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SINGULAR INTEGRAL OPERATORS, JOHN-NIRENBERG
INEQUALITIES AND TRIEBEL-LIZORKIN TYPE SPACES
ON WEIGHTED LEBESGUE SPACES WITH
VARIABLE EXPONENTS

KWOK-PUN HO

ABSTRACT. We establish the boundedness of singular integral operators, the
Fefferman—Stein inequality and the John—Nirenberg inequalities on weighted
Lebesgue spaces with variable exponents by using the extrapolation theo-
rem. Moreover, as a consequence of the extrapolation theorem, we have the
Fefferman—Stein vector-valued inequalities on weighted Lebesgue spaces, and
hence we use it to study the weighted Triebel-Lizorkin spaces with variable
exponent.

1. INTRODUCTION

In this paper we aim to extend several important results in harmonic analy-
sis, such as the boundedness of singular integral operators, the Fefferman—Stein
inequality and the John—Nirenberg inequalities to weighted Lebesgue spaces with
variable exponents.

As shown in [3], the method of extrapolation is a powerful tool to extend results
from weighted inequality to Lebesgue spaces with variable exponents. Therefore, we
use the method of extrapolation to establish the above mentioned results. Roughly
speaking, we extend the extrapolation theorem to those weighted Lebesgue spaces
with variable exponents Lﬂ(') for which the Hardy-Littlewood maximal operator is
bounded on Lf,('). The reader is referred to Definition of the weighted Lebesgue
spaces with variable exponents Lﬁ(').

We apply the extrapolation theorem for the weighted Lebesgue spaces with
variable exponents to study the boundedness of singular integral operators, the
Fefferman—Stein inequality and the John—Nirenberg inequalities on Lf,(').

We use this John—Nirenberg inequality to establish the characterizations of the
function space of bounded mean oscillation BMO via the weighted Lebesgue spaces
with variable exponents. Furthermore, the extrapolation theorem also yields the
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86 KWOK-PUN HO

Fefferman—Stein vector-valued maximal inequality, which is used to study weighted
Triebel-Lizorkin spaces with variable exponents.

This paper is organized as follows. The precise definitions of the classes of
weight functions and the corresponding Lebesgue spaces with variable exponents
are given in Section [2] The extrapolation theorem for weighted Lebesgue spaces
with variable exponents is presented and proved in Section [3]

The boundedness of singular integral operators, the Fefferman—Stein inequality
and the John—Nirenberg inequalities for weighted Lebesgue spaces with variable
exponents are obtained in Section [d] In addition, we also establish the character-
ization of BMO in terms of weighted Lebesgue spaces with variable exponents in
Section [} Finally, we study the weighted Triebel-Lizorkin spaces with variable
exponents in Section [f]

2. WEIGHTED LEBESGUE SPACES WITH VARIABLE EXPONENTS

Let B(z,7) = {x € R" : |x — 2| < r} denote the open ball with center z € R"
and radius r > 0. Let B = {B(z,7) : z € R, r > 0}.

We begin with the definition of the well known Muckenhoupt class of weight
functions.

Definition 2.1. For 1 < p < oo, a locally integrable function w : R” — [0, 00) is
said to be an A, weight if

P

la, = g (137 [, ) (17 [ o e <o

where p’ = p%l. A locally integrable function w : R™ — [0, 00) is said to be an A;
weight if

1
Im/ w(y)dy < Cw(z), ae z€B
B

for some constant C' > 0. The infimum of all such C is denoted by [w]4,. We define
Ay = UpzlAP'

For any Lebesgue measurable set £ and w € A, write w(E) = [, w(x)dz.
We recall the definition of Lebesgue spaces with variable exponents and some of
theirs properties. For any Lebesgue measurable function p(-) : R" — (0, 00), define

p— =essinf{p(z) : x € R"} and py =esssup{p(z):z € R"}.

Definition 2.2. Let p(-) : R™ — (0,00) be a Lebesgue measurable function. The
Lebesgue space with variable exponent LP() consists of all Lebesgue measurable
functions f : R” — C satisfying

[flleer =inf {A >0 p(|f(2)[/A) < 1} < o0,
where

o) = [ 15

We call p(z) the exponent function of LP().
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SINGULAR INTEGRAL OPERATORS 87

1
—— = 1.
P’ ()
We use the weight functions introduced in [4, Definition 1.4]. This is the class of
weight functions for which the Hardy—Littlewood maximal operator is bounded on

the corresponding Lebesgue space with variable exponent (see [4, Theorem 1.5]).

