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A GENERALIZED VERSION OF FUBINI’'S THEOREM ON
Cop[0,7] AND APPLICATIONS

IL YONG LEE, HYUN SOO CHUNG, AND SEUNG JUN CHANG

ABSTRACT. We define a transform with respect to the Gaussian process, the
o-product and the first variation on function space. We then establish a gen-
eralized Fubini theorem rather than the Fubini theorem introduced in H. S.
Chung, J. G. Choi and S. J. Chang, Banach J. Math. Anal. 7 (2013), 173~
185. Also, we examine the various relationships of the transform with respect
to the Gaussian process, the o-product and the first variation for functionals
on function space.

1. INTRODUCTION

Let Cy[0,T] denote one-parameter Wiener space, i.e., the space of real-valued
continuous functions x(t) on [0,7] with z(0) = 0. In [I3| [14], Huffman, Skoug
and Storvick established Fubini theorems for various analytic Wiener and Feyn-
man integrals. In [I7], the authors used a weight function to establish a Fubini
theorem for certain finite-dimensional functionals. Recently in [I2] the authors
studied the Fubini theorem on function space and established several relationships
as applications of the Fubini theorem. The function space C, (0,7 induced by
a generalized Brownian motion was introduced by J. Yeh in [I9] and was used
extensively by Chang and Chung [2].

In this paper, we establish a generalized Fubini theorem for function space.
We then introduce a transform with respect to the Gaussian process, ¢-product
and the first variation. Also, we establish relationships involving the transform
of o-product and the first variation. In Section 3, we use the Gaussian process to
establish a generalized Fubini theorem for function space. In Section 4, we establish
the relationships involving exactly two of the three concepts of transform, the -
product, and first variation of the functionals. In Section 5, we establish all the
relationships involving all three of these concepts.

The stochastic process used in this paper as well as in [10], 12} 17, 19], is nonsta-
tionary in time, is subject to a drift a(t), and can be used to explain the position
of the Ornstein-Uhlenbeck process in an external force field [I8]. However, when
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a(t) =0 and b(t) =t on [0, T, the general function space C, [0, T] reduces to the
Wiener space Cy[0,T.

2. DEFINITIONS AND PRELIMINARIES

Let D = [0,T] and let (2, B, P) be a probability measure space. A real-valued
stochastic process Y on (2, B, P) and D is called a generalized Brownian motion
process if Y(0,w)=0 almost everywhere and for 0 = tg < t; < -+ < t, < T, the
n-dimensional random vector (Y (t1,w),...,Y (t,,w)) is normally distributed with
the density function

(b(t;) — b(tj—l)))il/z

1~ ((nj —a(ty) = (mj—1 — alt;—1)))?
'exp{_2 2 b(t;) —b(tj-1) }

Jj=1

K () = ((2m)" ]

n
Jj=

where 7 = (71,...,1n), Mo = 0, £ = (t1,...,t,), a(t) is an absolutely continu-
ous real-valued function on [0,7] with a(0) = 0, a’(t) € L?[0,T], and b(t) is a
strictly increasing, continuously differentiable real-valued function with b(0) = 0
and V'(t) > 0 for each ¢t € [0,T].

In [20], Yeh showed that the generalized Brownian motion process Y determined
by a(-) and b(-) is a Gaussian process with mean function a(t) and covariance
function (¢, s) = min{b(s),b(t)}, and that the probability measure p induced by
Y, taking a separable version, is supported by C, [0, 7] (which is equivalent to
the Banach space of continuous function x on [0,7] with 2(0) = 0 under the sup
norm). Hence (Cy [0, T], B(Cq5[0,T]), wt) is the function space induced by Y, where
B(Cq[0,T]) is the Borel o-algebra of Cq [0, T]. We then complete this function
space to obtain (Cy [0, T], W(Cys[0,T]), 1), where W(Cy 5[0, 7)) is the set of all
Wiener measurable subsets of C, 5[0, 1.

Let L? [0, T] be the set of functions on [0, T] which are Lebesgue measurable and
square integrable with respect to the Lebesgue-Stieltjes measures on [0, 7] induced
by a(-) and b(+); i.e.,

T T
Lz,b[O,T] = {v : / |v?|(s)db(s) < oo and / [v?|(s)dlal(s) < oo},
0 0
where |a|(t) denotes the total variation of the function a(-) on the interval [0, ¢].
For u,v € Lﬁ)b[O,T], let

T
(u,0)ap = /O u(t)v(t)d[b(t) + |al(t)].
Then (-, -)q, is an inner product on L2 [0, 7] and ||ul|a,p = v/(t, u)q,p is a norm on

L2 ,[0,T]. Tn particular, note that |lullo, = 0 if and only if u(t) = 0 a.e. on [0, T].
Furthermore, (Lib[(), T, - lla,p) is a separable Hilbert space.
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GENERALIZED VERSION OF FUBINI’'S THEOREM ON C, (0, T] 69

Let {¢;}32, be a complete orthogonal set of real-valued functions of bounded
variation on [0, 7] such that

0, j#k

(d)ja(bk)a,b - {17 j — I .

