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GEOMETRIC PROPERTIES OF NEUTRAL SIGNATURE

METRICS ON 4-DIMENSIONAL NILPOTENT LIE GROUPS

TIJANA ŠUKILOVIĆ

Abstract. The classification of left invariant metrics of neutral signature on

the 4-dimensional nilpotent Lie groups is presented. Their geometry is ex-
tensively studied with special emphasis on the holonomy groups and projec-

tive equivalence. Additionally, we focus our attention on the Walker metrics.

They appear as the underlying structure of metrics on the nilpotent Lie groups
with degenerate center. Finally, we give complete description of the isometry

groups.

Introduction

The geometry of 4-dimensional Lie groups with a left invariant metric has been
studied extensively through the years. For a comprehensive treatment and for
references to the extensive literature on the subject of left invariant metrics on
Lie groups in small dimensions one may refer to the book [2]. Initially motivated
by works of Lauret, Cordero, and Parker, we became interested in the case of the
nilpotent Lie groups. The first classification type results for small dimensions in
the positive definite setting are due to Milnor [31] who classified 3-dimensional
Lie groups with a left invariant positive definite metric. Riemannian nilmanifolds
of dimension three and four were extensively studied by Lauret [26], while for
dimension five we refer to [22]. The distinction between Riemannian and pseudo-
Riemannian settings is obvious from the results of Rahmani [34]. It is shown
there that on the 3-dimensional Heisenberg group H3 there are three classes of
non-equivalent Lorentz left invariant metrics, one of which is flat. In the positive
definite case there is only one class and it is not flat. The classification of the
Lorentz 3-dimensional nilpotent Lie groups was done by Cordero and Parker [10],
while the classification in the 4-dimensional case can be found in [7].

A metric g of split (2, 2) signature is said to be a Walker metric if there exists
a 2-dimensional null distribution which is parallel with respect to the Levi-Civita
connection of g. This type of metrics has been introduced by Walker [36], who has
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shown that they have a (local) canonical form depending on three smooth func-
tions. Walker metrics appear in a natural way being associated with tangent and
cotangent bundles in various constructions (for more details on geometric proper-
ties of Walker metrics we refer to [8], [9] and references therein). Here they arose as
the underlying structure of the metrics on the nilpotent Lie groups with degenerate
center.

The other question of interest is a projective equivalence of left invariant metrics.
The first examples of geodesically equivalent metrics are due to Lagrange [25].
Later, Beltrami [4] generalized this example to the metrics of constant negative
curvature, and to the case of pseudo-Riemannian metrics of constant curvature.
Though the examples of Lagrange and Beltrami are 2-dimensional, one can easily
generalize them to every dimension and to every signature.

Intuitively, one might expect a link between projective relatedness and a holo-
nomy type, since if ∇ = ∇̄, then (M, g) and (M, ḡ) have the same holonomy type.
Indeed, holonomy theory can, to some extent, describe projective equivalence (see
the work of Hall [19, 20, 37]).

Matveev gave an algorithm for obtaining a list of possible geodesically equivalent
metrics to a given metric. It is interesting that the proposed algorithm does not
depend on the signature of the metric. Manifolds of constant curvature allow
geodesically equivalent metrics (see [25], [4], etc.). Sinjukov [35] showed that all
geodesically equivalent metrics given on a symmetric space are affinely equivalent.
For more comprehensive results in this area we refer to [24], [29], [30] and references
therein.

Another striking difference between the Riemannian and pseudo-Riemannian
set-up is apparent from the isometry group information. In particular, it can be
significantly larger than in the Riemannian or pseudo-Riemannian case with non-
degenerate center. It was shown that in the Riemannian case the group of isometric
automorphisms coincides with the group of isometries of the 2-step nilpotent Lie
group N fixing its identity element and the distribution

TN = υN ⊕ ξN. (1)

These subbundles are obtained by the left translation of the splitting at the Lie
algebra level n = υ ⊕ ξ, where n is the Lie algebra of N , ξ denotes its center and
υ the orthogonal complementary subspace of ξ. Further information regarding the
positive definite case can be found in [14] and [23].

Lie groups acting by isometries on a fixed pseudo-Riemannian 2-step nilpotent
Lie group endowed with a left invariant metric —the group of isometric automor-
phisms, the group of isometries preserving the splitting (1), and the full isometry
group— were investigated by Cordero and Parker in [11] and later by del Barco
and Ovando in [12]. In the same paper, del Barco and Ovando also considered
bi-invariant metrics on the 2-step nilpotent Lie groups, showing that there are
isometric automorphisms not preserving any kind of splitting.

Our paper is organized as follows. In Section 1 the classification of 4-dimensional
left invariant metrics of neutral signature on the nilpotent Lie groups H3 × R and
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G4 is presented. This completes the full classification of metrics on the nilpotent
Lie groups in dimensions three and four.

In Section 2 the geometry of the metrics is explored. The curvature tensor
(Tables 1 and 2) and the holonomy groups (Table 3) were calculated. Also, we study
a connection between holonomy groups and projective equivalence of metrics. It is
interesting that if the center of the group is degenerate, the corresponding metric
is of Walker type. We focus our attention on these metrics.

In Section 3 we find projective classes of the metrics (Theorems 3.1 and 3.2).
Furthermore, we solve the problem of the projectively equivalent metrics on the
4-dimensional nilpotent Lie groups by showing that a left invariant metric g is ei-
ther geometrically rigid or has projectively equivalent metrics that are also affinely
equivalent (Theorem 3.3). Moreover, all affinely equivalent metrics are left invari-
ant, while their signature may change.

Finally, Section 4 provides complete description of the isometry groups for both
H3 × R and G4.

1. Classification of non-equivalent inner products of neutral
signature

Let (N, g) be a nilpotent Lie group with a left invariant metric g. If not stated
otherwise, we assume that N is 4-dimensional and that the metric g is of neutral
signature (+,+,−,−).

Magnin [27] proved that, up to isomorphism, there are only two non-abelian
nilpotent Lie algebras of dimension four: h3⊕R and g4, with corresponding simply
connected Lie groups H3 × R and G4.

With respect to the basis {x1, x2, x3, x4}, the Lie algebra h3 ⊕R is defined by a
non-zero commutator

[x1, x2] = x3.

The Lie algebra h3⊕R is 2-step nilpotent with a 2-dimensional center Z(h3⊕R) =
L(x4, x3) and a 1-dimensional commutator subalgebra spanned by x3.

The Lie algebra g4, with respect to the basis {x1, x2, x3, x4}, is given by non-zero
commutators

[x1, x2] = x3, [x1, x3] = x4.

The Lie algebra g4 is 3-step nilpotent with a 1-dimensional center Z(g4) = L(x4)
and a 2-dimensional commutator subalgebra

g′4 := [g4, g4] = L(x3, x4).

Since the exponential map on any simply connected nilpotent Lie group N is
a diffeomorphism, by the Hopf–Rinow theorem any positive definite metric on
N is geodesically complete. However, Guediri [18] has found an example of a
non-complete left invariant Lorentz metric on a 3-step nilpotent Lie group that
corresponds to the Lie algebra g4.
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Denote by Aut(n) the group of automorphisms of the Lie algebra n that is defined
by

Aut(n) := {F : n→ n |F linear, bijective, [Fx, Fy] = F [x, y], x, y ∈ n}.

