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ON TAUBERIAN CONDITIONS FOR (C,1) SUMMABILITY
OF INTEGRALS

UMIT TOTUR AND IBRAHIM CANAK

ABSTRACT. We investigate some Tauberian conditions in terms of the general
control modulo of the oscillatory behavior of integer order of continuous real
functions on [0, 0o) for (C, 1) summability of integrals. Moreover, we obtain a
Tauberian theorem for a real bounded function on [0, co).

1. INTRODUCTION

Throughout this paper we assume that f(x) is a real valued continuous function
on [0,00) and s(z) = [; f(t)dt. The symbols s(x) = o(1) and s(z) = O(1) mean
that lim, o s(z) = 0 and s(z) is bounded on [0, o), respectively. The identity

s(x) — o(x) = v(@), (1)
where v(z) = 2 [Ttf(t)dt and o(z) = o(s(z)) = L [ s(t)dt, is well-known and
will be used in various steps of the proofs.

The classical control modulo of the oscillatory behavior of the function s(z)
is denoted by wy(z) = xf(z), and the general control modulo of the oscillatory
behavior of integer order m > 1 of the function s(x) is defined in [I] by wy,(z) =
Wim—1(z) — o(wWm—1(x)). We note that wy,(z) = v(wy,—1(x)) for any integer m > 1.
Moreover, w,, (x) can be written as wy, (z) = (v(v(... (v(we(x)))...) for any integer

\ﬁ_/
m 2 1 m times
For each integer m > 0, oy, () and v, (z) are defined in [2] by

1 T
- m—1(t) dt 1
o) = 47 [, omrdt >
o(x) m=1
and
1

— m—1(t) dt >1
vm(ac): x/ov 1() m =

v(z) m =10

Y
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respectively. The relationship between the functions o, (x) and v,,(z) is given by
the identity oy, (z) — omt1(x) = v ().
For a function s(z), we define

(i) 0= (sit) (o) =i ((si) o)

for any positive integer m and nonnegative z, where (m%)os(x) = s(z), and

(x%)l s(z) = 2L s(z). A more useful identity for the general control modulo of

the oscillatory behavior of integer order m > 1 of s(x) is

win(z) = (xd‘i)mvml(x) 2)

(see [2] for the proof of this identity).
A function s(z) is said to be (C,1) summable to a finite number ¢ if

xlirrgo o(z) =4 (3)

It is well known that if s(z) is (C, 1) summable to ¢, then o(z) is (C, 1) summable
to £. But the converse is not true. For example, let s be defined by s(z) =
Jy (2sint + tcost)dt. Then, o(x) is (C,1) summable to 1, but s(z) is not (C,1)

summable to 1.
| swae— (4)
0

If the integral
exists, then clearly s(z) is (C, 1) summable to K The converse is not necessarily
true. For example, the function s defined by s( fo sintdt is (C 1) summable
to 1, but it is not convergent in the ordlnary sense. However, (3)) may imply .
by addlng some suitable condition on s(z). Such a condition is called a Tauberian
condition and the resulting theorem is called a Tauberian theorem.
A real valued function s(z) is slowly oscillating [3] if
lim li t) — =0.
Jim limsup max |s(t) — s(z)] =0 (5)
Note that o(z) is slowly oscillating for every slowly oscillating function s(z).
On the other hand, wo(z) = O(1) implies that s(z) is an slowly oscillating

function. Indeed,
t t
stt) = sta)l = | [ sl < [ 15()ldu< dj log -

By the definition of slowly oscillating function, we have

lim limsup Jhax |s(t) — s(z)| <0.

A=1F z—oco

The following classical Tauberian theorem is known as Littlewood type Taube-
rian theorem [4].
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Theorem 1. Let s(x) be (C,1) summable to £. If
wo(z) = O(1)
then [° f(t)dt converges to (.
Different proofs of Theorem |1| are given by Laforgia [5], Canak and Totur [6].

Canak and Totur [1] have proved the following theorems for (C, 1) summability
method.

Theorem 2. Let s(x) be (C,1) summable to £. If s(x) is slowly oscillating, then
Io° f(t)dt converges to L.

Theorem 3. Let s(z) be (C,1) summable to £. If v(x) is slowly oscillating, then
Jo° f(t)dt converges to L.

The aim of this paper is to investigate some Tauberian conditions in terms of the
general control modulo of the oscillatory behavior of integer order of continuous
real functions on [0,00) for (C,1) summability of integrals. Also, we obtain a
Tauberian theorem for a real bounded function s(z).