Then for each v € L [0, T], the Paley-Wiener-Zygmund (PWZ) stochastic integral
(v, x) is defined by the formula

T n
(v,z) = lim > (v, 05)apd; (t)da(t)
0 j=1
for all x € C, [0, T for which the limit exists. For u € Lz)b[O, T}, let

T T
(u,a) = /O w(t)a (t)dt = /0 w(t)da(t)
and

T T
(W2, 1) = /O V() () dt = /O W2 (1)db(t).

For h € L2 ,[0,T], we define the Gaussian process Zj, by

Zn(2,t) = /0 h(s)dz(s), (2.1)

where fg h(s)dx(s) denotes the PWZ integral. For each v € Lib[O,T]7 let (v, z) =
fOTv(t)&x(t). From [9], we note that (v, Zp(z,-)) = (vh,z) for h € Ly[0,T] and
s-a.e. € Cy[0,T]. Thus, throughout this paper, we require h to be in Ly [0, T
rather than simply in L7 ,[0, T].

Let K, [0, T] be the set of all complex-valued continuous functions z(t) defined
on [0, 7] which vanish at ¢ = 0 and whose real and imaginary parts are elements of
Cab[0,T). Thus C,[0,T] is the subspace of all real-valued functions in K, [0, 7.

Now, we state the definitions of the transform with respect to the Gaussian
process, the o-product and the first variation.

Definition 2.1. Let F and G be functionals on K, ;[0,7] and let v, 8, p and 7
be non-zero complex numbers. Then the transform with respect to the Gaussian
process, the o-product and the first variation are defined by formulas

T EW = [ FOZ @)+ 82N, (22)
Ca,[0,T]
(FoG)y)(y) = /C o P70 402 s
: G(TZS2 (yv ) - szl (xv ))dﬂ(x)a
OF (Zn(x, )| Zs(2,)) = %F(Zh(x, N+ kZs(z,-)) o’ (2.4)
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if they exist.

Remark 2.2. (1) In a unifying paper [16], Lee defined an integral transform F, s
of analytic functionals on abstract Wiener spaces. In [4, [5 [I0, 11], the authors
introduced the generalized version of the integral transform given by Lee [I6]. Let
F be a functional on K, [0, 7]. For all non-zero complex numbers v and f

Frs(F)(y) = / F(yx + By)dp(x).
Ca,[0,T]

If hi(t) = ha(t) = 1 on [0,7T], then the transform with respect to the Gaussian

process th’lﬁ’hQ (F) coincides with F., g(F'). In particular, if a(t) = 0 and b(t) = ¢

on [0,T], then T&é (F) is the integral transform used by Kim, Skoug, Yoo and Lee

[7, 5L [16].

(2) In various fields of mathematics, in particular in functional analysis, con-
volution is a powerful tool that is used to operate on two functions, f and g, to
produce a third function. Mathematically, convolution is described using an in-
tegral that expresses the amount of overlap of one function, g, with respect to a
second function, f. In view of this description, this classical concept is extremely
useful in a variety of research applications. The convolution product with respect
to the Fourier transform f of a function f is defined by

(fxg)@) = | f(@)gli—0)dv, for @, € R™. (2.5)
-

The homomorphism property holds, namely, f/;k\g = f g.

In [5 1], the authors examined the generalized integral transform on function
space; they introduced a convolution product. Let F' and G be functionals on
K, [0, T]. For any non-zero complex number ~y

Frap) = [ P G( S )

From this, they can obtain the homomorphism property of the convolution. If
s1(t) = s2(t) =1 on [0,T], 7 = % and p = %, then (F o G)5L%2 = (F x G),.
In particular, if a(t) = 0 and b(t) = ¢ on [0,T], o-product is the convolution
product used by Chang, Kim and Yoo [6l [7]. The convolution product has been
studied widely as the notion has important applications in several branches of
mathematics. Due to the relation established above many results for convolution
product are corollaries of the results for o-product.

(3) In [T, BL 5], the authors studied a first variation of F. Let F be a functional
on Cy[0,T] and let z € Cy [0, T]. Then the first variation is defined by

0
O0F (z]z) = %F(x + kz) o’

0F(z|z) acts like a directional derivative in the direction of z.
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3. A GENERALIZED FUBINI THEOREM ON FUNCTION SPACE

In [12], the authors introduced the Fubini theorem on function space. In this
paper, we establish a more generalized Fubini theorem for the function space inte-
gral.

The following lemma is the Fubini theorem on function space which plays a key
role in this paper, see [12].