For any p : R™ — [1, 00), the conjugate function p’ is defined by ﬁ +

Definition 2.3. Let p(:) : R" — [1,00) be a Lebesgue measurable function. A lo-
cally integrable function w : R™ — (0, 00) belongs to Ay if there exists a constant
C' > 0 such that

lwxsl oo lw™ X8l L) < C|B|, VB E€EB.

According to the above definition, if p(-) = p, 1 < p < 00, is a constant function
and w € Ay, then WP € A,,.
Furthermore, whenever w € A, wlte Apr(y-

Definition 2.4. Let p(-) : R® — [1,00) be a Lebesgue measurable function and

w € Ap(.)- The Lebesgue space with variable exponent Lﬁ(') consists of all Lebesgue

measurable functions f : R™ — C satisfying
11l per = Ifwllpoe) < oo

The function space L) is defined in [6, 7] for the study of weighted norm
inequalities of the Hardy-Littlewood maximal operator on Lebesgue spaces with
variable exponents.

Notice that Lf,(') is not necessarily a Banach function space with respect to the
Lebesgue measure. Particularly, when p(-) = p, 1 < p < oo, for any unbounded
Lebesgue measurable E with |E| < oo, ||XE||LZ<') is not necessarily finite. For the
definition of Banach function spaces, the reader is referred to [7, Section 2.10.3].

Thus, the extrapolation theorem given in [5, Theorem 4.6] for Banach function

spaces with respect to Lebesgue measure cannot directly apply to Lg('). On the
other hand, we follow the idea from [5] to obtain our extrapolation for 2§
Theorem [3.41

The following is the Holder inequality for the pair L2 and L? O,

n

Lemma 2.1. Let p(-) : R™ — [1,00) be a Lebesgue measurable function and w €
Apy- We have

[ 17@gte)ide < ISl o gl
for some C > 0.

The proof of the above lemma follows easily from the definition of Lf,(') and the
Holder inequality for LPO) ([7, Theorem 2.26], [8, Lemma 3.2.20]), hence we leave
it to the reader.

Next, we have the norm conjugate formula for Lf,(').

Proposition 2.2. Let p(-) : R™ — [1,00) be a Lebesgue measurable function and
w € Apy. We have

£l o0) = sup [f(z)g(z)|dz : g € L2Y), |lgll, vy < 1%
w L” 2]
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88 KWOK-PUN HO

The proof of the preceding proposition follows from the proof of the norm con-
jugate formula for LP() ([7, Proposition 2.37], [8, Corollary 3.2.14]), so for brevity
we skip it.

3. EXTRAPOLATIONS

We recall the well known log-Holder continuity condition used in the variable
exponent function spaces.

Definition 3.1. Let p(-) : R™ — [1,00) be a Lebesgue measurable function. We
say that p(-) satisfies the log-Holder continuity condition if

C
p(z) —pW)| < ————, Vo,y eR", o —y[<1/2
—log|z —y|
for some C' > 0. We say that p(-) satisfies the log-Holder continuity condition at

infinity if there exists a 1 < py, < oo such that
C

<—— _ VzeR"
S logle+ o)

P(%) = Poo|

for some C' > 0.
We write p € LH if p(-) satisfies the log-Holder continuity condition and the
log-Hélder continuity condition at infinity.

In view of [6l Theorem 1.5], we have the subsequent boundedness result for the

Hardy—Littlewood maximal operator on Lf,(').

Theorem 3.1. Let p € LH with 1 < p_ < py < oo. Then the Hardy-Littlewood
mazximal operator M is bounded on ) if and only if w € Ay.

As stated in Section |1} we present the extrapolation theorem for Lf,('). We now
state the classes of weight function corresponding to this extrapolation theorem.
The definitions of these classes of weight function are modified from [8, Definition
4.4.6].