Denote by S(n) the set of non-equivalent neutral inner products (i.e. of signature
(+,+,−,−)) of the Lie algebra n. Having a basis of the Lie algebra n fixed, the
set S(n) is identified with symmetric matrices S of signature (2, 2) modulo the
following action of the automorphism group:

S 7→ FTSF, F ∈ Aut(n). (2)

Automorphisms of these Lie groups are described in the following two lemmas.

Lemma 1.1. [26] The group Aut(g4) of automorphisms of the Lie algebra g4, with
respect to the basis {x1, x2, x3, x4}, consists of real matrices of the form

Aut(g4) =




a1 0 0 0
a2 b2 0 0
a3 b3 a1b2 0
a4 b4 a1b3 a2

1b2


∣∣∣∣∣∣∣∣
ai ∈ R, i = 1, . . . , 4,
bj ∈ R, j = 2, . . . , 4,
a1, b2 6= 0

 .

Lemma 1.2. [26] The group Aut(h3 ⊕ R) of automorphisms of the Lie algebra
h3 ⊕ R, with respect to the basis {x1, x2, x3, x4}, consists of real matrices of the
form

Aut(h3 ⊕ R) =


 A 0 0

b1 detA µ
b2 0 λ

 ∣∣∣∣∣∣ A ∈ GL(2,R), b1, b2 ∈ R2,
λ, µ ∈ R, λ 6= 0

 .

It is interesting to notice that in the Riemannian case, up to equivalence (2),
there is just one inner product for each Lie algebra (see [26]). Note that the
situation in the Lorentz case is quite different — there are seven families of inner
products in the case of the Lie algebra g4 and six families in the case of h3 ⊕ R
(see [7]).

Theorem 1.1. The set S(g4) of non-equivalent inner products of neutral signature
on the Lie algebra g4, with respect to the basis {x1, x2, x3, x4}, is represented by the
following matrices:

SA =


ε1 0 0 0
0 ε2 0 0
0 0 a b
0 0 b c

 , ε1, ε2 ∈ {−1, 1},

S±λ1 =


∓1 0 0 0
0 0 0 1
0 0 ±λ 0
0 1 0 0

 , S±λ2 =


0 0 0 1
0 ∓1 0 0
0 0 ±λ 0
1 0 0 0
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S±λ3 =


0 0 1 0
0 ∓1 0 0
1 0 0 0
0 0 0 ±λ

 , S±λ4 =


∓1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 ±λ

 ,

S0
1 =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 , S0
2 =


0 0 1 0
0 0 0 ±1
1 0 0 0
0 ±1 0 0

 ,

with λ > 0. Matrix A =

(
a b
b c

)
has split (+,−) signature if ε1 6= ε2, and (+,+)

(respectively (−,−)) signature if ε1 = ε2 = ∓1.

Proof. The proof is entirely analogous to the case of Lorentz signature (see [7]).
Denote the center of g4 by Z = L(x4) and the commutator subalgebra by g′4 =

L(x3, x4). Let us consider a signature of g′4.
For the signatures (+,+), (−,−) and (+,−), we get the inner products SA (for

an appropriate choice of ε1, ε2).
If g′4 is partially degenerate, we distinguish two cases: when the center is null

(inner products S±λ1 and S±λ2 ) and when it is not (inner products S±λ3 and S±λ4 ).
Let us examine more thoroughly the case when g′4 is totally null. The matrix S

representing the inner product reduces to

S =


p r e f
r q g h
e g 0 0
f h 0 0

 .

Since the action of F ∈ Aut(g4) cannot change the signature of the element h, after
some calculation one can show that for h = 0 one gets the inner product S0

1 and
for h 6= 0 there exist two non-equivalent inner products represented by S0

2 . �

Theorem 1.2. The set S(h3 ⊕ R) of non-equivalent inner products of neutral
signature on the Lie algebra h3 ⊕ R, with respect to the basis {x1, x2, x3, x4}, is
represented by the following matrices:

S±µ =


∓1 0 0 0
0 ∓1 0 0
0 0 ±µ 0
0 0 0 ±1

 , S±λ =


1 0 0 0
0 −1 0 0
0 0 ±λ 0
0 0 0 ∓1

 ,

S1 =


1 0 0 0
0 −1 0 0
0 0 0 1
0 0 1 0

 , S±01 =


∓1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 ±1

 ,

Rev. Un. Mat. Argentina, Vol. 57, No. 1 (2016)



28 TIJANA ŠUKILOVIĆ

S±02 =


0 0 0 1
0 ±1 0 0
0 0 ∓1 0
1 0 0 0

 , S0
0 =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 ,

where λ, µ > 0.

Proof. The center of the Lie algebra is Z = L(x3, x4) and the commutator subal-
gebra is L(x3). Similar to the previous case, we investigate the signature of the
center Z and obtain the classification. �

The inner product 〈·, ·〉 on n gives rise to a left invariant metric g on the cor-
responding Lie group. Now we find the coordinate description of those metrics
defined by the inner product from Theorems 1.1 and 1.2.

IfX1, X2, X3, X4 are the left invariant vector fields onG4 defined by x1, x2, x3, x4 ∈
g4, for global coordinates (x, y, z, w) on G4 we have the relations

X1 =
∂

∂x
, X2 =

∂

∂y
+ x

∂

∂z
+
x2

2

∂

∂w
, X3 =

∂

∂z
+ x

∂

∂w
, X4 =

∂

∂w
.

Similarly, in global coordinates (x, y, z, w) on H3 × R we have the left invariant
vector fields

X1 =
∂

∂x
, X2 =

∂

∂y
+ x

∂

∂z
, X3 =

∂

∂z
, X4 =

∂

∂w
.

Now, by a straightforward computation, we can prove the following two theorems.

Theorem 1.3. Each left invariant metric of neutral signature on the Lie group
G4, up to an automorphism of G4, is isometric to one of the following:

gA = ε1dx
2 + ε2dy

2 + a(xdy − dz)2 − b(xdy − dz)(x2dy − 2xdz + 2dw)

+
c

4
(x2dy − 2xdz + 2dw)2;

g±λ1 = ∓dx2 + 2dydw + xdy(xdy − 2dz)± λ(xdy − dz)2;

g±λ2 = ∓dy2 + 2dxdw + xdx(xdy − 2dz)± λ(xdy − dz)2;

g±λ3 = ∓dy2 − 2dx(xdy − dz)± λ

4
(x2dy − 2xdz + 2dw)2;

g±λ4 = ∓dx2 − 2dy(xdy − dz)± λ

4
(x2dy − 2xdz + 2dw)2;

g0
1 = x2dxdy + 2dwdx+ 2dydz − 2x(dy2 + dxdz);

g0
2 = 2dxdz − 2xdxdy ± dy(2dw − 2xdz + x2dy).