Lemma 3.1. Let F' be a complex-valued Borel measurable functional on Cy4[0,T)
such that

L o 0 )l pes) < o0
a,blY

for all non-zero real-numbers p and q. Then

/ F(pr + qy)d(p x p)(,y)
2 [0,1]

:/C [OT]F(\/W“‘(ZH’Q—\/W)a)du(z). (3.1)

Now we state a definition and notations that are needed to understand this
paper.

(I) Let {¢;}52, be a complete orthonormal system in L7 ,[0,T] of functions of
bounded variation. Then every element h of Lib[o, T) can be written as

8

h(t) = ) _(h ¢3)a0; (D). (3.2)

j=1

(IT) Throughout this paper, for any nonzero complex number ~, 7% is always
chosen to have positive real part.
(III) For any non-zero complex numbers « and £, let

v(t) =52 (1) = (VP (ha, 65)2  + B2 (hay 67)2 ) F i (1), (3.3)

®% = y(h1, &3)ap = Blha, &3)ap — (VP (h1, 6,2 + B2 (h2y )22,

o0

W'fléhz() = Z @:gj Zy,(a,-) and B";léhz(.) - Z (I’;_].quj (a,-). (3.4)
J=1

Jj=1
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Since |72+ 2|2 < |y2|2 +|52|2 for all complex numbers  and 3, we have

Ol < D7 12, 00020 + 82, 602, 1650

<3 R, 6)2,030)|

j=1

+Z]ﬂ (hs, 65)2562(0)|

oo o0

= 17212 (1, 6)andi () + 18712 (ha, ¢5)and;(t)

j=1 j=1
1 1 1 1
= [Y?12 () + 1822 ha(t) < [72[2 [1haloo + 15212 (| halloo-

Hence v is an element of Lo, [0,T].
(IV) Let F be a functional defined on K, [0, T] and let

Fy(z)=F(z+vy) foraz,ye K,;[0,T).

In our next theorem we establish a generalized Fubini theorem on function space.

Theorem 3.2. Let {¢;}32, be as in statement (I) above. Let F be a complex-
valued Borel measurable functzonal on Kq[0,T] such that

[ FOZue) + 52 )i < ) < oo
c2 ,[0,T)

for all nonzero complex numbers v and B, where Zy, (I = 1,2) is given by equation
(2.1). Then for all non-zero complex numbers v and 3,

[ PO+ 520 i < m)ey)
c2,[0,7)
- / F(Z,(w,) + W ())dp(w), (3.5)
2,5[0,T]

where v and thlﬁ’}m are given by equations (3.3) and (3.4), respectively.

Proof. First note that for each h € Li,b[O7 T] and non-zero complex number ~,

")/Zh:]'}t Z/ ¢j ab(rbj() ()

Hence using the linearity of the PWZ integral, we have

IYZhl("E t) +BZh2 y7 ZZd)J h17¢j abw+5(h27¢])a bY, )
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and so

Ly T2+ 500 i )0

/ o P Zoy (s b5t + Bz, b)) dlss % 1)) (3.6

j=1
Let H(x) = F(3.72, Zg,(x,-)). Then it follows that

H( (h17¢])a bx+5(h2)¢J aby ZZd)] h17¢j ab$+5(h27¢])a bY, ))

Thus, applying this formula and equation (3.1]) to the last expression in equation

(13.6)), we have

Lo F 700+ 8200 )
= /2 o H(y(h1,¢5)apx + B(h2, dj)apy)d(p X p1)(x,y)
=/ H((2 (b, 65)2  + 62(hay 67)2 ) Fuw
ab[O T]
+(y <h1,¢]>ab+ﬁ ha,6)as — (V2 (h1,6,)2  + B2(ha, 6;)2 ) a)dpu(w)
:/ / ¢j(s hl,%)ab"‘ﬁg(hm(ﬁg)a b)% (s)
Ca,b[07T] J 1
(11, 650 + Bl 63)an — (P (1, 65)2 4 + 6% (2, 63)2.) Da(s) | ) ) dpu(w)
— [ R+ W) dulw),
ab[O T]
which establishes equation as desired. O

The following corollary immediately follows from Theorem [3.2] by letting hy (t) =
ha(t) = h(t) on [0,T].
Corollary 3.3. Let F be as in Theorem[3.3. Then
[, FOZuw) + 520w (e x ()
c2 (0.1

=/ F(Vy2+ B2Zp(w, )+ (v+ B — V72 + B2)(h, o)) dp(w
Cqo 110,77

Remark 3.4. (1) The main result in [I2] Theorem 3.5] follows immediately from
Theorem [3.2] above by choosing hq(t) = ha(¢) =1 on [0,7] and v, 8 € R — {0}.
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(2) In the setting of one parameter Wiener space Cy[0, T (i.e., in the case where
a(t) = 0 and b(t) = t on [0,7] in our research), the function space C, [0,
reduces to the Wiener space Cy[0,T]. Thus the result in [8 Theorem 3.5] follows
immediately from Theorem [3.2] above.

