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A GENERALIZED VERSION OF FUBINI’S THEOREM ON

Ca,b[0, T ] AND APPLICATIONS

IL YONG LEE, HYUN SOO CHUNG, AND SEUNG JUN CHANG

Abstract. We define a transform with respect to the Gaussian process, the

�-product and the first variation on function space. We then establish a gen-
eralized Fubini theorem rather than the Fubini theorem introduced in H. S.

Chung, J. G. Choi and S. J. Chang, Banach J. Math. Anal. 7 (2013), 173–
185. Also, we examine the various relationships of the transform with respect

to the Gaussian process, the �-product and the first variation for functionals

on function space.

1. Introduction

Let C0[0, T ] denote one-parameter Wiener space, i.e., the space of real-valued
continuous functions x(t) on [0, T ] with x(0) = 0. In [13, 14], Huffman, Skoug
and Storvick established Fubini theorems for various analytic Wiener and Feyn-
man integrals. In [17], the authors used a weight function to establish a Fubini
theorem for certain finite-dimensional functionals. Recently in [12] the authors
studied the Fubini theorem on function space and established several relationships
as applications of the Fubini theorem. The function space Ca,b[0, T ] induced by
a generalized Brownian motion was introduced by J. Yeh in [19] and was used
extensively by Chang and Chung [2].

In this paper, we establish a generalized Fubini theorem for function space.
We then introduce a transform with respect to the Gaussian process, �-product
and the first variation. Also, we establish relationships involving the transform
of �-product and the first variation. In Section 3, we use the Gaussian process to
establish a generalized Fubini theorem for function space. In Section 4, we establish
the relationships involving exactly two of the three concepts of transform, the �-
product, and first variation of the functionals. In Section 5, we establish all the
relationships involving all three of these concepts.

The stochastic process used in this paper as well as in [10, 12, 17, 19], is nonsta-
tionary in time, is subject to a drift a(t), and can be used to explain the position
of the Ornstein-Uhlenbeck process in an external force field [18]. However, when
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68 I. Y. LEE, H. S. CHUNG, AND S. J. CHANG

a(t) ≡ 0 and b(t) = t on [0, T ], the general function space Ca,b[0, T ] reduces to the
Wiener space C0[0, T ].

2. Definitions and preliminaries

Let D = [0, T ] and let (Ω,B, P ) be a probability measure space. A real-valued
stochastic process Y on (Ω,B, P ) and D is called a generalized Brownian motion
process if Y (0, ω)=0 almost everywhere and for 0 = t0 < t1 < · · · < tn ≤ T , the
n-dimensional random vector (Y (t1, ω), . . . , Y (tn, ω)) is normally distributed with
the density function

K(~t, ~η) =
(

(2π)n
n∏
j=1

(
b(tj)− b(tj−1)

))−1/2

· exp

{
−1

2

n∑
j=1

((ηj − a(tj))− (ηj−1 − a(tj−1)))2

b(tj)− b(tj−1)

}
,

where ~η = (η1, . . . , ηn), η0 = 0, ~t = (t1, . . . , tn), a(t) is an absolutely continu-
ous real-valued function on [0, T ] with a(0) = 0, a′(t) ∈ L2[0, T ], and b(t) is a
strictly increasing, continuously differentiable real-valued function with b(0) = 0
and b′(t) > 0 for each t ∈ [0, T ].

In [20], Yeh showed that the generalized Brownian motion process Y determined
by a(·) and b(·) is a Gaussian process with mean function a(t) and covariance
function r(t, s) = min{b(s), b(t)}, and that the probability measure µ induced by
Y , taking a separable version, is supported by Ca,b[0, T ] (which is equivalent to
the Banach space of continuous function x on [0, T ] with x(0) = 0 under the sup
norm). Hence (Ca,b[0, T ],B(Ca,b[0, T ]), µ) is the function space induced by Y , where
B(Ca,b[0, T ]) is the Borel σ-algebra of Ca,b[0, T ]. We then complete this function
space to obtain (Ca,b[0, T ],W(Ca,b[0, T ]), µ), where W(Ca,b[0, T ]) is the set of all
Wiener measurable subsets of Ca,b[0, T ].

Let L2
a,b[0, T ] be the set of functions on [0, T ] which are Lebesgue measurable and

square integrable with respect to the Lebesgue-Stieltjes measures on [0, T ] induced
by a(·) and b(·); i.e.,

L2
a,b[0, T ] =

{
v :

∫ T

0

|v2|(s)db(s) <∞ and

∫ T

0

|v2|(s)d|a|(s) <∞
}
,

where |a|(t) denotes the total variation of the function a(·) on the interval [0, t].
For u, v ∈ L2

a,b[0, T ], let

(u, v)a,b =

∫ T

0

u(t)v(t)d[b(t) + |a|(t)].

Then (·, ·)a,b is an inner product on L2
a,b[0, T ] and ‖u‖a,b =

√
(u, u)a,b is a norm on

L2
a,b[0, T ]. In particular, note that ‖u‖a,b = 0 if and only if u(t) = 0 a.e. on [0, T ].

Furthermore, (L2
a,b[0, T ], ‖ · ‖a,b) is a separable Hilbert space.
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GENERALIZED VERSION OF FUBINI’S THEOREM ON Ca,b[0, T ] 69

Let {φj}∞j=1 be a complete orthogonal set of real-valued functions of bounded
variation on [0, T ] such that

(φj , φk)a,b =

{
0, j 6= k

1, j = k
.