2. A LEMMA

For the proofs of the main theorems in the next section we need the following
Lemma in [I] showing the differences between s(z) and o(Az) for A > 1 and 0 <
A<l

Lemma 1.
(i) For A>1,
Az
s(z) —o(Ax) = 3 i 1(0()\;6) —o(x)) — )\ml_ . / (s(t) — s(x)) dt.

(ii) For0 <A <1,

s(z) —o(Ax) = ! (o(x) —o(Ax)) + ! /x(s(x) — s(t)) dt.

3. MAIN RESULTS

In this section, the main theorems of the paper will be presented.

Theorem 4. Let s(x) be (C,1) summable to . If o(wm(x)) is slowly oscillating
for some integer m > 0, then fooo f(t)dt converges to L.

Proof. Since s(z) is (C, 1) summable to £, then o(z) is also (C,1) summable to .
Thus, it follows from the identity that v(z) is (C,1) summable to 0. By the
definition of the general control modulo of oscillatory behavior of order m, we
obtain that

o(wm(z)) is (C,1) summable to 0 (6)
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for some integer m > 1. On the other hand, since o(wy,(z)) is slowly oscillating,
we get, by Lemma (1),

o (wm(2)) — o2(wm(A2)) =

— (02(wm (A2)) = o2(wm (@)

1
AL —x

(7)

Az
/ (0(@m(t)) — o (wm(x)) dt.
By we have

jo(wm(2)) = o2(wm (Az))] < +— : 1 172(wn(Az)) = o2 (W (@))]

+ IE%% |0 (wim () — o(wWim (2))]-

(®)

Taking the limsup of both sides of as r — 00, we obtain

lim sup | (wpn (2)) — o2 (wm (A2))| < /\i lim sup |03 (wmn (A)) — 02 (W ()] o)
+ llﬁsip Jmax o (wn(t)) = o(wn(@))]-

Since o2(wm (z)) converges by (6, the first term on the right-hand side of the
inequality @D vanishes. Therefore, the inequality (@ becomes

lim sup |o(wm(x)) — o2 (W (Ax))| < limsup max |o(wm(t)) — o(wm(z))]. (10)
T—00 r—o00 Tt<Az
Since o (w, (x)) is slowly oscillating, we have from that limg e 0 (wm (2)) = 0.

Analogously, since s(z) is (C, 1) summable to ¢, we obtain that o2 (wm—1(x)) is
(C, 1) summable to 0. It follows from the identity

oo (2)) = (;fv)mvmm -4 (j)m () = L 71 ()

that -Loa(wm—1(z)) = O(1). If we apply Theorem [1| to o2(wm—1(z)), we see that
02(Wm—1(x)) = o(1). From the identity

o (wm-1(z)) — o2(wWm-1(x)) = o(wm(z))
we have limg_, 0 0(wm—1(2)) = 0. Continuing in this vein, we get o(wp(z)
v(xz) = o(1) as © — oo. Since s(x) is (C, 1) summable to ¢ and lim, o v(z) =
lim, o0 $(x) = ¢. This completes the proof.

o=

Remark 5. Theorem [] includes not only Theorem [3] but also Theorem [2] If
o(wm(x)) is slowly oscillating for some integer m > 0, it follows from the identity
o(Wm+t1(x)) = v(o(wm(x))) that o(wm41(z)) is slowly oscillating. However, the
slow oscillation of o (w,, (x)) does not imply the slow oscillation of o (w,,—1(x)), since

(Wi (2)) = v(0(Wmn-1())). If we take o(wn—1(z)) = log(z + 1) + [; &L,
we have that o(wp,—1(x)) is not slowly oscillating, but o(w,,(x)) = log(xz + 1) is
slowly oscillating. If we take m = 0 in Theorem |4} then we have Theorem

An equivalent definition of slow oscillation of s(z) given by Canak and Totur
[1] says that s(z) is slowly oscillating if and only if v(z) is slowly oscillating and
bounded. If v(z) is slowly oscillating, then s(z) may not be slowly oscillating. For
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example, if we take f(z) = x%&-l + %, it is clear that s(x) is not slowly oscil-

lating. It follows from the identity that v(z) = log(x + 1) is slowly oscillating.