In our next theorem, we apply the results obtained in Theorem to the fol-
lowing double transform.

Theorem 3.5. Let F be as in Theorem[3.2. Then for all non-zero complex numbers
v and B; forj=1,2,3

hi,h hs,h ,hoh
T711,512 (T“/;ﬁ; (E))(y) = le,ﬁlzﬁ; (Fw)(y), (3.7)
where v = Vﬁi’;lllg; and W = W;L;,;ﬁlé;“ are given by equations (3.3) and (3.4),

respectively.

Proof. By using equations (3.2]) and (3.5]), it follows that

Bt ha reha,h
T’Yll,ﬁf (T’Y;B: (F))(y)

= / / F(B162Znyn,(y,-)
Cun[0,7] JCau[0.T]

+ Y22y (2, ) + 7182 Zn1na (2, ))d(p X p) (2, 2)
= / F(B1B2Znns (Y, ) + Zo(w, ) + W2 () dpa(w)
Ca,u[0,T]
v,hoh
= T1,512524 (Fw)(y)-
From the definition of the transform with respect to the Gaussian process, we

obtain the first and third equalities. The second one results from equation (3.5]).
Thus we have proved the theorem. O

In the following Table 1, we illustrate the usefulness of our Fubini theorem in
this paper.

Ty 5 (Fw)
Fi(x) = (v, x) B182(vhahy) + va(vhs,a’) + 182 (vhihy, a')
Fy(z) = exp{Fi(2)} | exp {B18a(vhaha) + 3 (622, )
+ y2(vhs, a’) + v1 82 (vhihy, a’)}
F3(z) = Fy(2)Fy(x) | (B1B2(vhahy) + (V202 0) + va(vhs, a’) + v182(vhihy, a'))
- exp {5152<Uh2h4> + 5(0220)

+ Y2 (vhs, a’) + 1 B2(vhihy, a’)}

TABLE 1.
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In Table 1 above, Fyy = F;(-+ W) for j=1,2 and v € Lz,b[O,T] and v is given
as in Theorem (3.5l
Now, using Table 1 and Theorem [3.5 we obtain the following formulas:

T$117£2 (T,;LQS,’BZ‘*(FQ)(?/) = B182(vhaha) +v2(vhs, a') + 182 (vhiha, a'),

h1,ha (s,
T’Yllﬁlz (T’y;ﬁ; (FQ)) (y)

1
= exp {5152(Uh2h4> + §(v2V27 V') + 2 (vhg, a’) + v182(vhihy, a/)}7
and

h1,ha (nhs,h
T’Ylﬁl (T”/;,ﬁ; (F3))(y)

= (B1B2(vhaha) + (V12 V) + v2(vhs, ) + v182(vhihye, d'))

1
- exp {5152(1)]12]14) + §(U2V27 V') + va2(vhg, a’) + v182(vhihy, a’)}.

4. RELATIONSHIPS INVOLVING TWO CONCEPTS

In this section, we establish the relationships involving exactly two of the three

concepts of transform, the ¢-product, and the first variation for functionals on
K,[0,T7.

Now, we show that the transform with respect to the Gaussian process of the
o-product is a product of their transforms.

Theorem 4.1. Let F be as in Theorem[3-4 and let G be a complez-valued Borel
measurable functional on K, [0,T] such that

L {6020+ 82 ] x wie) < .
Cg, [0,7]

Assume that 7y = p and hy(t)s2(t) = s1(t) on [0,T]. Then for all non-zero complex
numbers vy, B, p and T,

T (F o G (y) £ (T2 (R ) )(T05" 22 (Ca))y) (&)
fory € Ko 3[0,T], where W = (2 — /2)pZs, (a,-) and B = —/2pZ, (a, -).
Proof. By using equations and , it follows that
T3 (F 0 G)3) (v)
= [ o FOZ0s0:) 71 ) 4 07 ()

: G(Tﬁzhzsz (y’ ) + T’yZhlSz (LU, ) - szl (Z7 )) d(ﬂf X :u) (.’1?, Z) (42)

Since 7y = p and hq(t)s2(t) = s1(t) on [0, T, the processes 7y Zp, s, (2, )+ pZs, (2, )
and 7yZp, s, (z, ) — pZs, (2, ) are independent processes. Hence the last expression
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in equation (4.2)) above is equal to

/ F (18 Znys () + 7 Ziyy (2,) + pZoy (7)) (1 % 1), 2)
C? b[O,T]

GO0+ T 250 Py (21 ) X 10, 2).
€z ,10,7]
Now, applying equation (3.5 to the equation above, it follows that
h1,h 81,8
(T35 (F e G)pi))(y)
= P80 4 V02 () 4 (2= VD)ol (0, di)
0. b[0,T

- / G (7B Zyes (1) + V2pZay (w, ") — V2pZa (a,)) dp(w)
Ca,5[0,T]

S],hQ.z .1,h2 2
= (T () ) (T2 (C) )
Thus we have the desired results. O
Theorem [4.1] above tells us that the transform with respect to the Gaussian

process of the o-product can be calculated from the product of their transforms
without the o-product.