Then for each v ∈ L2
a,b[0, T ], the Paley-Wiener-Zygmund (PWZ) stochastic integral

〈v, x〉 is defined by the formula

〈v, x〉 = lim
n→∞

∫ T

0

n∑
j=1

(v, φj)a,bφj(t)dx(t)

for all x ∈ Ca,b[0, T ] for which the limit exists. For u ∈ L2
a,b[0, T ], let

(u, a′) =

∫ T

0

u(t)a′(t)dt =

∫ T

0

u(t)da(t)

and

(u2, b′) =

∫ T

0

u2(t)b′(t)dt =

∫ T

0

u2(t)db(t).

For h ∈ L2
a,b[0, T ], we define the Gaussian process Zh by

Zh(x, t) =

∫ t

0

h(s)d̃x(s), (2.1)

where
∫ t

0
h(s)d̃x(s) denotes the PWZ integral. For each v ∈ L2

a,b[0, T ], let 〈v, x〉 =∫ T
0
v(t)d̃x(t). From [9], we note that 〈v, Zh(x, ·)〉 = 〈vh, x〉 for h ∈ L∞[0, T ] and

s-a.e. x ∈ Ca,b[0, T ]. Thus, throughout this paper, we require h to be in L∞[0, T ]
rather than simply in L2

a,b[0, T ].

Let Ka,b[0, T ] be the set of all complex-valued continuous functions x(t) defined
on [0, T ] which vanish at t = 0 and whose real and imaginary parts are elements of
Ca,b[0, T ]. Thus Ca,b[0, T ] is the subspace of all real-valued functions in Ka,b[0, T ].

Now, we state the definitions of the transform with respect to the Gaussian
process, the �-product and the first variation.

Definition 2.1. Let F and G be functionals on Ka,b[0, T ] and let γ, β, ρ and τ
be non-zero complex numbers. Then the transform with respect to the Gaussian
process, the �-product and the first variation are defined by formulas

Th1,h2

γ,β (F )(y) =

∫
Ca,b[0,T ]

F (γZh1
(x, ·) + βZh2

(y, ·))dµ(x), (2.2)

((F �G)s1,s2ρ,τ )(y) =

∫
Ca,b[0,T ]

F (τZs2(y, ·) + ρZs1(x, ·))

·G(τZs2(y, ·)− ρZs1(x, ·))dµ(x),

(2.3)

δF (Zh(x, ·)|Zs(z, ·)) =
∂

∂k
F (Zh(x, ·) + kZs(z, ·))

∣∣∣
k=0

, (2.4)
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if they exist.

Remark 2.2. (1) In a unifying paper [16], Lee defined an integral transform Fγ,β
of analytic functionals on abstract Wiener spaces. In [4, 5, 10, 11], the authors
introduced the generalized version of the integral transform given by Lee [16]. Let
F be a functional on Ka,b[0, T ]. For all non-zero complex numbers γ and β

Fγ,β(F )(y) =

∫
Ca,b[0,T ]

F (γx+ βy)dµ(x).

If h1(t) = h2(t) = 1 on [0, T ], then the transform with respect to the Gaussian

process Th1,h2

γ,β (F ) coincides with Fγ,β(F ). In particular, if a(t) ≡ 0 and b(t) = t

on [0, T ], then T 1,1
γ,β(F ) is the integral transform used by Kim, Skoug, Yoo and Lee

[7, 15, 16].
(2) In various fields of mathematics, in particular in functional analysis, con-

volution is a powerful tool that is used to operate on two functions, f and g, to
produce a third function. Mathematically, convolution is described using an in-
tegral that expresses the amount of overlap of one function, g, with respect to a
second function, f . In view of this description, this classical concept is extremely
useful in a variety of research applications. The convolution product with respect

to the Fourier transform f̂ of a function f is defined by

(f ∗ g)(~u) =

∫
Rn

f(~v)g(~u− ~v)d~v, for ~u,~v ∈ Rn. (2.5)

The homomorphism property holds, namely, f̂ ∗ g = f̂ ĝ.
In [5, 11], the authors examined the generalized integral transform on function

space; they introduced a convolution product. Let F and G be functionals on
Ka,b[0, T ]. For any non-zero complex number γ

(F ∗G)γ(y) =

∫
Ca,b[0,T ]

F
(y + γx√

2

)
G
(y − γx√

2

)
dµ(x).

From this, they can obtain the homomorphism property of the convolution. If
s1(t) = s2(t) = 1 on [0, T ], τ = 1√

2
and ρ = γ√

2
, then (F � G)s1,s2ρ,τ = (F ∗ G)γ .

In particular, if a(t) ≡ 0 and b(t) = t on [0, T ], �-product is the convolution
product used by Chang, Kim and Yoo [6, 7]. The convolution product has been
studied widely as the notion has important applications in several branches of
mathematics. Due to the relation established above many results for convolution
product are corollaries of the results for �-product.

(3) In [1, 3, 5], the authors studied a first variation of F . Let F be a functional
on Ca,b[0, T ] and let z ∈ Ca,b[0, T ]. Then the first variation is defined by

δF (x|z) =
∂

∂k
F (x+ kz)

∣∣∣
k=0

.