/
Corollary 6. If s(x) is (C,1) summable to ¢ and di(al(wm(ﬂ?))) -0 <P(($))> s
X plx
T — 00, where

=1

lim limsup p(\z)
A=1t zooo P()

; (11)

then limg o0 () = £.

Proof. For any x <t < Az, we have

/ A (W)

o1 (wn(t)) — 01w (@))] = <o [ 28 gu= cro 2

(u) p(z)’

whence we conclude that

limsup max |o1(wm(t)) — o1(wm(z))| < Cloglimsup piAz)

z—oo Tt<Az T —00 p(l") .

Taking the limit of both sides as A — 1T, we obtain

Jim limsup max |o1(wm (t)) = o1(wm ()] =0,

i.e. 01(wm(x)) is slowly oscillating. O

Corollary 7. Let s(x) be (C,1) summable to {. If wy,(x) is slowly oscillating for
some integer m > 0, then fooo f(t)dt converges to L.

Proof. Since wy,(x) is slowly oscillating, then o(wy,(z)) is also slowly oscillating.
Hence, the conditions in Theorem [ are satisfied. O

In the following theorem, we obtain convergence of s(x) out of the (C, 1) summa-
bility of o(x) instead of the (C, 1) summability of s(x) with the same condition as
in Theorem [l

Theorem 8. Let o(x) be (C,1) summable to £. If o(wm(x)) is slowly oscillating
for some integer m > 0, then fooo f(t)dt converges to L.

Proof. Since o(z) is (C,1) summable to ¢, from the identity (), we have vy () is
(C,1) summable to 0. Thus, o2(wm(z)) is (C,1) summable to 0. Since o (wy,(x))
is slowly oscillating for some nonnegative integer m, then we have v(o(wm,(x))) =
o (wm1(z)) = O(1). Tt follows from the identity o (wy11(2)) = T-E0s(wp,(z)) that
we have z-L 09 (wy, (2)) = O(1). If we apply Theorem [1| to o2 (wp, ()), we see that
o2(wm(x)) = o(1). (12)
Hence, o1(wm(x)) is (C, 1) summable to 0 and o7 (wy,(x)) is slowly oscillating for
some nonnegative integer m. Analogously, continuing as in the proof of Theorem [4]
we obtain o1 (wp,(x)) = o(1) as  — oco. It follows from the identity o(wy,(z)) =
z4 0y (wpm—1(x)) that we have z-L oy (wp,—1(z)) = O(1). If we apply Theorem to
o2(Wm—1(x)), we see that
o2 (wm—1(2)) = o(1). (13)
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By the assumption and we obtain from the identity
o(Wm-1(z)) — o2(Wm-1(z)) = o(wn(z))
that o(wm-1(z)) = o(1).
Continuing in this vein, we obtain o9(wy(z)) = o(1). Since o(x) is (C, 1) sum-
mable to ¢, we have va(z) = o(1). Therefore, from the identity
oa(wi(x)) = o2(wo(x)) — o3(wo (7)) = v1(x) — va(z)

we get vi(x) = o(1). Since o(x) is (C,1) summable to £, we have oo(z) — ¢ as
x — o0o. From the identity o(z) — o2(z) = v1(x), we obtain o(x) — £ as x — oo.
Thus, s(z) is (C, 1) summable to £. Since the conditions in Theorem [ are satisfied,
the proof is completed.

Theorem 9. Let s(x) be bounded. If % (o(wm(2))) is slowly oscillating for some
integer m > 0, then f(x) converges to 0 as x — o.

Proof. Since s(z) is assumed to be bounded, o(wy,(x)) is bounded for every non-
negative integer m. Thus, we have

o (gotom@n) = 3 [ 4 otoman) = Z20 oy, s o

x x

Thus, we obtain that = (o/(wy,(2))) is (C,1) summable to 0. By hypothesis, if we
apply Theorem |1 to £ (o/(wy,(2))), we see that -L (0(wp(z))) converges to 0. If
we write - (0(wm—1(2))) instead of s(z) in the identity (I]), we have

2 otwmrten) - 2D L, )
So, 4L (¢(wm—1(x))) = o(1). Continuing in this manner, we obtain -% (o(wo(z))) =
v'(x) = o(1) as © — co. On the other hand, boundedness of s(x) implies bounded-
ness of v(z). Finally, applying the identity to %s(x), we have

s'(z) = ? +'(z) = o(1).

Hence s'(x) = f(x) = o(1). This completes the proof. O
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