Theorem 1.4. Each left invariant metric of neutral signature on the Lie group
H3 × R, up to an automorphism of H3 × R, is isometric to one of the following:

g±µ = ∓dx2 ∓ dy2 ± µ(xdy − dz)2 ± dw2;

g±λ = dx2 − dy2 ± λ(xdy − dz)2 ∓ dw2;

g1 = dx2 + 2dwdz − dy(dy + 2xdw);
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g±01 = 2dy(dz − xdy)± (dw2 − dx2);

g±02 = 2dwdx∓ (dy + dz − xdy)(dz − (1 + x)dy);

g0
0 = 2dwdx+ 2dy(dz − xdy).

Remark 1.1. Note that metrics g±µ , g±λ and g±01 correspond to the direct product
of the Lorentz metrics on H3 (see [34]) with R.

All metrics on the Lie group H3 × R are geodesically complete [18]. Unfortu-
nately, this is not the case with the Lie group G4. For example, completeness of
the metric gA depends on various choices of parameters a, b and c.

2. Curvature and holonomy of metrics

Let g be a left invariant metric of neutral signature on a nilpotent Lie group
of dimension four. To calculate a Levi-Civita connection ∇ of a metric g we use
Koszul’s formula

2g (∇XY,Z) = X.g (Y,Z)− Y.g (Z,X)− Z.g (X,Y )

+ g ([X,Y ], Z)− g ([Y, Z], X) + g ([Z,X], Y ) .

Since the metric on the Lie group is left invariant, the components in the first row
of Koszul’s formula vanish when evaluated on left invariant vector fields.

With respect to the left invariant basis {X1, X2, X3, X4} the metric g is repre-
sented by a symmetric matrix S in every point on the Lie group. Let [v] denote
the column of coordinates of the vector v = ∇XiXj , i, j = 1, . . . , 4, with respect
to the basis {X1, X2, X3, X4}. Then we have

[v] = S−1(α1, α2, α3, α4)T ,

where

αk := g (v,Xk) =
1

2
(g ([Xi, Xj ], Xk)− g ([Xj , Xk], Xi) + g ([Xk, Xi], Xj)) .

For the curvature tensor we use the formula

R(X,Y )Z = ∇X(∇Y Z)−∇Y (∇XZ)−∇[X,Y ]Z.

The Ricci curvature is defined as the trace of the operator

ρ(X,Y ) = Tr(Z 7→ R(Z,X)Y ),

with components ρij = ρ(Xi, Xj). The scalar curvature is the trace of the Ricci
operator

Scal =
∑
i

ρii =
∑
i,j

gijρji,

where we have used the inverse {gij} = S−1 of the metric to raise the index and
obtain the Ricci operator.
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Recall that, in the case of neutral signature in dimension four, the curvature
tensor R : Λ2TpN → Λ2TpN , considered as a mapping of two forms, can be
decomposed as

R =

(
W+ B
B∗ W−

)
+
Scal

12
I, (3)

where W+ and W− are respectively the self-dual and the anti-self-dual part of the
Weyl tensor W , and B is the Einstein part. The Weyl tensor W = W+ ⊕W− is
conformal invariant.

Remark 2.1. From the next two tables it is obvious that none of the metrics
is Einstein, since ρij 6= Scal

4 gij or, equivalently, B 6= 0. Moreover, it is an easy
exercise to show that the metric g1 on the group H3×R is conformally flat (W = 0),
metrics g0

2 on G4 are self-dual (W− = 0) and none of the others is anti-self-dual
(W+ = 0).

Remark 2.2. Milnor proved in [31] that in the Riemannian case if the Lie group
G is solvable, then every left invariant metric on G is either flat, or has strictly
negative scalar curvature. Note that in the pseudo-Riemannian setting this does not
hold since we have found examples of metrics with strictly positive scalar curvature
as well as non-flat metrics with zero scalar curvature.

Remark 2.3. The Lie group H3 × R can be realized as the group of matrices of
the form  1 z w

0 1 z
0 0 1

 , z, w ∈ C.

Therefore, H3 × R carries invariant complex structures. On the other hand, no
compact quotient of G4 can have a complex structure (homogeneous or otherwise).
Consequently, G4 cannot have a left invariant complex structure. The proof of this
fact can be found in [15].

Although none of our two algebras admits a hypercomplex structure, it was proven
by Blažić and Vukmirović in [6] that the algebra h3 ⊕ R admits an integrable para-
hypercomplex structure if its center is totally null. The corresponding metric is flat
and it is exactly our metric g0

0.

2.1. Case of group G4. See Table 1.

Remark 2.4. Note that for the metric gA we denoted by d = ac− b2 = detA.

Remark 2.5. Metric g−λ1 is flat for λ = 1.

2.2. Case of group H3 × R. See Table 2.

2.3. Holonomy. Now we calculate holonomy algebras hol(g) of each metric g from
Theorems 1.3 and 1.4. Note that, since the nilpotent Lie group is simply connected,
the restricted holonomy group Hol0(N, g) coincides with the full holonomy group
Hol(N, g).

Rev. Un. Mat. Argentina, Vol. 57, No. 1 (2016)



GEOMETRIC PROPERTIES OF NEUTRAL SIGNATURE METRICS 31

metric curvature tensor Rlijk Ricci tensor ρij scalar

(non-vanishing components) curvature

gA R2
112 = 3aε2

4
R2

113 = bε2 ρ11 = −adε2+c
2

2d
− (c2ε2+ad)ε1

2d

R3
112 = 3bc

4d
R3

113 = 3c2−adε2
4d

ρ22 = −aε1
2

R4
112 = d−3b2

4d
R4

113 = −bc
d

ρ23 = − bε1
2

R1
212 = − 3aε1

4
R1

213 = −bε1 ρ33 =
(a2dε2−c(d−b2))ε1

2d

R1
312 = −bε1 R1

313 =
(a2dε2−c(3d−b2))ε1

4d
ρ34 =

b(adε2+c
2)