δF (x|z) acts like a directional derivative in the direction of z.
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3. A generalized Fubini theorem on function space

In [12], the authors introduced the Fubini theorem on function space. In this
paper, we establish a more generalized Fubini theorem for the function space inte-
gral.

The following lemma is the Fubini theorem on function space which plays a key
role in this paper, see [12].

Lemma 3.1. Let F be a complex-valued Borel measurable functional on Ca,b[0, T ]
such that ∫

C2
a,b[0,T ]

|F (px+ qy)|d(µ× µ)(x, y) <∞

for all non-zero real-numbers p and q. Then∫
C2

a,b[0,T ]

F (px+ qy)d(µ× µ)(x, y)

=

∫
Ca,b[0,T ]

F (
√
p2 + q2z + (p+ q −

√
p2 + q2)a) dµ(z). (3.1)

Now we state a definition and notations that are needed to understand this
paper.

(I) Let {φj}∞j=1 be a complete orthonormal system in L2
a,b[0, T ] of functions of

bounded variation. Then every element h of L2
a,b[0, T ] can be written as

h(t) =

∞∑
j=1

(h, φj)a,bφj(t). (3.2)

(II) Throughout this paper, for any nonzero complex number γ, γ
1
2 is always

chosen to have positive real part.
(III) For any non-zero complex numbers γ and β, let

ν(t) ≡ νh1,h2

γ,β (t) =

∞∑
j=1

(γ2(h1, φj)
2
a,b + β2(h2, φj)

2
a,b)

1
2φj(t), (3.3)

Φ±φj
= γ(h1, φj)a,b ± β(h2, φj)a,b − (γ2(h1, φj)

2
a,b + β2(h2, φj)

2
a,b)

1
2 ,

Wh1,h2

γ,β (·) =

∞∑
j=1

Φ+
φj
Zφj

(a, ·) and Bh1,h2

γ,β (·) =

∞∑
j=1

Φ−φj
Zφj

(a, ·). (3.4)
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Since |γ2 + β2| 12 ≤ |γ2| 12 + |β2| 12 for all complex numbers γ and β, we have

|ν(t)| ≤
∞∑
j=1

∣∣∣γ2(h1, φj)
2
a,b + β2(h2, φj)

2
a,b

∣∣∣ 12 |φj(t)|
≤
∞∑
j=1

∣∣∣γ2(h1, φj)
2
a,bφ

2
j (t)

∣∣∣ 12 +

∞∑
j=1

∣∣∣β2(h2, φj)
2
a,bφ

2
j (t)

∣∣∣ 12
= |γ2| 12

∞∑
j=1

(h1, φj)a,bφj(t) + |β2| 12
∞∑
j=1

(h2, φj)a,bφj(t)

= |γ2| 12h1(t) + |β2| 12h2(t) ≤ |γ2| 12 ‖h1‖∞ + |β2| 12 ‖h2‖∞.

Hence ν is an element of L∞[0, T ].
(IV) Let F be a functional defined on Ka,b[0, T ] and let

Fy(x) = F (x+ y) for x, y ∈ Ka,b[0, T ].

In our next theorem we establish a generalized Fubini theorem on function space.

Theorem 3.2. Let {φj}∞j=1 be as in statement (I) above. Let F be a complex-
valued Borel measurable functional on Ka,b[0, T ] such that∫

C2
a,b[0,T ]

∣∣∣F (γZh1(x, ·) + βZh2(y, ·))
∣∣∣d(µ× µ)(x, y) <∞

for all nonzero complex numbers γ and β, where Zhl
(l = 1, 2) is given by equation

(2.1). Then for all non-zero complex numbers γ and β,∫
C2

a,b[0,T ]

F (γZh1
(x, ·) + βZh2

(y, ·))d(µ× µ)(x, y)

=

∫
Ca,b[0,T ]

F (Zν(w, ·) +Wh1,h2

γ,β (·))dµ(w), (3.5)

where ν and Wh1,h2

γ,β are given by equations (3.3) and (3.4), respectively.

Proof. First note that for each h ∈ L2
a,b[0, T ] and non-zero complex number γ,

γZh(x, t) =

∞∑
j=1

∫ t

0

γ(h, φj)a,bφj(s)dx(s).

Hence using the linearity of the PWZ integral, we have

γZh1(x, t) + βZh2(y, t) =

∞∑
j=1

Zφj (γ(h1, φj)a,bx+ β(h2, φj)a,by, ·)
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and so∫
C2

a,b[0,T ]

F (γZh1
(x, ·) + βZh2

(y, ·))d(µ× µ)(x, y)

=

∫
C2

a,b[0,T ]

F (

∞∑
j=1

Zφj
(γ(h1, φj)a,bx+ β(h2, φj)a,by, ·)) d(µ× µ)(x, y). (3.6)

Let H(x) = F (
∑∞
j=1 Zφj

(x, ·)). Then it follows that

H(γ(h1, φj)a,bx+ β(h2, φj)a,by) = F (

∞∑
j=1

Zφj (γ(h1, φj)a,bx+ β(h2, φj)a,by, ·)).