We begin with the definition of the averaging operators To. For any family of
pairwise disjoint open bounded sets O = {O}, write

1
(Tof)(x) = ()= [ [f(y)|dy.
o O%;Qxa |O/o y)| dy

Definition 3.2. Let p(-) : R™ — [1,00) be a Lebesgue measurable function. For
any locally integrable function w : R™ — (0,00), we write w € A,y if there exists
a constant C' > 0 such that for any family of pairwise disjoint open bounded sets
O = {0}, we have
1To fll pper < ClFIl oo (3.1)
We call the smallest C' for which (3.1)) holds the A-constant of p(z,t) = (tw)?®),
In view of [, Theorem 4.5.7, Lemma 5.8.2 and (5.8.3)], w € Ay if and only if

Ixellpzolixell ) = 1€ (3.2)
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SINGULAR INTEGRAL OPERATORS 89

uniformly for all cubes Q C R™.
According to [8, Lemma 5.2.2], we have

wE Ap(.) swle Ap/(i). (3.3)
The set A, also gives a characterization for the boundedness of the Hardy—

Littlewood maximal operator on Lf,('). We have the following result from [8, Lemma
5.8.2 and Theorem 5.8.6].

Theorem 3.2. Let p € LH with 1 < p_ < py < co. Then the Hardy-Littlewood
mazximal operator M is bounded on Lf)(') if and only if w € Ap(.y.

In view of the above theorem, we have w € A,y whenever M is bounded on

Lﬁ('). There are some known results on the boundedness of the maximal operator
on Lf,('). For instance, the power weights, w(z) = |z|*, a € R, were considered
in [2I]. For a more detailed discussion on this issue, the reader is referred to [7l
p. 188] and the references given there.

Thus, by Theorems [3.1] and when p € LH with 1 < p_ < py < oo, we
obtain

Ap() = Ap()-

The set A,y has a crucial property—the left-openness property. We present the
left-openness property for the class A, in the following. It almost immediately
follows from [8, Theorem 5.4.15]. The main obstacle is that, using the terminol-
ogy from [8, Definition 2.7.8], the function ¢(z,t) = (tw(z))P®) is not necessarily
proper. Precisely, the set of simple functions does not necessarily belong to Lf,(‘).

Theorem 3.3. Let p(-) : R" — (1,00) with 1 <p_ <py <oco. Ifw e Ay, then
there exists a so € (0,1) such that for any s > so, we have w'/* € Asp()-

Proof. We overcome the above mentioned difficulty by considering the family of
functions {¢g : R > 0}, where

(tw(z))P®) 2 € B(0,R)

Pr(@,1) = {o, z € R"\B(0, R).

The function g is proper with respect to [8, Definition 2.7.8]. Furthermore, ac-

cording to [8, Definition 2.6.1], the conjugate function of pg is given by
. (t/w(x))? @z e B(0,R)
@R(xﬂ t) = n
0, z € R"\B(0, R),

where p/(+) is the conjugate function of p(-).
Thus, the A-constant of ¢ and the Aj-constant of % (see [8, Definition 2.4.1]
for the definition of Aj-constant) are independent of R > 0. Write

(2) = w(x), x € B(0,R)
YR N0, 2 e RMB(O,R).
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Therefore, in view of [8, Theorem 5.4.15], there exists a so which depends on the

A-constant of o and the Ag-constant of p¥, such that for any s > so, w]l%/s € Agp(-
That is, we have a constant Cy > 0 such that for any R > 0, for any family of

pairwise disjoint open bounded sets O = {O} and f € LY with supp f C B(0, R)

|To f] L) < Col| f] Lo (3.4)
Since Tp is a positive operator and fr = fxpo,r) T f, (3.4) is valid for any
fe Lfﬁ(/) Thus, according to Definition wl/s e Asp(y- O

The left-openness property and are the essential features to establish the
extrapolation theorem for L2,

To precisely state the extrapolation theory for Lg('), we follow a common practice
used in extrapolation theory.

Let 1 < p,qg < oo. Let F denote a family of ordered pairs of non-negative,
Lebesgue measurable functions (f, g). We say that the inequality

f(@)Pw(x)de < C | g(x)Pw(x)dx (3.5)
R’!L R’!L

holds for any (f,g) € F and w € A, if (3.5)) is valid for any pair in F such that the
left-hand side is finite and the constant C' depends only on p and [w]4, .

The proof of the subsequent extrapolation theory of Lg(') follows from a simple
modification of the classical extrapolation theory [2] [3], B 22] 23] 24]. We present
the proof for the sake of completeness.

Theorem 3.4. Given a family F, suppose that for every wy € A1 we have

(z)Powp(z)dx < C/ g(x)P°wo(x)dx, (f,g) € F, (3.6)

n

R’Vl
where C' depends only on py and [wo) 4, -
Let p € LH with 1 < p_ < py < o0 and w : R® — (0,00) be a Lebesgue
measurable function. If w € Ay(.), then

11l Loy < Cligh Loes- (3.7)
Moreover, for everyr, 1 <r < oo, and (fi,g:), i € N, satisfying (3.6), we have

IS 1r) o < Al(Sar) ™
i€EN « ieN

(3.8)

Lz(-)
for some C > 0.