F(x) = (v,z), G(x)=exp{(v,z)}
Tf/lijfﬂz (Fw) | TB{vhasa,y) + 2p(vsi,a’)
T (Gp) | exp {7B(uhass,y) + p(u2s,¥) |

TABLE 2.

In Table 2 above, Fyy = F(-+ W) and Gp = G(- + B) and v € L2 [0, T].
Now, using Table 2 and Theorem [{.1} we have

T (F 0 G)o2) )

= (7B (vhasa, y) + 2p(vs1,a’)) exp {Tﬁ<uh282, y) + p*(u’s3, bl)}-

In our next theorem, we show that the transform for the o-product with respect
to the transform can be calculated from the transform of F' and G without the
concept of the o-product.

Theorem 4.2. Let F and G be as in Theorem[{.1 Then for all non-zero complex
numbers vy, B, p and T:

h1,h hi,h h1,h 81,8
T (F) o T (G35 o)

* v,hih2s v,hih2s
= Tl,rﬁIZ 2% (FWJFVV)(y)TLTéz’ 2% (GB+W)(ZJ)7
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where W = (2 — V2)pZs,(a,-), B = —/2pZ, (a,-), v = 1/’};1\751:;, and W =
Trh1,s1ho ’
W%\/ipﬁ’ ’

Proof. From equation (4.1)), we obtain that

T (T2 (F) o T (G))51) ()

v,8 V.8 pr
= T (T () ()T (T2 (o)) ()

Applying equation (3.7) to the last expression in the above equation, it follows that

hi,h hih hi,h 51,59
T (T (F) o T3 (G));72 ) (y)

psT
v,hih2s v,hih2s
=T (Fywai) T e (G i) (9)-

Thus we prove the desired result. O

In our next theorem, we obtain that the transform involving the first variation
equals the first variation of the transform with respect to the Gaussian process.

Theorem 4.3. Let F be as in Theorem[.1 Assume that
/ ‘(SF Zin(x, )| Zo (2 ’d,u < .
Cab[0,T]

(A) Let h, s, hj(j =

1,2
(1) hs(t) = h(t)ha(t)
(2) U(t)ha(t) = h(t)ha(t)
(3) m(t)ha(t) = s(t) on [0,T].

Then for all non-zero complex numbers v and [:

,4), 1 and m satisfy the following conditions:

T OF (2| 2N ) £ ST (P2 )52 ). (43)
(B) Let h, s, hj(j =1,2,3,4), | and m satisfy the following conditions:
(1) U(t)hs(t) = ha(t)
(2) 1()ha(t) = h(t)ha(t)
(3) m(t) = s(t)ha(t) on [0,TT].
Then for all non-zero complex numbers v and [3:
5T»§L,15’h2 (F)(Zh(y7 )|ZS(Z7 )) = Tfyfzh4 (6F(Zl(> )|5Zm(zv )))(y) (44)
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Proof. By using equations (2.2 and (2.4)), we have
hi,h
T 5" (6F(Zn(-, )| Zs(2,-)))(y)

0
~ ok |:s/Ca,b[0,T] F(vZn,n(@,) + BZn,n(y, ) + kZs(z, ‘))dﬂ(x)] ‘k:o
_ 9 Bk
= 9% {/ca,b[o,T] F(vZny () + BZin, (y, ) + Fthd;(Z; -))dﬂ(x)} ’k:o
= ((fkTF:i%vhr; <F>(Zl(y’ ) + %Zm(z7 .>)‘I~c:0
= ST (F)(Zy, )| % Zm(2:))-

B

Also, using equations (2.2) and (2.4]), and a similar argument as above, we can see
that

OT " (F)(Zn(y, ) Zs(=, 7)) = T35 OF (1) BZum(2,)))(v).
Thus we have the desired results. O

Combining Theorems [3.5] and we have the following corollary.
Corollary 4.4. Let F be as in Theorem[{.3
(A) Let h, s, hj(j =1,2,3,4), [, m and v satisfy the following conditions:
(1) hs(t) = h(t)v(t)
(2) U(t)ha(t) = h(t)h3(t)
(3) m(t)ha(t) = s(t) on [0,T).
Then for all non-zero complexr numbers v and [3:

TS (T8 (SF (20, ) Za(2,)) (y) = 0T (Fw ) (Zu(y, I
B

Zm(2,7)),
where v = V:,lv’glhz and W = thf ’glh"’.
(B) Let h, s, hj(j =1,2,3,4), [, m and v satisfy the following conditions:

(1) Ut)hs(t) = v(t)

(2) Ut)ha(t) = h(t)h3(t)

(3) m(t) = s(t)h3(t) on [0,T7].
Then for all non-zero complexr numbers v and [3:

ST (T35 () (Zn(y, )| Zs (2, ) = T4 (SFw (Zu(-, )|BZm (2, ) (v).
Proof. By using equations and , it follows that

T5" (15" (SF (Z0 (-, )| Zs (2, ) (y) = ngz (O0Fw (Zn (5 )| Zs(2,)))(y)

= ST/ () (2, ) 5 (21)

On the other hand, using a similar method to that in the proof of Theorem [£.3] we
have

ST " (T 5" (F))(Znly, )| Zs (2. ) = Ty 5" (T 5" 0P (Z (-, )87 Zanz (2. ) ().
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Applying equation (3.7)) to the last expression above, we obtain

5T£L,16,h2 (T’?’ghz (F))(Zh(y, ~)|ZS(Z, )) X Tlhjg’z’u (5Fw(Zl(', -)\ﬂZm(z, )))(y)

Thus we have the desired results. O

5. RELATIONSHIPS INVOLVING THREE CONCEPTS

In Section 4, we obtained relationships involving exactly two of the three con-
cepts of transform, the o-product and the first variation of functionals on K, 3[0, 1.
In this section, we establish all possible relationships involving all three of these
concepts.

R1. A formula for the transform of the first variation of the ¢-product.
Let F and G be as in Theorem Let h, s, hj(j = 1,2,3,4), I, m, T and p satisfy
the following conditions:

(1) Tyhs(t)s2(t) = psi(t)
(2) hs(t) = h(t)hi(t)
(3) 1(t)ha(t) = h(t)ha(t)
(4) m(t)ha(t) = s(t) on [0,T].
Then for all non-zero complex numbers v, 3, p and 7:

TP (8(F © )35 (Zn (- )| Za(2,)) ()

* s1,hase s1,has2 1
£ T (B ) 2 DOT 0 () (29 )| 5 Zon(2.9)

S1,ha82 1 51,482
T 5 (Fw) 2y ) 5 Zm (5 DT 57 (G (2, ),

where W = (2 — v2)pZs, (a,-) and B = —/2pZ,, (a, -).

Proof. By using equations (4.1 and (4.3)), we have
ha,h L
Ty (0(F 0 G)pa* (Zn (-5 )| Zs(2,))) (y)

= ST ((F o Q)31 (Zily, ~>%Zm(z, ) (5.1)

2 DT (G By )| 2.
Now, let H(Z(y,-)) = F(Zi(y,-))G(Z(y,-)). Then

5H(Zl(y7 )|Zm(Z, )) = F(Zl(y> ))6G(Zl(y7 )|Zm(27 ))
+ 0F(Zi(y, )N Zm (2, ))G(Zi(y, )

= T35 (Fw ) (Zily, )|
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Thus, applying this formula to the last expression in the above equation (5.1]), we
obtain

T (S(F 0 G5 (Zn (-, )| Zs (2, ) ()

S1,M482 S1,M4852 1
= T () (2. DTS5 (G (2. ) 5 Zon(:)
31 492 1 s1,has2
+ 0T 5 2 (Fw)(Zi(y, ')|EZ m (2 )T 5 (GB)(Zi(y,-))-
Thus we have the desired results. O

R2. A formula for the transform of the ¢-product with respect to the
first variation. Let F' and G be as in Theorem Let h, s, hj(j =1,2,3,4), ,
m, 7 and p satisfy the following conditions:

(1) 79 (B)5a(t) = ps1(t)
(2) halt) = v2ps1 (D(1)

(3) Ut)ha(t) = h(E)ha(t)sa(t
(4) m(t)ha(t) = s(t) on [0,T].

Then for all non-zero complex numbers v, 3, p and 7:
TS ((OF (Zn (-5 )| Zs(2, ) © 6G(Zn (-, )| Zs(2,-)))54°) (v)

%Zm( NSTIAM (Gp)(Zily,-)]

where W = (2 — V2)pZs, (a,-) and B = —/2pZ,, (a,-).

L 2z,

=0T (Fw)(Z(y, )| 2

Proof. By using equations (4.1]) and (4.3]), we have
TS ((OF(Zn () Zo(2, ) 0 6G(Zn(-, )| Zs(2,-)))54°) (9)
= TR (B (Zn ()| 2 D) T2 (5C 5 (Za ()| Za( )W)

G 2 DITS (G2 5 Zon(),

which completes the proof of R2. O

= 5Th3’h4 _(Fw)(Zi(y, )

R3. A formula for the transform of the first variation with respect to
the o-product of transforms. Let F and G be as in Theorem Let h, s,
hij(j =1,2,3,4), 1, m, 7, p and ~ satisfy the following conditions:

(1) 73la(Dsa(t) = pia()
(2) ha(t) = k()b (t)
(3) 1()ha(t) = h(H)halt)
(4) m(t)ha(t) = s(t) on [0,
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Then for all non-zero complex numbers ~, 3, p and 7:
hi,h h hi,h 51,8
TG (ST " (F) o T 5" (G))5272) (Z (-, )| Zs(2,))) ()