Thus, applying this formula and equation (3.1) to the last expression in equation
(3.6), we have∫
C2

a,b[0,T ]

F (γZh1(x, ·) + βZh2(y, ·))d(µ× µ)(x, y)

=

∫
C2

a,b[0,T ]

H(γ(h1, φj)a,bx+ β(h2, φj)a,by)d(µ× µ)(x, y)

=

∫
Ca,b[0,T ]

H((γ2(h1, φj)
2
a,b + β2(h2, φj)

2
a,b)

1
2w

+ (γ(h1, φj)a,b + β(h2, φj)a,b − (γ2(h1, φj)
2
a,b + β2(h2, φj)

2
a,b)

1
2 )a)dµ(w)

=

∫
Ca,b[0,T ]

F
( ∞∑
j=1

(∫ t

0

φj(s)d
[
(γ2(h1, φj)

2
a,b + β2(h2, φj)

2
a,b)

1
2w(s)

+ (γ(h1, φj)a,b + β(h2, φj)a,b − (γ2(h1, φj)
2
a,b + β2(h2, φj)

2
a,b)

1
2 )a(s)

]))
dµ(w)

=

∫
Ca,b[0,T ]

F (Zν(w, ·) +Wh1,h2

γ,β (·)) dµ(w),

which establishes equation (3.5) as desired. �

The following corollary immediately follows from Theorem 3.2 by letting h1(t) =
h2(t) = h(t) on [0, T ].

Corollary 3.3. Let F be as in Theorem 3.2. Then∫
C2

a,b[0,T ]

F (γZh(x, ·) + βZh(y, ·))d(µ× µ)(x, y)

=

∫
Ca,b[0,T ]

F (
√
γ2 + β2Zh(w, ·) + (γ + β −

√
γ2 + β2)(h, a′))dµ(w).

Remark 3.4. (1) The main result in [12, Theorem 3.5] follows immediately from
Theorem 3.2 above by choosing h1(t) = h2(t) = 1 on [0, T ] and γ, β ∈ R− {0}.
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(2) In the setting of one parameter Wiener space C0[0, T ] (i.e., in the case where
a(t) ≡ 0 and b(t) = t on [0, T ] in our research), the function space Ca,b[0, T ]
reduces to the Wiener space C0[0, T ]. Thus the result in [8, Theorem 3.5] follows
immediately from Theorem 3.2 above.

In our next theorem, we apply the results obtained in Theorem 3.2 to the fol-
lowing double transform.

Theorem 3.5. Let F be as in Theorem 3.2. Then for all non-zero complex numbers
γj and βj for j = 1, 2, 3

Th1,h2

γ1,β1
(Th3,h4

γ2,β2
(F ))(y) = T ν,h2h4

1,β1β2
(FW )(y), (3.7)

where ν ≡ νh3,h1h4

γ2,γ1β2
and W ≡ Wh3,h1h4

γ2,γ1β2
are given by equations (3.3) and (3.4),

respectively.

Proof. By using equations (3.2) and (3.5), it follows that

Th1,h2

γ1,β1
(Th3,h4

γ2,β2
(F ))(y)

=

∫
Ca,b[0,T ]

∫
Ca,b[0,T ]

F (β1β2Zh2h4
(y, ·)

+ γ2Zh3(z, ·) + γ1β2Zh1h4(x, ·))d(µ× µ)(x, z)

=

∫
Ca,b[0,T ]

F (β1β2Zh2h4
(y, ·) + Zν(w, ·) +Wh3,h1h4

γ2,γ1β2
(·))dµ(w)

= T ν,h2h4

1,β1β2
(FW )(y).

From the definition of the transform with respect to the Gaussian process, we
obtain the first and third equalities. The second one results from equation (3.5).
Thus we have proved the theorem. �

In the following Table 1, we illustrate the usefulness of our Fubini theorem in
this paper.

T ν,h2h4

1,β1β2
(FW )

F1(x) = 〈v, x〉 β1β2〈vh2h4〉+ γ2(vh3, a
′) + γ1β2(vh1h4, a

′)

F2(x) = exp{F1(x)} exp
{
β1β2〈vh2h4〉+ 1

2 (v2ν2, b′)

+ γ2(vh3, a
′) + γ1β2(vh1h4, a

′)
}

F3(x) = F1(x)F2(x) (β1β2〈vh2h4〉+ (v2ν2, b′) + γ2(vh3, a
′) + γ1β2(vh1h4, a

′))

· exp
{
β1β2〈vh2h4〉+ 1

2 (v2ν2, b′)

+ γ2(vh3, a
′) + γ1β2(vh1h4, a

′)
}

Table 1.
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In Table 1 above, FW = Fj(·+W ) for j = 1, 2 and v ∈ L2
a,b[0, T ] and ν is given

as in Theorem 3.5.
Now, using Table 1 and Theorem 3.5, we obtain the following formulas:

Th1,h2

γ1,β1
(Th3,h4

γ2,β2
(F1))(y) = β1β2〈vh2h4〉+ γ2(vh3, a

′) + γ1β2(vh1h4, a
′),

Th1,h2

γ1,β1
(Th3,h4

γ2,β2
(F2))(y)

= exp
{
β1β2〈vh2h4〉+

1

2
(v2ν2, b′) + γ2(vh3, a

′) + γ1β2(vh1h4, a
′)
}
,

and

Th1,h2

γ1,β1
(Th3,h4

γ2,β2
(F3))(y)

= (β1β2〈vh2h4〉+ (v2ν2, b′) + γ2(vh3, a
′) + γ1β2(vh1h4, a

′))

· exp
{
β1β2〈vh2h4〉+

1

2
(v2ν2, b′) + γ2(vh3, a

′) + γ1β2(vh1h4, a
′)
}
.