2d

R1
412 = − cε1

4
R1

413 =
b(adε2+c

2)ε1
4d

ρ44 =
(b2dε2+c

3)ε1
2d

R2
114 = cε2

4
R3

223 = −aε1
4

R3
114 = − bε2

4
R2

323 = a2ε1ε2
4

R4
114 = − c

2

4d
R3

323 =
b(b2−d)ε1

4d

R1
214 = − cε1

4
R4

323 =
a(b2−d)ε1

4d

R1
314 =

b(adε2+c
2)ε1

4d
R2

423 = abε1ε2
4

R1
414 =

(b2dε2+c
3)ε1

4d
R3

423 =
c(b2−d)ε1

4d

R3
234 = cε1

4
R4

423 =
b(d−b2)ε1

4d

R4
234 = − bε1

2
R3

224 = − bε1
4

R2
334 =

(b2−d)ε1ε2
4

R2
324 = ab

4
ε1ε2

R3
334 = bc2ε1

4d
R3

324 = b2cε1
4d

R4
334 = −ac

2ε1
4d

R4
324 = −abcε1

4d

R2
434 = bcε1ε2

4
R2

424 = b2ε1ε2
4

R3
434 = c3ε1

4d
R4

424 = bc2ε1
4d

R4
434 = − bc

2ε1
4d

R4
424 = − b

2cε1
4d

g±λ1 R4
121 =

(λ±1)(3λ∓1)
4λ

R3
223 =

(λ±1)2

4λ
ρ22 = λ2−1

2λ
0

R1
212 =

(λ±1)(3λ∓1)
4λ

R4
323 =

∓(λ±1)2

4

g±λ2 R2
112 = − 3λ

4
R3

113 = λ
4

ρ11 = λ
2

0

R4
212 = ∓ 3λ

4
R4

313 = ∓λ
2

4

g±λ3 R4
112 = 1

2
R2

114 = −λ
2

ρ13 = ±λ
2

±λ
2

R3
412 = ∓λ

2
R3

214 = ∓λ
2

ρ44 = −λ
2

2

R1
113 = ±λ

4
R4

134 = ±λ
4

R3
313 = ∓λ

4
R3

434 = −λ
2

4

g±λ4 R2
113 = ± 3λ

4
R2

224 = −λ
2

ρ24 = −λ
2

0

R1
313 = 3λ

4
R3

324 = λ
2

ρ33 = λ
2

R4
223 = ∓ 1

2
R4

334 = λ
4

R3
423 = λ

2
R2

434 = ∓λ
2

4

g01 flat 0

g02 R4
112 = 1 R4

123 = − 1
4

ρ22 = − 1
2

0

R1
212 = − 1

4
R3

223 = 1
4

R3
212 = −1 R4

312 = 1
4

Table 1. Curvature of left invariant metrics on the Lie group G4
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32 TIJANA ŠUKILOVIĆ

metric curvature tensor Rlijk Ricci tensor ρij scalar

(non-vanishing components) curvature

g±µ R2
112 = − 3µ

4 ρ11 = µ
2 ∓µ2

R1
212 = 3µ

4 ρ22 = µ
2

R3
113 = µ

4 ρ33 = µ2

2

R1
313 = µ2

4

R3
223 = µ

4

R2
323 = µ2

4

g±λ R2
112 = ∓ 3λ

4 ρ11 = ±λ2 ±λ2
R1

212 = ∓ 3λ
4 ρ22 = ∓λ2

R3
113 = ±λ4 ρ33 = −λ

2

2

R1
313 = −λ

2

4

R3
223 = ∓λ4

R2
323 = −λ

2

4

g1 R3
114 = 1

4 ρ44 = − 1
2 0

R1
414 = − 1

4

R3
224 = − 1

4

R2
424 = − 1

4

g±01 flat 0

g±02 R2
112 = − 3

4 ρ11 = 1
2 0

R4
212 = ± 3

4

R3
113 = 1

4

R4
313 = ± 1

4

g0
0 flat 0

Table 2. Curvature of left invariant metrics on the Lie group H3 × R

We know that the holonomy algebra is a subalgebra of an isometry algebra, i.e.
hol(g) ≤ o(2, 2). According to the Ambrose–Singer theorem the algebra hol(g) is
generated by the curvature operators R(Xi, Xj) and their covariant derivatives of
any order. Since the covariant derivatives and the curvature operators are known,
we use the formula

(∇Xm
R(Xk, Xl))(Xj) = ∇Xm

(R(Xk, Xl)(Xj))−R(Xk, Xl)(∇Xm
Xj)

to calculate the derivative ∇XmR(Xk, Xl) of the curvature operator. Higher order
derivatives are calculated using a similar formula.

The results are summarized in Table 3.
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group metric hol(g) basis p.n.v. dec.

G4 gA, c 6= 0 A32 no no

gA, c = 0 A32 no no

g+λ
1 A17 X1 ∧X4, X3 ∧X4 X4 no

g−λ1 , λ 6= 1 A17 X1 ∧X4, X3 ∧X4 X4 no

g−1
1 flat

g±λ2 A17 X2 ∧X4, X3 ∧X4 X4 no

g±λ3 A32 no no

g±λ4 A32 no no

g0
1 flat

g0
2 A17 X3 ∧X4, X1 ∧X4 X4 no

H3 × R g±µ A22 X1 ∧X2, X1 ∧X3, X2 ∧X3 X4 yes

g±λ A22 X1 ∧X2, X1 ∧X3, X2 ∧X3 X4 yes

g1 A17 X1 ∧X3, X2 ∧X3 X3 no

g±01 flat

g±02 A17 X2 ∧X4, X3 ∧X4 X4 no

g0
0 flat

Table 3. Holonomy algebras of left invariant metrics on the Lie
groups G4 and H3 × R. (p.n.v.: parallel null vector; dec.: decom-
posable.)

For the classification of holonomy algebras, we used the notation proposed by
Ghanam and Thompson in [17]. Note that the results obtained in [17] were later
improved by Galaev and Leistner in [16].

From the three algebras listed in the previous table only the full holonomy alge-
bra A32 is irreducible and therefore the corresponding metrics are indecomposable.
Let us examine the geometric structure for the other two algebras.

In the case of the algebra A17 we have an invariant 2-dimensional null distri-
bution containing a parallel null vector field. Since the holonomy algebra A17 is
2-dimensional, according to [37], all projectively equivalent metrics are also affinely
equivalent.

By the results of de Rham [13] and Wu [40], A22 corresponds to the product
of an irreducible 3-dimensional Lorentzian metric and a 1-dimensional flat factor
adjusted so as to obtain a neutral signature. It is easy to check that A22 is spanned
by X1 ∧X2, X1 ∧X3, X2 ∧X3, corresponding to the subalgebra 3(c) from [37]. In
the same paper projective equivalence of the metric g of this type was investigated
under some strict assumptions on the range of the curvature map R : Λ2TpN →
Λ2TpN (at point p).
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2.4. Walker metrics. We can observe that Walker metrics appear as the under-
lying structure of neutral signature metrics on the nilpotent Lie groups with the
holonomy algebra A17. It is a well known fact that metrics on the 2-step nilpotent
Lie groups with degenerate center admit Walker metrics. Additionally, we find an
example of this kind of metric with non-degenerate center. Interestingly, a metric
on a 3-step nilpotent Lie group with degenerate center is not necessarily a Walker
one. For example, a family of metrics gA with c = 0 has degenerate center, but it
is not Walker.

Let us recall that there exist local coordinates (x, y, z, w) such that a Walker
metric, with respect to the frame { ∂∂x ,

∂
∂y ,

∂
∂z ,

∂
∂w}, has the form

0 0 1 0
0 0 0 1
1 0 a c
0 1 c b

 , (4)

where a, b and c are smooth functions.
In [36] Walker described an algorithm for finding appropriate local coordinates.
Let D be a 2-dimensional null distribution. Since the space is 4-dimensional, we

have D = D⊥. There exist local coordinates (x1, x2, x3, x4) such that D is spanned
by { ∂

∂x1
, ∂
∂x2
}. Since D is totally null, we have

g

(
∂

∂x1
,
∂

∂x2

)
= 0.

Now, we consider the vector fields {ξi}, i ∈ {1, 2} defined by

g(ξi, X) = dxi+2(X).