* v hasah vihassha 1
= T1,522j2 4(FW+W)(Zl(ya '))5T1,522j2 (GB+W)(Zl(ya N5 Zm(2,7))

s
v,hosaha 1 v,hosaha
+ 0Ty g (Fyy ) (Zi(y, ')\BZm(Z, NI g2 (G gy ) (Zi(y, ),
= hl’slh’Q = — . = . 1 = 1 hl’slh2
where v = Vo s W = (2—-v2)pZ,, (a,-), B=—\2pZ,, (a,-) and W = W%ﬁpﬁ.
Proof. By using equations (3.7)), (4.1]) and (4.3]), we have
y g
T (BT (F) o T (G))572) (Zn(, ) Zs(2,))) ()
81,8 1
= ST (15" (F) o T 5™ (@))55°2) (Zuly, ')|BZm(Zv )
S s s 1
= BT (5" (P (0. )| 5 Zn2.)
S s s 1
T (O C)) (i) 5 2 2:0)
v,hos 1 v,has 1
= OT{ 52" (B o) (2, )| 5 Zm (5 NIY 3" (G )20y, )| 5 Zm(2:9))
_Tu,h252h4 F NG . 5TV,h282h4 G “\WZ . lZ .
=Ty g2 (B )(Zily, )T 53 (G g ) (Zi(y, )|,5’ m(z,°))
6Tll,h2$2h4 F Z ]'Z TV,h282h4 G Z
TG (Fuy ), ) 5 2o DT G327 G ) (9. ),
which completes the proof of R3. O

R4. A formula for the first variation of the transform with respect to
the ¢o-product. Let F' and G be as in Theorem Let h, s, hj(j =1,2,3,4), ,
m, 7, p and -y satisfy the following conditions:

(1) Tyhi(B)sa(t) = psi (t)
(2) U(H)ha(t) = V2psi(t)

(3) 1()ha(t) = h(O)ha(t)sa(t)

(4) m(t) = s(t)ha(t)sa(t) on [0, 7).

Then for all non-zero complex numbers ~, 3, p and 7:
S(T5" (F o G)522)(Zn(y, )| Zs (2, )
T (F) (2 (. DTS (5C5(Zi( )87 Zon (2, ) ()

+ T@%}T;T((SFw(Zl(; ‘)|BTZm(za )))(y)T\S/ng;f (GB)(Zh(y’ ))’

where W = (2 — V2)pZs, (a,-) and B = —/2pZ,, (a,-).
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Proof. By using equations (4.1)) and (4.4), we have

S(T 5" (F o G)342) (Zn(y, )| Zs(2, )
= 0T 5" (Fw ) (Zn(y, )| Zs (2, ) T2 (G ) (Zn(y, )| Zs (2, )
= T2502 (Fw)(Zu(y, )T 502 (Gp) (Zn(y, )| Zs(2, )
+ TS5 (Fi ) (Zn(y, )| Zo (2, )T 250 (G ) (Zn(y, )
= T35 (Fw ) (Zn(y, )T (3G 5(Zi(, )BT Zn(2,-))(y)
+ T (SFw (Zi(, )BT Zm (2, ) (W) 5% (G ) (Zn(y. ),

which completes the proof of the R4. O

ACKNOWLEDGEMENT

The authors thank the referees for their helpful suggestions which led to the

present version of this paper.

(1]

2]
(3]
(4]

(5]

[6]

[7]

(8]

REFERENCES

S. J. Chang and J. G. Choi, Relationships of convolution products, generalized transforms,
and the first variation on function spaces, Int. J. Math. Math. Sci. 29 (2002), 591-608.
MR, 1900504

S. J. Chang and D. M. Chung, Conditional function space integrals with applications, Rocky
Mountain J. Math. 26 (1996), 37-62. MR 1386151,

S. J. Chang and D. Skoug, Generalized Fourier-Feynman transforms and a first variation
on function space, Integral Transforms Spec. Funct. 14 (2003), 375-393. MR 2005996.

S. J. Chang, H. S. Chung and D. Skoug, Integral transforms of functionals in L?(C, [0, T)),
J. Fourier Anal. Appl. 15 (2009), 441-462. MR 2549938|

S. J. Chang, H. S. Chung and D. Skoug, Some basic relationships among transforms, con-
volution products, first variations and inverse transforms, Cent. Eur. J. Math. 11 (2013),
538-551. MR 3016321.

K. S. Chang, B. S. Kim, T. S. Song and I. Yoo, Convolution and analytic Fourier-Feynman
transforms over paths in abstract Wiener space, Integral Transforms Spec. Funct. 13 (2002),
345-362. MR 1918957.