4. Relationships involving two concepts

In this section, we establish the relationships involving exactly two of the three
concepts of transform, the �-product, and the first variation for functionals on
Ka,b[0, T ].

Now, we show that the transform with respect to the Gaussian process of the
�-product is a product of their transforms.

Theorem 4.1. Let F be as in Theorem 3.2 and let G be a complex-valued Borel
measurable functional on Ka,b[0, T ] such that∫

C2
a,b[0,T ]

∣∣∣G(γZh1(x, ·) + βZh2(y, ·))
∣∣∣d(µ× µ)(x, y) <∞.

Assume that τγ = ρ and h1(t)s2(t) = s1(t) on [0, T ]. Then for all non-zero complex
numbers γ, β, ρ and τ ,

Th1,h2

γ,β ((F �G)s1,s2ρ,τ )(y)
∗
= (T s1,h2s2√

2ρ,τβ
(FW ))(y)(T s1,h2s2√

2ρ,τβ
(GB))(y) (4.1)

for y ∈ Ka,b[0, T ], where W ≡ (2−
√

2)ρZs1(a, ·) and B ≡ −
√

2ρZs1(a, ·).

Proof. By using equations (2.2) and (2.3), it follows that

Th1,h2

γ,β ((F �G)s1,s2ρ,τ )(y)

=

∫
C2

a,b[0,T ]

F (τβZh2s2(y, ·) + τγZh1s2(x, ·) + ρZs1(z, ·))

·G(τβZh2s2(y, ·) + τγZh1s2(x, ·)− ρZs1(z, ·)) d(µ× µ)(x, z). (4.2)

Since τγ = ρ and h1(t)s2(t) = s1(t) on [0, T ], the processes τγZh1s2(x, ·)+ρZs1(z, ·)
and τγZh1s2(x, ·)− ρZs1(z, ·) are independent processes. Hence the last expression
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in equation (4.2) above is equal to∫
C2

a,b[0,T ]

F (τβZh2s2(y, ·) + τγZh1s2(x, ·) + ρZs1(z, ·)) d(µ× µ)(x, z)

·
∫
C2

a,b[0,T ]

G(τβZh2s2(y, ·) + τγZh1s2(x, ·)− ρZs1(z, ·)) d(µ× µ)(x, z).

Now, applying equation (3.5) to the equation above, it follows that

(Th1,h2

γ,β ((F �G)s1,s2ρ,τ ))(y)

=

∫
Ca,b[0,T ]

F (τβZh2s2(y, ·) +
√

2ρZs1(w, ·) + (2−
√

2)ρZs1(a, ·)) dµ(w)

·
∫
Ca,b[0,T ]

G(τβZh2s2(y, ·) +
√

2ρZs1(w, ·)−
√

2ρZs1(a, ·)) dµ(w)

= (T s1,h2s2√
2ρ,τβ

(FW ))(y)(T s1,h2s2√
2ρ,τβ

(GB))(y).

Thus we have the desired results. �

Theorem 4.1 above tells us that the transform with respect to the Gaussian
process of the �-product can be calculated from the product of their transforms
without the �-product.

F (x) = 〈v, x〉, G(x) = exp{〈v, x〉}

T s1,h2s2√
2ρ,τβ

(FW ) τβ〈vh2s2, y〉+ 2ρ(vs1, a
′)

T s1,h2s2√
2ρ,τβ

(GB) exp
{
τβ〈uh2s2, y〉+ ρ2(u2s2

1, b
′)
}

Table 2.

In Table 2 above, FW = F (·+W ) and GB = G(·+B) and v ∈ L2
a,b[0, T ].

Now, using Table 2 and Theorem 4.1, we have

Th1,h2

γ,β ((F �G)s1,s2ρ,τ )(y)

= (τβ〈vh2s2, y〉+ 2ρ(vs1, a
′)) exp

{
τβ〈uh2s2, y〉+ ρ2(u2s2

1, b
′)
}
.

In our next theorem, we show that the transform for the �-product with respect
to the transform can be calculated from the transform of F and G without the
concept of the �-product.

Theorem 4.2. Let F and G be as in Theorem 4.1. Then for all non-zero complex
numbers γ, β, ρ and τ :

Th1,h2

γ,β ((Th1,h2

γ,β (F ) � Th1,h2

γ,β (G))s1,s2ρ,τ )(y)

∗
= T

ν,h1h
2
2s2

1,τβ2 (FW+W̃ )(y)T
ν,h1h

2
2s2

1,τβ2 (GB+W̃ )(y),
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where W ≡ (2 −
√

2)ρZs1(a, ·), B ≡ −
√

2ρZs1(a, ·), ν ≡ νh1,s1h2

γ,
√

2ρβ
, and W̃ ≡

W̃h1,s1h2

γ,
√

2ρβ
.

Proof. From equation (4.1), we obtain that

Th1,h2

γ,β ((Th1,h2

γ,β (F ) � Th1,h2

γ,β (G))s1,s2ρ,τ )(y)

= T s1,h2s2√
2ρ,τβ

(Th1,h2

γ,β (FW ))(y)T s1,h2s2√
2ρ,τβ

(Th1,h2

γ,β (GB))(y).