It follows that {ξi}2i=1 are orthogonal to any X ∈ D⊥ and hence they lie in D.
Moreover, they are linearly independent. Thus we can take

∂

∂x
= ξj1

∂

∂xj
,

∂

∂y
= ξj2

∂

∂xj
,

∂

∂z
=

∂

∂x3
,

∂

∂w
=

∂

∂x4
, j ∈ {1, . . . , 4}

to be our new coordinate frame.
Furthermore, it can be proven that, if a Walker metric possesses parallel vector

field, there exist local coordinates such that functions a, b and c do not depend on
the variable x. Since the change of coordinates preserves the canonical form (4) of
the metric g, it is easy to show that the coordinate transformations are given by

x̃ =
∂z

∂z̃
x+

∂z

∂w̃
y + S1(z, w), z̃ = α(z, w),

ỹ =
∂w

∂z̃
x+

∂w

∂w̃
y + S2(z, w), w̃ = β(z, w),

(see [3] for details).
Therefore, we can change a basis in such a way that the metric g has the simplest

form. Corresponding functions a, b, c for Walker’s form are given in Table 4.
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group metric basis of null functions from

distribution Walker form

G4 g+λ
1 X1 − 1√

λ
X3, X4 a = a(y) = 1

λ+1y
2

b = λ

c = c(y) = y

g−λ1 , λ 6= 1 X1 − 1√
λ
X3, X4 a = a(y) = − 1

λ−1y
2

b = −λ
c = c(y) = y

g±λ2 X2 + 1√
λ
X3, X4 a = a(y, z) = ± 1

λ (y + z)2

b = ±λ
c = c(y) = y

g0
2 X3, X4 a = a(w) = ±w2

b = 2

c = c(y) = y

H3 × R g1 X1 +X2, X3 a = 0

b = −1

c = c(y) = y

g±02 X2 +X3, X4 a = a(y) = ∓y2

b = ∓1

c = c(y) = y

Table 4. Walker form of metrics

Remark 2.6. Note that all of the Walker metrics from the Table 4 have zero scalar
curvature. Hence, the components of the self-dual part of the Weyl tensor are given
by

W+
11 = W+

13 = W+
33 = aww + ayy

b2

4
, W+

12 = W+
22 = W+

23 = 0,

where indexes denote the partial derivatives. If the scalar curvature is zero, then
the following holds (see [8]):

a) W+ vanishes if and only if W+
11 = W+

12 = 0,
b) W+ is 2-step nilpotent operator if and only if W+

11 6= 0, W+
12 = 0,

c) W+ is 3-step nilpotent operator if and only if W+
12 6= 0.

We can observe that all of our Walker metrics have 2-step nilpotent operator W+,
except the metric g1 which is previously shown to be conformally flat.

More details on conformally flat Walker metrics in dimension four can be found
in [1]. Note that our metric g1 is not considered in their study, since c is not
constant.
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Remark 2.7. If we consider the action of the curvature map R on Λ2TpN =
Λ+ ⊕ Λ− as in (3), with the standard identification

B =

(
0 B
B∗ 0

)
,

we conclude that our metric g0
2 on the Lie group G4 satisfies conditions W− =

0, B2
∣∣Λ− = 0 (here Λ− is the bundle of anti-self-dual bivectors) and the scalar

curvature is constant. Metrics with these properties are studied in [5].

Lemma 2.1. On the 4-dimensional nilpotent Lie group N , all left invariant Walker
metrics are geodesically complete.

Proof. All left invariant metrics on H3 × R are geodesically complete (see [18]),
therefore we have to prove the statement only for the metrics on the Lie group G4.

Let γ(t) = (x1(t), x2(t), x3(t), x4(t)) be a geodesic curve on (G4, g) with γ(0) =
(x0

1, x
0
2, x

0
3, x

0
4) and γ̇(0) = (ẋ0

1, ẋ
0
2, ẋ

0
3, ẋ

0
4).

The Lagrangian associated with the metric g has the form:

L(t) = bẋ4(t)2 + ẋ3(t) (2ẋ1(t) + aẋ3(t)) + 2ẋ4(t) (ẋ2(t) + x2(t)ẋ3(t)) .

Here a = a(x2, x3, x4) and b is constant. From the Euler–Lagrange equations:

d

dt

(
∂L

∂ẋk

)
− ∂L

∂xk
= 0, k = 1, . . . , 4,

we get the following system of partial differential equations:

ẍ3 = 0,

2ẋ3ẋ4 − 2ẍ4 + ax2 ẋ
2
3 = 0,

2 (x2ẍ4 + ẍ1 + ẋ2ẋ4 + ax4
ẋ3ẋ4) + ẋ3 (ax3

ẋ3 + 2ax2
ẋ2) = 0,

−2 (ẋ2ẋ3 + bẍ4 + ẍ2) + ax4
ẋ2

3 = 0.

A standard but long calculation leads to the conclusion that all geodesics exist for
every t ∈ R. �

3. Projective equivalence

In this section we look for metrics on the nilpotent Lie groups H3 × R and G4

that are geodesically equivalent to the left invariant metrics from Theorems 1.3
and 1.4.

We say that the metrics g and ḡ are geodesically equivalent if every geodesic of
g is a (reparameterized) geodesic of ḡ. We say that they are affinely equivalent
if their Levi-Civita connections coincide. We call a metric g geodesically rigid if
every metric ḡ, geodesically equivalent to g, is proportional to g. Weyl [39] proved
that two conformally and geodesically equivalent metrics are proportional with a
constant coefficient of proportionality.

The two connections ∇ = {Γijk} and ∇̄ = {Γ̄ijk} have the same unparameterized

geodesics, if and only if their difference is a pure trace: there exists a (0, 1)-tensor
φ such that

Γ̄ijk = Γijk + δikφj + δijφk. (5)
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For a parameterized geodesic γ(τ) of ∇̄, the curve γ(τ(t)) is a parameterized
geodesic of ∇ if and only if the parameter transformation τ(t) satisfies the following
ODE:

φαγ̇
α =

1

2

d

dt

(
log

∣∣∣∣dτdt
∣∣∣∣) ,

where the velocity vector of γ with respect to the parameter t is denoted by γ̇.
Suppose that ∇ and ∇̄, related by (5), are the Levi-Civita connections of the

metrics g and ḡ, respectively. Contracting (5) with respect to i and j, we obtain
Γ̄ααi = Γααi + (n+ 1)φi. From the other side, for the Levi-Civita connection ∇ of a

metric g, we have Γααk = 1
2
∂ log|det(g)|

∂xk
. Thus,

φi =
1

2(n+ 1)

∂

∂xi
log

∣∣∣∣det(ḡ)

det(g)

∣∣∣∣ = φ,i

for the function φ : M −→ R given by

φ :=
1

2(n+ 1)
log

∣∣∣∣det(ḡ)

det(g)

∣∣∣∣ . (6)

The formula (5) implies that g and ḡ are geodesically equivalent if and only if
for the function φ, given by (6), the following holds:

ḡij;k − 2ḡijφk − ḡikφj − ḡjkφi = 0, (7)

where “semi-colon” denotes the covariant derivative with respect to the connec-
tion ∇.

