + Hy(f)
5 .
Remark 2.11. Suppose that f is Peano differentiable up to order ¢ — 2 and left
and right Peano differentiable of order ¢ — 1 (see [I]), i.e., there exist polynomials
R; € 1972, and real numbers p; and ¢;, 1 <1 < k, such that

1f(2) = Ri(z) = pi(z — 2) 7 p,—ei = 0(e771),
and

1f(x) = Ri(x) = qi(x — )T |p, i = 0(e77).
Ifl1<p<oo,andp#1orq#1, wecan prove in a similar way to the proof
of Corollary that the best local approximant of f from II" is the polynomial
H satisfying H0)(z;) = RY(2,),0 < j < ¢ — 2, and H@V(z;) = %,
1<i<k.

3. A NECESSARY CONDITION IN L2

In this section we assume kK =1, z;1 = 0 and n > 1. Let f € L be a function
which has left and right derivatives up to order n at 0. We shall prove in this
section that a necessary condition for the existence of the best local approximant
of f from II", is that f be differentiable up to order n — 1 at 0.

We write f&j)(O)/j! = p; and fJ(r])(O)/j! =¢;, 0 < j < n. Let P(f) be the best
|| - ||2,e-best approximant of f on [—e, €] from II".

We assume that the best local approximant exists.
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DIFFERENTIABILITY AND BEST LOCAL APPROXIMATION 23

It is well known that P.(f) := Y a;(e)a’ verifies

Jj=0

/[_ ](f — P(f)(x)alde =0, 0<i<n. (3.1)

Now we can write f(z) = > p;a? + o(z"), if € [-1,0], and f(z) = Y g2’ +
Jj=0 7=0

o(z™), if = € [0,1]. Therefore, from (3.1)) we get for 0 < i <n,

Z/ pja*tidx + / gz dx = Z a; (e)/ T dx + o(e" ). (3.2)
€,0] [0,€] =0 [—€,€]

A straightforward computation shows that (3.2]) is equivalent to

" it it . eititl i 1
1) ] = a1 = (=1)tt] n i,
Y g~ U el = X e () ol
(3.3)
0<s<n.
We shall need the following auxiliary lemma.

Lemma 3.1. Let a € R, m € N, and let A(a) and A’(a) be the m x m matrices
defined by

(2(i+i—1)-1

1<i<m,1<j<m-1

2(i+j—-1)—-1 ’
Qi = (=0 (34)
e2iFm=1)=a,(1) 1<i<m,j=m
Eealinid 1<i<m,1<j<m-—1
, 2(0+5) -1 ==l i =J = ’
a;; = (3.5)
2ttm)=2+e 0, (1) 1<i<m,j=m

respectively, where O;(1) means a bounded function as € — 0. Then

det(A(a)) = ™ =m0t 0(1),  and  det(A'(a)) = ™ TM1He0(1).

2(i+m—1)—a 26+m)—24a

]f Qi m = m, 1 < ) < m, then O(l) = K(Oé), and Z.fai-’m = m,
1 < i <m, then O(1) = K'(«), where K(«) and K'(a) are real numbers not
dependent on €. In addition, K(2) >0 and K'(0) > 0.

Proof. We denote B;; the matrix A(a) where we have omitted the i-th file and the
j-th column. If we develop the determinant of A(«) by the last column, we obtain

det(A(a)) =D (=1)F i, det(Bim) = > U™ D=20;(1) det(Bim).  (3.6)
i=1 i=1
If p denotes an arbitrary permutation of {1,2,...,m — 1}, we have

Rev. Un. Mat. Argentina, Vol. 54, No. 1 (20183)



24 HECTOR H. CUENYA AND CLAUDIA N. RODRIGUEZ

det(Bim) = Z SEN(P) Q1p, - - Ali—1)p, Ui+ 1)p; - - - Cmpon 1
p (3.7
_ E2m2—3m—2i+30i’

where C;, 1 < i < m, are real numbers not dependent on ¢ and a.

From and it follows that det(A(«)) = 62m2_m_a+10(1). Following
the same patterns as before we can show that det(A'(«)) = 62’”2“”’1*0‘0(1).

Next we suppose a;.,, = %, 1 < ¢ < m. Clearly, we have that
the functions O;(1), 1 < i < m, in are not dependent on e. In conse-
quence, we can write det(A(q)) = 2™ ~m=e+1K(q). Analogously, det(4’(e)) =
e2m2+m_1+aK’(a).

On the other hand, K(2) is the determinant of a sub-matrix of a Hilbert matrix.
It is well known that a Hilbert matrix is totally positive, i.e., every sub-matrix has
a positive determinant, so K(2) > 0. Analogously, K’'(0) > 0. O

Theorem 3.2. Let f be a function with lateral derivatives up to order m at 0
and suppose that there ezists the best local approximant of f from II™. Then f is
differentiable up to order n — 1 at 0.

Proof. By hypothesis (3.3 holds. In particular, if ¢ = 1 we obtain

N2+ ot n 2+ s

) (g — (=1)*Ppl= > ——2a;(e) + o(e"?). (3.8)
R = 247
j=0 j=1,5 odd

Since we have assumed the existence of the best local approximant, the coefficients
aj(e), 1 < j < n, are uniformly bounded as e — 0. Therefore, from we get
g0 —po = O(e), i.e., po = qo-

Next, we proceed with an inductive argument. Suppose that g¢; = p; for all
0 <j < swith s < n—1, and we shall show that g; = ps. First we assume
s odd, say s = 2l — 1, I € N, and we consider the sub-system of for the
values ¢ = 0,2,...,s + 1, where we omit the columns corresponding to ¢q; — pj,
j=13,...,s — 2, i.e., we consider the linear equations system in the variables
q; +p; — 2aj(e), for j even, 0 < j < s, and ¢s — ps. Since the coefficients a;(e),
s+ 1 < j < n, are uniformly bounded as ¢ — 0, the principal matrix and the
matrix of non-homogeneous terms now are of the form

3 s s+1
£ € € s+2
€ 3 e s s+1 6g+ 0(1)
R et s s+4
3 5 ' s¥2 si3 e0(1)
and
es+2 st e2s+1 (25+2 62s+30(1)
s+2 s+4 e 2541 2s+2
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DIFFERENTIABILITY AND BEST LOCAL APPROXIMATION 25

By the Cramer rule and Lemma (3.4), form=1+1, a1 =1, and g = 2 we
get
o det(A(a1))  O(1)e
7P = Qot(A(az)) ~ Kl(as)

Le., ¢s = Ps.

Finally, if s is even, i.e., s = 2[, | € N, we consider the sub-system of (3.3]) for
the values i = 1,3,...,s+ 1, where we omit the columns corresponding to ¢; — pj,
7 =0,2,...,5—2. Then we proceed inductively in a similar way to the odd case,

using Lemma 13.5), for m =141, a; =1, and ag = 0. O
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