Applying equation (3.7) to the last expression in the above equation, it follows that

Th1,h2

γ,β ((Th1,h2

γ,β (F ) � Th1,h2

γ,β (G))s1,s2ρ,τ )(y)

= T
ν,h1h

2
2s2

1,τβ2 (FW+W̃ )(y)T
ν,h1h

2
2s2

1,τβ2 (GB+W̃ )(y).

Thus we prove the desired result. �

In our next theorem, we obtain that the transform involving the first variation
equals the first variation of the transform with respect to the Gaussian process.

Theorem 4.3. Let F be as in Theorem 4.1. Assume that∫
Ca,b[0,T ]

∣∣∣δF (Zh(x, ·)|Zs(z, ·))
∣∣∣dµ(x) <∞.

(A) Let h, s, hj(j = 1, 2, 3, 4), l and m satisfy the following conditions:

(1) h3(t) = h(t)h1(t)
(2) l(t)h4(t) = h(t)h2(t)
(3) m(t)h4(t) = s(t) on [0, T ].

Then for all non-zero complex numbers γ and β:

Th1,h2

γ,β (δF (Zh(·, ·)|Zs(z, ·)))(y)
∗
= δTh3,h4

γ,β (F )(Zl(y, ·)|
1

β
Zm(z, ·)). (4.3)

(B) Let h, s, hj(j = 1, 2, 3, 4), l and m satisfy the following conditions:

(1) l(t)h3(t) = h1(t)
(2) l(t)h4(t) = h(t)h2(t)
(3) m(t) = s(t)h2(t) on [0, T ].

Then for all non-zero complex numbers γ and β:

δTh1,h2

γ,β (F )(Zh(y, ·)|Zs(z, ·))
∗
= Th3,h4

γ,β (δF (Zl(·, ·)|βZm(z, ·)))(y). (4.4)
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Proof. By using equations (2.2) and (2.4), we have

Th1,h2

γ,β (δF (Zh(·, ·)|Zs(z, ·)))(y)

=
∂

∂k

[ ∫
Ca,b[0,T ]

F (γZh1h(x, ·) + βZh2h(y, ·) + kZs(z, ·))dµ(x)

]∣∣∣
k=0

=
∂

∂k

[ ∫
Ca,b[0,T ]

F (γZh3(x, ·) + βZlh4(y, ·) +
βk

β
Zmh4(z, ·))dµ(x)

]∣∣∣
k=0

=
∂

∂k
Th3,h4

γ,β (F )(Zl(y, ·) +
k

β
Zm(z, ·))

∣∣∣
k=0

= δTh3,h4

γ,β (F )(Zl(y, ·)|
1

β
Zm(z, ·)).

Also, using equations (2.2) and (2.4), and a similar argument as above, we can see
that

δTh1,h2

γ,β (F )(Zh(y, ·)|Zs(z, ·))
∗
= Th3,h4

γ,β (δF (Zl(·, ·)|βZm(z, ·)))(y).

Thus we have the desired results. �

Combining Theorems 3.5 and 4.3, we have the following corollary.

Corollary 4.4. Let F be as in Theorem 4.3.
(A) Let h, s, hj(j = 1, 2, 3, 4), l, m and ν satisfy the following conditions:

(1) h3(t) = h(t)ν(t)
(2) l(t)h4(t) = h(t)h2

2(t)
(3) m(t)h4(t) = s(t) on [0, T ].

Then for all non-zero complex numbers γ and β:

Th1,h2

γ,β (Th1,h2

γ,β (δF (Zh(·, ·)|Zs(z, ·))))(y)
∗
= δTh3,h4

1,β2 (FW )(Zl(y, ·)|
1

β
Zm(z, ·)),

where ν ≡ νh1,h1h2

γ,γβ and W ≡Wh1,h1h2

γ,γβ .

(B) Let h, s, hj(j = 1, 2, 3, 4), l, m and ν satisfy the following conditions:

(1) l(t)h3(t) = ν(t)
(2) l(t)h4(t) = h(t)h2

2(t)
(3) m(t) = s(t)h2

2(t) on [0, T ].

Then for all non-zero complex numbers γ and β:

δTh1,h2

γ,β (Th1,h2

γ,β (F ))(Zh(y, ·)|Zs(z, ·))
∗
= Th3,h4

1,β2 (δFW (Zl(·, ·)|βZm(z, ·)))(y).

Proof. By using equations (3.7) and (4.3), it follows that

Th1,h2

γ,β (Th1,h2

γ,β (δF (Zh(·, ·)|Zs(z, ·))))(y) = T
ν,h2

2

1,β2 (δFW (Zh(·, ·)|Zs(z, ·)))(y)

= δTh3,h4

1,β2 (FW )(Zl(y, ·)|
1

β
Zm(z, ·)).

On the other hand, using a similar method to that in the proof of Theorem 4.3, we
have

δTh1,h2

γ,β (Th1,h2

γ,β (F ))(Zh(y, ·)|Zs(z, ·)) = Th1,h2

γ,β (Th1,h2

γ,β δF (Zh(·, ·)|β2Zsh2
2
(z, ·)))(y).
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Applying equation (3.7) to the last expression above, we obtain

δTh1,h2

γ,β (Th1,h2

γ,β (F ))(Zh(y, ·)|Zs(z, ·))
∗
= Th3,h4

1,β2 (δFW (Zl(·, ·)|βZm(z, ·)))(y).