Consider the projective Weyl tensor

W i
jkl := Rijkl −

1

n− 1

(
δilRjk − δikRjl

)
,

where Rijkl and Rjk are components of the curvature and the Ricci tensor of mani-

fold (Mn, g). Weyl has shown [38] that the projective Weyl tensor does not depend
on the choice of a connection within the projective class. Note that the converse is
not true (see [21]).

In order to find the projective class of our 4-dimensional metrics, we use the
formula

− 2ga(iW
j)
akl = gabW

(i
ab[lδ

j)
k] , (8)

proposed by Matveev in [28], where the brackets “[ ]” denote the skew-symmetri-
zation without division, and the brackets “( )” denote the symmetrization without
division.

Every metric g geodesically equivalent to ḡ has the same projective Weyl tensor
as ḡ. We view the equation (8) as the system of homogeneous linear equations
on the components of g; every metric g geodesically equivalent to ḡ satisfies this
system of equations (8).

Notice that this system is quite complicated already in dimension four, thus it
is less useful in higher dimensions.
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General algorithm:
In order to find all metrics ḡ that are projectively equivalent to g we first look

for the solutions of the homogeneous system of the equations (8). The condition
(8) is necessary but not sufficient, so we call such metrics candidates. Then, we
check if each candidate satisfies the condition (7) which is sufficient for projective
equivalence. If all candidates satisfying condition (7) are proportional to g, by a
result of Weyl [39] the metric g is geodesically rigid. If the function φ satisfying
relations (7) is constant, then ḡ is affinely equivalent to g.

Remark 3.1. Although the proposed algorithm was presented in [28] considering
only the Lorentzian metrics, it is also valid for the metrics of arbitrary signature.
Note that, by computing the candidates, we find all the possible pairs of geodesically
equivalent metrics, regardless of their signature.

Applying the proposed algorithm, in a similar manner as in the case of Lorentz
signature (see [7]) we can prove the following two theorems.

Theorem 3.1. Let g and ḡ be geodesically equivalent metrics on the Lie group G4

and let g be non-flat, left invariant. Then the following two possibilities hold:

a) If g is of type g±λ1 , g±λ2 , or g0
2, then g and ḡ are affinely equivalent. The

family of metrics ḡ is 2-dimensional. Every metric ḡ is left invariant and
of neutral signature.

b) If g is of type gA, g±λ3 or g±λ4 , then it is geodesically rigid, i.e. ḡ = cg, c ∈
R.

Note: In Table 5 we denote by c1, c2 ∈ R, c1 6= 0 constants and by p, q, r, s ∈
C∞(G4) functions on the Lie group.

Theorem 3.2. Let g and ḡ be geodesically equivalent metrics on the Lie group
H3 × R, with g non-flat, left invariant. Then ḡ is affinely equivalent to g and left
invariant. The family of metrics ḡ is 2-dimensional.

Note: In Table 6, we denote by c1, c2, c3 ∈ R, c1, c3 6= 0 constants, and by p, q ∈
C∞(H3 × R) functions on the Lie group.

Remark 3.2. Note that if a metric g is flat and g and ḡ are geodesically equiva-
lent, then their Levi-Civita connections coincide (moreover, they are equal to zero).
Therefore, flat metrics were excluded from our calculations.

Our results, together with the known facts for the Riemannian and Lorentz case,
give rise to the following, more general statement:

Theorem 3.3. Let g be a left invariant metric on the 4-dimensional nilpotent Lie
group. If g and ḡ are geodesically equivalent, then they are either affinely equivalent
or g is geodesically rigid. The metric ḡ is also left invariant, but not necessarily
the same signature as g.

4. Isometry groups

Let us denote by I(N) the isometry group of N . Set O(N) = Aut(N) ∩ I(N)
and let Iaut(N) = O(N)nN , where N acts by the left translations. Furthermore,
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original metric (g) candidate metrics equivalent metric

gA =


ε1 0 0 0

0 ε2 0 0

0 0 a b

0 0 b c

 p


ε1 0 0 0

0 ε2 0 0

0 0 a b

0 0 b c

 c1


ε1 0 0 0

0 ε2 0 0

0 0 a b

0 0 b c


ε1, ε2 ∈ {−1, 1}

g+λ1 =


−1 0 0 0

0 0 0 1

0 0 λ 0

0 1 0 0

 p


−1 0 0 0

0 −pq 0 1

0 0 λ 0

0 1 0 0

 , λ 6= 1
3


−c1 0 0 0

0 c2 0 c1

0 0 λc1 0

0 c1 0 0




q −pqr 0 0

−pqr p2(qr2 − s) 0 p

0 0 1
3
p 0

0 p 0 0



g−λ1 =


1 0 0 0

0 0 0 1

0 0 −λ 0

0 1 0 0

 p


1 0 0 0

0 −pq 0 1

0 0 −λ 0

0 1 0 0




c1 0 0 0

0 c2 0 c1

0 0 −λc1 0

0 c1 0 0


case λ 6= 1

g±λ2 =


0 0 0 1

0 ∓1 0 0

0 0 ±λ 0

1 0 0 0

 p


−pq 0 0 1

0 ∓1 0 0

0 0 ±λ 0

1 0 0 0




c2 0 0 c1

0 ∓c1 0 0

0 0 ±λc1 0

c1 0 0 0



g±λ3 =


0 0 1 0

0 ∓1 0 0

1 0 0 0

0 0 0 ±λ

 p


0 0 1 0

0 ∓1 0 0

1 0 0 0

0 0 0 ±λ

 c1


0 0 1 0

0 ∓1 0 0

1 0 0 0

0 0 0 ±λ



g±λ4 =


∓1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 ±λ

 p


∓1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 ±λ

 c1


∓1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 ±λ



g02 =


0 0 1 0

0 0 0 ±1

1 0 0 0

0 ±1 0 0

 p


0 0 1 0

0 −pq 0 ±1

1 0 0 0

0 ±1 0 0




0 0 c1 0

0 c2 0 ±c1
c1 0 0 0

0 ±c1 0 0


Table 5. Projectively equivalent metrics on the Lie group G4
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original metric (g) candidate metrics equivalent metric

g±µ =


∓1 0 0 0

0 ∓1 0 0

0 0 ±µ 0

0 0 0 ±1



−p 0 0 0

0 −p 0 0

0 0 µp 0

0 0 0 q



−c1 0 0 0

0 −c1 0 0

0 0 µc1 0

0 0 0 c3



g±λ =


1 0 0 0

0 −1 0 0

0 0 ±λ 0

0 0 0 ∓1



±p 0 0 0

0 ∓p 0 0

0 0 λp 0

0 0 0 q



±c1 0 0 0

0 ∓c1 0 0

0 0 λc1 0

0 0 0 c3



g1 =


1 0 0 0

0 −1 0 0

0 0 0 1

0 0 1 0




p 0 0 0

0 −p 0 0

0 0 0 p

0 0 p −p2q




c1 0 0 0

0 −c1 0 0

0 0 0 c1

0 0 c1 c2



g±02 =


0 0 0 1

0 ±1 0 0

0 0 ∓1 0

1 0 0 0



−p2q 0 0 p

0 ±p 0 0

0 0 ∓p 0

p 0 0 0




c2 0 0 c1

0 ±c1 0 0

0 0 ∓c1 0

c1 0 0 0


Table 6. Projectively equivalent metrics on the Lie group H3 × R

let Õ(N) be the subgroup of I(N) that fixes the identity element of N , then the
following holds:

I(N) = Õ(N) ·N. (9)

Let M be a pseudo-Riemannian manifold and let g be the corresponding pseudo-
Riemannian metric. A vector field X on M is called a Killing vector field if

g (∇VX,W ) + g (V,∇WX) = 0 (10)

holds for any vector fields W and V on M .
All left invariant pseudo-Riemannian metrics onH3×R are geodesically complete

(see [18]), thus the set of all Killing fields is the Lie algebra of the full isometry
group. Also, the 1-parameter groups of isometries constituting the flow of any
Killing field are global. Therefore isometries produced by integration of Killing
fields on H3 × R are global. It is important to notice that not all metrics on the
Lie group G4 are complete.

Theorem 4.1. a) If the center of the Lie group G4 is non-degenerate, then Õ(G4)
is discrete and the isometry group I(G4) of the corresponding metric is given by

I(G4) ' diag(ε, ε̄, εε̄, ε̄) nG4, ε, ε̄ ∈ {−1, 1}.
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b) In the case of the metrics g±µ and g±λ on the Lie group H3 × R the isometry

group is given by I(H3 × R) = Õ(H3 × R) n (H3 × R), where

Õ(H3 × R) =




ε cos t −ε sin t 0 0
sin t cos t 0 0

0 0 ε 0
0 0 0 ε̄


∣∣∣∣∣∣∣∣
t ∈ R,
ε, ε̄ ∈ {−1, 1}

 , for g±µ ,

Õ(H3 × R) =




ε cosh t ε sinh t 0 0
sinh t cosh t 0 0

0 0 ε 0
0 0 0 ε̄


∣∣∣∣∣∣∣∣
t ∈ R,
ε, ε̄ ∈ {−1, 1}

 , for g±λ .

c) In the case of the metric g1 on the group H3 × R, the isometry group is given

by Õ(H3 × R) · (H3 × R), where Õ(H3 × R) is a 3-dimensional Lie group with the
corresponding Lie algebra defined by the structure equations

[ξ1, ξ2] = ξ2, [ξ1, ξ3] = 0, [ξ2, ξ3] = 0. (11)

Proof. (a) After solving the Killing equation (10), we observe that the algebra of
isometries is generated only by the left translations. The group of isometries fixing
the identity coincides with the group of isometric automorphisms, therefore the
proposition holds.

(b) A direct calculation shows that the algebra of Killing vector fields is 5-
dimensional. Also, H3×R is a normal subgroup of I(H3×R), thus in (9) we have
the semi-direct product.

(c) Since ∇R ≡ 0, the metric g1 makes the simply connected group H3 × R a
symmetric space. The group of isometries fixing the identity is identified with the
group of linear isomorphisms of h3⊕R preserving the curvature tensor. This shows
that the isotropy of the identity inside I(H3×R) has dimension three, so I(H3×R)
has at least seven linearly independent Killing vector fields.

Also, note that g1 is the only Walker metric corresponding to non-degenerate
center. We can change basis in such a way that the metric g1 has the form presented
in Table 4.

By solving the Killing equation (10), we obtain exactly seven Killing vectors
{ξ1, . . . , ξ7} given by:

ξ1 = −w
2

2

∂

∂x
+ (w − y)

∂

∂y
+ 2

∂

∂z
+ w

∂

∂w
, ξ4 = −e−z ∂

∂y
,

ξ2 = −w ∂

∂x
+

∂

∂y
, ξ5 = −ezy ∂

∂x
+

1

2
ez

∂

∂y
+ ez

∂

∂w
,

ξ3 =
∂

∂z
, ξ6 =

∂

∂x
,

ξ7 =
∂

∂w
.
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One can check that {ξ1, ξ2, ξ3} span the Lie algebra with the structure equations
(11). The remaining four vectors generate a Lie algebra defined by non-zero com-
mutator [ξ4, ξ5] = ξ6, i.e. the Lie algebra h3 ⊕ R.

The following relations are satisfied:

[ξ1, ξ4] = −ξ4, [ξ2, ξ4] = 0, [ξ3, ξ4] = −ξ4,

[ξ1, ξ5] = ξ5, [ξ2, ξ5] = 0, [ξ3, ξ5] = ξ5,

[ξ1, ξ6] = 0, [ξ2, ξ6] = 0, [ξ3, ξ6] = 0,

[ξ1, ξ7] = −ξ2 − ξ7, [ξ2, ξ7] = ξ6, [ξ3, ξ7] = 0.

Since [ξ1, ξ7] = −ξ2 − ξ7 6∈ L(ξ4, ξ5, ξ6, ξ7), H3 × R is not a normal subgroup of
I(H3 × R).

On the other hand, an algebra generated by {ξ2, ξ4, ξ5, ξ6, ξ7} is a nilpotent Lie
algebra corresponding to the algebra L4

5 from the classification of Morozov [32]
or g5,1 from Magnin’s classification [27]. Therefore, the algebra of isometries is
isomorphic to R2 n g5,1. �

Remark 4.1. If we consider the metric gA on the Lie group G4 when c = 0, i.e.
in the case of degenerate center, but a non-degenerate commutator subalgebra, we
get that the isometry group is the same as in a non-degenerate case.

Example 1. Metrics g±01 and g0
0 on the Lie group H3 ×R and metrics g0

1 and g−λ1

(for λ = 1) on the Lie group G4 are flat. Thus, the isometry group is O(2, 2) nN .
�

From the above considerations, we conclude that if the center is degenerate and
the holonomy algebra is A17, the corresponding metrics are Walker metrics of the
specific form given in the Table 4. Since all Walker metrics on a 4-dimensional
nilpotent Lie group N are geodesically complete (see Lemma 2.1), the Lie algebra
of the isometry group coincides with the Lie algebra of the Killing vector fields.

Example 2. First, let us consider the metric g±02 on the Lie group H3 × R. The
algebra of Killing vector fields is 6-dimensional and given by

ξ1 =
(
∓6w − 3yz2

) ∂

∂x
∓ 3z(z − 2)

∂

∂y
+ z3 ∂

∂w
, ξ4 =

∂

∂w
,

ξ2 = −2yz
∂

∂x
∓ 2(z − 1)

∂

∂y
+ z2 ∂

∂w
, ξ5 =

∂

∂z
,

ξ3 = −y ∂
∂x
∓ ∂

∂y
+ z

∂

∂w
, ξ6 =

∂

∂x
.

The subalgebra spanned by vectors {ξ3, ξ4, ξ5, ξ6} is defined by the non-zero
commutator [ξ5, ξ3] = ξ4, thus it is isomorphic to h3 ⊕ R.