K. S. Chang, B. S. Kim and I. Yoo, Integral transform and convolution of analytic functionals
on abstract Wiener space , Numer. Funct. Anal. Optim. 21 (2000), 97-105. MR 1759990.
J. G. Choi and S. J. Chang, A rotation on Wiener space with applications, ISRN Appl.
Math. 2012, Art. ID 578174, 13 pp. MR 2957713.

[9] D. M. Chung, C. Park and D. Skoug, Generalized Feynman integrals via conditional Feynman

integrals, Michigan Math. J. 40 (1993), 377-391. MR 1226837,

[10] H. S. Chung and S. J. Chang, Inverse integral transforms of functional in L?(Cq (T)),

Submitted for publication.

[11] H. S. Chung, D. Skoug and S. J. Chang, Relationships involving transforms and convolutions

via the translation theorem, Stoch. Anal. Appl. 32 (2014), 348-363. MR 3177075.

[12] H. S. Chung, J. G. Choi and S. J. Chang, A Fubini theorem on a function space and its

applications, Banach J. Math. Anal. 7 (2013), 173-185. MR 3004275,

[13] T. Huffman, D. Skoug and D. Storvick, A Fubini theorem for analytic Feynman integrals

with applications, J. Korean Math. Soc. 38 (2001), 409-420. MR 1817628

[14] T. Huffman, D. Skoug and D. Storvick, Integration formulas involving Fourier-Feynman

transforms via a Fubini theorem, J. Korean Math. Soc. 38 (2001), 421-435. MR 1817629\

Rev. Un. Mat. Argentina, Vol. 56, No. 2 (2015)


http://www.ams.org/mathscinet-getitem?mr=1900504
http://www.ams.org/mathscinet-getitem?mr=1386151
http://www.ams.org/mathscinet-getitem?mr=2005996
http://www.ams.org/mathscinet-getitem?mr=2549938
http://www.ams.org/mathscinet-getitem?mr=3016321
http://www.ams.org/mathscinet-getitem?mr=1918957
http://www.ams.org/mathscinet-getitem?mr=1759990
http://www.ams.org/mathscinet-getitem?mr=2957713
http://www.ams.org/mathscinet-getitem?mr=1226837
http://www.ams.org/mathscinet-getitem?mr=3177075
http://www.ams.org/mathscinet-getitem?mr=3004275
http://www.ams.org/mathscinet-getitem?mr=1817628
http://www.ams.org/mathscinet-getitem?mr=1817629

GENERALIZED VERSION OF FUBINI’'S THEOREM ON C, (0, T] 83

[15] B. S. Kim and D. Skoug, Integral transforms of functionals in L2(Cy[0,T]), Rocky Mountain
J. Math. 33 (2003), 1379-1393. MR 2052494,

[16] Y. J. Lee, Integral transforms of analytic functions on abstract Wiener spaces, J. Funct.
Anal. 47 (1982), 153-164. MR 0664334.

[17] 1. Y. Lee, J. G. Choi and S. J. Chang, A Fubini theorem for generalized analytic Feynman
integral on function space, Bull. Korean Math. Soc. 50 (2013), 217-231. MR 3029543\

[18] E. Nelson, Dynamical theories of Brownian motion, Math. Notes, Princeton University Press,
Princeton, 1967. MR 0214150.

[19] J. Yeh, Singularity of Gaussian measures on function spaces induced by Brownian motion
processes with non-stationary increments, Illinois J. Math. 15 (1971), 37-46. MR 0270427,

[20] J. Yeh, Stochastic processes and the Wiener integral, Pure and Applied Mathematics, Vol.
13. Marcel Dekker, New York, 1973. MR 0474528.

1. Y. Lee
Department of Mathematics, Dankook University, Cheonan 330-714, Korea
iylee@dankook.ac.kr

H. S. Chung
Department of Mathematics, Dankook University, Cheonan 330-714, Korea
hschung@dankook.ac.kr

S. J. Chang *
Department of Mathematics, Dankook University, Cheonan 330-714, Korea
sejchang@dankook.ac.kr

Received: August 12, 201}
Accepted: August 11, 2015

Rev. Un. Mat. Argentina, Vol. 56, No. 2 (2015)


http://www.ams.org/mathscinet-getitem?mr=2052494
http://www.ams.org/mathscinet-getitem?mr=0664334
http://www.ams.org/mathscinet-getitem?mr=3029543
http://www.ams.org/mathscinet-getitem?mr=0214150
http://www.ams.org/mathscinet-getitem?mr=0270427
http://www.ams.org/mathscinet-getitem?mr=0474528

	1. Introduction
	2. Definitions and preliminaries
	3. A generalized Fubini theorem on function space
	4. Relationships involving two concepts
	5. Relationships involving three concepts
	R1. A formula for the transform of the first variation of the -product
	R2. A formula for the transform of the -product with respect to the first variation
	R3. A formula for the transform of the first variation with respect to the -product of transforms
	R4. A formula for the first variation of the transform with respect to the -product

	Acknowledgement
	References