Thus we have the desired results. �

5. Relationships involving three concepts

In Section 4, we obtained relationships involving exactly two of the three con-
cepts of transform, the �-product and the first variation of functionals on Ka,b[0, T ].
In this section, we establish all possible relationships involving all three of these
concepts.

R1. A formula for the transform of the first variation of the �-product.
Let F and G be as in Theorem 4.3. Let h, s, hj(j = 1, 2, 3, 4), l, m, τ and ρ satisfy
the following conditions:

(1) τγh3(t)s2(t) = ρs1(t)
(2) h3(t) = h(t)h1(t)
(3) l(t)h4(t) = h(t)h2(t)
(4) m(t)h4(t) = s(t) on [0, T ].

Then for all non-zero complex numbers γ, β, ρ and τ :

Th1,h2

γ,β (δ(F �G)s1,s2ρ,τ (Zh(·, ·)|Zs(z, ·)))(y)

∗
= T s1,h4s2√

2ρ,βτ
(FW )(Zl(y, ·))δT s1,h4s2√

2ρ,βτ
(GB)(Zl(y, ·)|

1

β
Zm(z, ·))

+ δT s1,h4s2√
2ρ,βτ

(FW )(Zl(y, ·)|
1

β
Zm(z, ·))T s1,h4s2√

2ρ,βτ
(GB)(Zl(y, ·)),

where W ≡ (2−
√

2)ρZs1(a, ·) and B ≡ −
√

2ρZs1(a, ·).

Proof. By using equations (4.1) and (4.3), we have

Th1,h2

γ,β (δ(F �G)s1,s2ρ,τ (Zh(·, ·)|Zs(z, ·)))(y)

= δTh3,h4

γ,β ((F �G)s1,s2ρ,τ )(Zl(y, ·)|
1

β
Zm(z, ·))

= δT s1,h4s2√
2ρ,βτ

(FW )(Zl(y, ·)|
1

β
Zm(z, ·))T s1,h4s2√

2ρ,βτ
(GB)(Zl(y, ·)|

1

β
Zm(z, ·)).

(5.1)

Now, let H(Zl(y, ·)) = F (Zl(y, ·))G(Zl(y, ·)). Then

δH(Zl(y, ·)|Zm(z, ·)) = F (Zl(y, ·))δG(Zl(y, ·)|Zm(z, ·))
+ δF (Zl(y, ·)|Zm(z, ·))G(Zl(y, ·)).
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Thus, applying this formula to the last expression in the above equation (5.1), we
obtain

Th1,h2

γ,β (δ(F �G)s1,s2ρ,τ (Zh(·, ·)|Zs(z, ·)))(y)

= T s1,h4s2√
2ρ,βτ

(FW )(Zl(y, ·))δT s1,h4s2√
2ρ,βτ

(GB)(Zl(y, ·)|
1

β
Zm(z, ·))

+ δT s1,h4s2√
2ρ,βτ

(FW )(Zl(y, ·)|
1

β
Zm(z, ·))T s1,h4s2√

2ρ,βτ
(GB)(Zl(y, ·)).

Thus we have the desired results. �

R2. A formula for the transform of the �-product with respect to the
first variation. Let F and G be as in Theorem 4.3. Let h, s, hj(j = 1, 2, 3, 4), l,
m, τ and ρ satisfy the following conditions:

(1) τγh1(t)s2(t) = ρs1(t)

(2) h3(t) =
√

2ρs1(t)h(t)
(3) l(t)h4(t) = h(t)h2(t)s2(t)
(4) m(t)h4(t) = s(t) on [0, T ].

Then for all non-zero complex numbers γ, β, ρ and τ :

Th1,h2

γ,β ((δF (Zh(·, ·)|Zs(z, ·)) � δG(Zh(·, ·)|Zs(z, ·)))s1,s2ρ,τ )(y)

∗
= δTh3,h4√

2ρ,βτ
(FW )(Zl(y, ·)|

1

βτ
Zm(z, ·))δTh3,h4√

2ρ,βτ
(GB)(Zl(y, ·)|

1

βτ
Zm(z, ·)),

where W ≡ (2−
√

2)ρZs1(a, ·) and B ≡ −
√

2ρZs1(a, ·).

Proof. By using equations (4.1) and (4.3), we have

Th1,h2

γ,β ((δF (Zh(·, ·)|Zs(z, ·)) � δG(Zh(·, ·)|Zs(z, ·)))s1,s2ρ,τ )(y)

= T s1,h2s2√
2ρ,βτ

(δFW (Zh(·, ·)|Zs(·, ·)))(y)T s1,h2s2√
2ρ,βτ

(δGB(Zh(·, ·)|Zs(·, ·)))(y)

= δTh3,h4√
2ρ,βτ

(FW )(Zl(y, ·)|
1

βτ
Zm(z, ·))δTh3,h4√

2ρ,βτ
(GB)(Zl(y, ·)|

1

βτ
Zm(z, ·)),

which completes the proof of R2. �

R3. A formula for the transform of the first variation with respect to
the �-product of transforms. Let F and G be as in Theorem 4.3. Let h, s,
hj(j = 1, 2, 3, 4), l, m, τ , ρ and γ satisfy the following conditions:

(1) τγh3(t)s2(t) = ρs1(t)
(2) h3(t) = h(t)h1(t)
(3) l(t)h4(t) = h(t)h2(t)
(4) m(t)h4(t) = s(t) on [0, T ].
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Then for all non-zero complex numbers γ, β, ρ and τ :

Th1,h2

γ,β (δ((Th1,h2

γ,β (F ) � Th1,h2

γ,β (G))s1,s2ρ,τ )(Zh(·, ·)|Zs(z, ·)))(y)

∗
= T ν,h2s2h4

1,β2τ (FW+W̃ )(Zl(y, ·))δT ν,h2s2h4

1,β2τ (GB+W̃ )(Zl(y, ·)|
1

β
Zm(z, ·))

+ δT ν,h2s2h4

1,β2τ (FW+W̃ )(Zl(y, ·)|
1

β
Zm(z, ·))T ν,h2s2h4

1,β2τ (GB+W̃ )(Zl(y, ·)),

where ν ≡ νh1,s1h2

γ,
√

2ρβ
, W ≡ (2−

√
2)ρZs1(a, ·), B ≡ −

√
2ρZs1(a, ·) and W̃ ≡ W̃h1,s1h2

γ,
√

2ρβ
.

Proof. By using equations (3.7), (4.1) and (4.3), we have

Th1,h2

γ,β (δ((Th1,h2

γ,β (F ) � Th1,h2

γ,β (G))s1,s2ρ,τ )(Zh(·, ·)|Zs(z, ·)))(y)

= δTh3,h4

γ,β ((Th1,h2

γ,β (F ) � Th1,h2

γ,β (G))s1,s2ρ,τ )(Zl(y, ·)|
1

β
Zm(z, ·))

= δT s1,h4s2√
2ρ,βτ

(Th1,h2

γ,β (FW ))(Zl(y, ·)|
1

β
Zm(z, ·))

· T s1,h4s2√
2ρ,βτ

(Th1,h2

γ,β (GB))(Zl(y, ·)|
1

β
Zm(z, ·))

= δT ν,h2s2h4

1,β2τ (FW+W̃ )(Zl(y, ·)|
1

β
Zm(z, ·))T ν,h2s2h4

1,β2τ (GB+W̃ )(Zl(y, ·)|
1

β
Zm(z, ·))

= T ν,h2s2h4

1,β2τ (FW+W̃ )(Zl(y, ·))δT ν,h2s2h4

1,β2τ (GB+W̃ )(Zl(y, ·)|
1

β
Zm(z, ·))

+ δT ν,h2s2h4

1,β2τ (FW+W̃ )(Zl(y, ·)|
1

β
Zm(z, ·))T ν,h2s2h4

1,β2τ (GB+W̃ )(Zl(y, ·)),

which completes the proof of R3. �

R4. A formula for the first variation of the transform with respect to
the �-product. Let F and G be as in Theorem 4.3. Let h, s, hj(j = 1, 2, 3, 4), l,
m, τ , ρ and γ satisfy the following conditions:

(1) τγh1(t)s2(t) = ρs1(t)

(2) l(t)h3(t) =
√

2ρs1(t)
(3) l(t)h4(t) = h(t)h2(t)s2(t)
(4) m(t) = s(t)h2(t)s2(t) on [0, T ].

Then for all non-zero complex numbers γ, β, ρ and τ :

δ(Th1,h2

γ,β (F �G)s1,s2ρ,τ )(Zh(y, ·)|Zs(z, ·))
∗
= T s1,h2s2√

2ρ,βτ
(FW )(Zh(y, ·))Th3,h4√

2ρ,βτ
(δGB(Zl(·, ·)|βτZm(z, ·)))(y)

+ Th3,h4√
2ρ,βτ

(δFW (Zl(·, ·)|βτZm(z, ·)))(y)T s1,h2s2√
2ρ,βτ

(GB)(Zh(y, ·)),

where W ≡ (2−
√

2)ρZs1(a, ·) and B ≡ −
√

2ρZs1(a, ·).
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Proof. By using equations (4.1) and (4.4), we have

δ(Th1,h2

γ,β (F �G)s1,s2ρ,τ )(Zh(y, ·)|Zs(z, ·))

= δT s1,h2s2√
2ρ,βτ

(FW )(Zh(y, ·)|Zs(z, ·))T s1,h2s2√
2ρ,βτ

(GB)(Zh(y, ·)|Zs(z, ·))

= T s1,h2s2√
2ρ,βτ

(FW )(Zh(y, ·))δT s1,h2s2√
2ρ,βτ

(GB)(Zh(y, ·)|Zs(z, ·))

+ δT s1,h2s2√
2ρ,βτ

(FW )(Zh(y, ·)|Zs(z, ·))T s1,h2s2√
2ρ,βτ

(GB)(Zh(y, ·))

= T s1,h2s2√
2ρ,βτ

(FW )(Zh(y, ·))Th3,h4√
2ρ,βτ

(δGB(Zl(·, ·)|βτZm(z, ·)))(y)

+ Th3,h4√
2ρ,βτ

(δFW (Zl(·, ·)|βτZm(z, ·)))(y)T s1,h2s2√
2ρ,βτ

(GB)(Zh(y, ·)),

which completes the proof of the R4. �
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