Two remaining vectors ξ1 and ξ2 span an algebra isomorphic to R2 and they
satisfy the following relations:

[ξ1, ξ3] = 0, [ξ1, ξ4] = ±6ξ6, [ξ1, ξ5] = −3ξ2, [ξ1, ξ6] = 0,

[ξ2, ξ3] = ∓2ξ6, [ξ2, ξ4] = 0, [ξ2, ξ5] = −2ξ3, [ξ2, ξ6] = 0.
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The algebra of isometries is nilpotent, containing the maximal abelian ideal of the
third order. Thus, it corresponds to the algebra of type 21 from the classification
of Morozov [32] (see also [27]). �

Things get more complicated if we consider Walker metrics on the Lie group G4.

Example 3. First, let us consider the metric g0
2 . The algebra of Killing vector

fields is spanned by

ξ1 =
∂

∂z
, ξ4 = ∓(z + 1)w

∂

∂x
± z ∂

∂y
+

∂

∂w
,

ξ2 =
∂

∂x
, ξ5 = −e−z ∂

∂y
,

ξ3 = −w ∂

∂x
+

∂

∂y
, ξ6 = −ez(y ± w)

∂

∂x
−
(

1∓ 1

2

)
ez

∂

∂y
+ ez

∂

∂w
.

It is an easy calculation to show that the algebra of isometries is solvable and it
contains the maximal nilpotent ideal generated by vectors {ξ2, ξ3, ξ4, ξ5, ξ6}. This
ideal is isomorphic to g5,4, therefore we observe that the algebra of isometries is
isomorphic to g6,84 (from the the classification of Mubarakzjanov [33]). �

Example 4. In the case of the metric g±λ2 , the Killing vectors have the form

ξ1 =

(
∓6λw − 3yz2 +

3

4
z4 − 2z3

)
∂

∂x
∓ 3λz(z − 2)

∂

∂y
+ z3 ∂

∂w
,

ξ2 =
1

3
z
(
−6y + 2z2 − 3z

) ∂

∂x
∓ 2λ(z − 1)

∂

∂y
+ z2 ∂

∂w
,

ξ3 =

(
−y +

1

2
z2

)
∂

∂x
∓ λ ∂

∂y
+ z

∂

∂w
,

ξ4 =
∂

∂w
, ξ5 = w

∂

∂x
− ∂

∂y
+

∂

∂z
, ξ6 =

∂

∂x
.

Thus the algebra of isometries is 6-dimensional and the subalgebra spanned by
{ξ3, ξ4, ξ5, ξ6} is 3-step nilpotent.

After an appropriate change of basis vectors, we can see that the algebra of
isometries is exactly the algebra from Example 2. �

Example 5. Finally, we discuss the metrics g+λ
1 and g−λ1 (for λ 6= 1).

For convenience, set µ = 1
1±λ . Note that 0 < µ < 1 for every λ > 0 in the case

of the metric g+λ
1 , while in the case of g−λ1 two possibilities may occur: µ > 1 for

0 < λ < 1 and µ < 0 for λ > 1.
After a long but straightforward calculation, we obtain 6-dimensional algebras

of Killing vector fields:

ξ3 = (w − y)
∂

∂x
− 1

µ

∂

∂y
+ z

∂

∂w
, ξ5 =

∂

∂w
,

ξ4 =
∂

∂x
, ξ6 =

∂

∂z
,
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where

ξ1 = ez
√
µ

(
−y√µ ∂

∂x
+
µ−√µ

µ

∂

∂y
+

∂

∂w

)
,

ξ2 = e−z
√
µ

(
y
√
µ
∂

∂x
+
µ+
√
µ

µ

∂

∂y
+

∂

∂w

)
,

when µ > 0, and

ξ1 = µy sin(z
√
−µ)

∂

∂x
+ (sin(z

√
−µ)−

√
−µ cos(z

√
−µ))

∂

∂y

−
√
−µ cos(z

√
−µ)

∂

∂w
,

ξ2 = −µy cos(z
√
−µ)

∂

∂x
− (cos(z

√
−µ) +

√
−µ sin(z

√
−µ))

∂

∂y

−
√
−µ sin(z

√
−µ)

∂

∂w
,

when µ < 0.
In both cases {ξ3, ξ4, ξ5, ξ6} generate the algebra of left translations and {ξ1, ξ2}

form an algebra isomorphic to R2.
The algebra of Killing vector fields for g+λ

1 and g−λ1 (for λ 6= 1) is solvable,
containing the maximal nilpotent ideal of dimension five and it is isomorphic to
the algebra g6,84 (see [33]). �

The preceding examples and Remark 4.1 directly imply:

Lemma 4.1. (a) If the center of the Lie group H3 × R is degenerate and H3 ×
R is non-flat, then the corresponding algebra of isometries is 6-dimensional and
isomorphic to the algebra listed in the table below.

(b) If the Lie group G4 is non-flat with degenerate center, then the corresponding
algebra of isometries is either 4-dimensional, generated by the left translations (in
the case of gA, c = 0) or it is 6-dimensional and isomorphic to one of the algebras
presented in Table 7.

Corollary 4.1. For any left invariant metric the following inequality holds:

dim I(H3 × R) > dim(H3 × R).

This does not hold for the Lie group G4.

Corollary 4.2. If the center of a 4-dimensional nilpotent Lie group N is degenerate

and N is non-flat, then dim Õ(N) ≤ 2. The equality holds for all metrics except

the metric gA (for c = 0) on the Lie group G4, when Õ(N) is discrete.
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group metric algebra of isometries nilpotent/

solvable

G4 g+λ
1 [e2, e4] = e1, [e3, e5] = e1, solvable

g−λ1 (λ 6= 1) [e2, e6] = e2, [e4, e6] = −e4, [e5, e6] = e3

g±λ2 [e1, e2] = e3, [e1, e5] = e6, nilpotent

[e2, e3] = e4, [e2, e4] = e5, [e3, e4] = e6

g0
2 [e2, e4] = e1, [e3, e5] = e1, solvable

[e2, e6] = e2, [e4, e6] = −e4, [e5, e6] = e3

H3 × R g±02 [e1, e2] = e3, [e1, e5] = e6, nilpotent

[e2, e3] = e4, [e2, e4] = e5, [e3, e4] = e6

Table 7. Isometry algebras for Walker metrics
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[5] D. E. Blair, J. Davidov, O. Muškarov, Isotropic Kähler hyperbolic twistor spaces, J. Geom.
Phys. 52, (2004), 74–88. MR 2085664.
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[13] G. de Rham, Sur la réductibilité d’un espace de Riemann, Comment. Math. Helv. 26 (1952),

328–344. MR 0052177.

[14] P. Eberlein, Geometry of 2-step nilpotent groups with a left invariant metric, Ann. Sci. École
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l’Académie royale des sciences et belles-lettres de Berlin, 1779.

[26] J. Lauret, Homogeneous nilmanifolds of dimensions 3 and 4, Geom. Dedicata 68 (1997),

145–155. MR 1484561.
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