Proof. The left-openness property of the class Ay, Theorem yields a sg €
(0,1) such that for any s > so,

wl/s e .Asp(‘). (3.9)

For any fixed max(so,1/p_) < s1 < 1, define ¢(-) = s1p(-). We have ¢ € LH
and 1 < g_ < gy < 0o. Consequently, (3.3)) and (3.9) guarantee that

u=w " e Aq/(‘). (3.10)
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SINGULAR INTEGRAL OPERATORS 91

Then, we apply the Rubio de Francia iteration algorithm presented in [5] to obtain
our result.

Without loss of generality, we assume that f is non-negative. It suffices to prove
as the proof of is similar, see [0, Corollary 3.12]. For any non-negative
function h, define

Rh(z) = Z M

2 M

We have the following properties for the operator R:
h(z) < Rh(z), (3.11)
IRAN o) < 2[R 0 (3.12)
[Rhla, < 2IM] 00 (3.13)

The proof of (3.11) is straightforward. The properties (3.12)) and (3.13) are
consequences of the boundedness of the Hardy—Littlewood maximal operator on
L ('), which is guaranteed by (3.10) and the fact that ¢ € LH with 1 < ¢_ < ¢4 <
00.
The standard extrapolation for Lebesgue spaces [B, Theorem 3.9] asserts that,
for any w € Ay,

(;v)l/slw(x) de < C g(x)l/slw(x) dx. (3.14)
R™ R™
Proposition [2:2] yields
1/81 s
1715 = 154 o,

< Csup{ f(@)* h(z)dz - h € Li/('), h>0ae. ,|[hll o0 < 1} (3.15)
R™ u

for some C' > 0 because f is non-negative. For any fixed non-negative h € L, (‘),

assures that
[ s@" @ < [ @) R @) de
Lemma and give
[ 5@)Y R @) de < O s IRA g

1
< OIS IRy < o

Lf,(')
In view of (3.13), Rh € A;. Thus, (3.14) guarantees that
@) h(w) da < / 9(@)/* (R)(x) da (3.16)
RTL n
s 1/s
< Cllg"/* a0 IRAI e < Clall
for some C' > 0 independent of h. Thus, (3.15)) and (3.16)) yield (3.7). O
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In the following sections, we present several applications of the above extrap-
olation theorems. More precisely, we study the singular integral and the John-—

Nirenberg inequalities on Lf,('). We also introduce and study the weighted Triebel—
Lizorkin spaces with variable exponents by using Theorem [3.4]

4. SINGULAR INTEGRAL OPERATORS AND JOHN—NIRENBERG INEQUALITIES

We first present the applications of Theorem [3.4] to the boundedness of the
singular integral operators and the Fefferman—Stein inequality on Lﬁ('). Next, we
use Theorem to obtain the John—Nirenberg inequalities on Lﬁ(') and study the
Triebel-Lizorkin type space associated with Lf,(').

We start with the boundedness of singular integral operators on LZ('). Let K
be a locally integrable function defined on R™\{0}. Assume that K satisfies

C C
K@l s e VK@) < gy @70, (4.1)

and the Fourier transform of K is bounded.
For any K satisfying the above conditions, let Tf(x) = K * f(x). For any
1<p<ooandwe A, we have

/ Tf@)Pela)dr < C [ |fa@)Pute) . (4.2)

For the proof of the above celebrated result the reader may consult [10] 25].
Applying Theoremto (4.2), we establish the boundedness of singular integral

operators on LEO).

Corollary 4.1. Let p € LH with 1 <p_ <py < oo andw € Ap.). Let K be a
locally integrable function defined on R™\{0}. If K satisfies (4.1), then the singular

integral operator Tf = K x f is bounded from Lﬁ(') to LEV).

We also have the boundedness result for the sharp maximal operator. For any
Lebesgue measurable function f, the sharp maximal operator of f is defined by

M?f(x) = sup |—;| /B F(y) — foldy,

z>B

where the supreme is taken over all B € B including = and

1
=13 /B f() dy.

The well known Fefferman—Stein inequality states that for any 0 < p < oo and
w € Ay, we have

n

M f(x)Pw(x)dx < C’/ M* f(x)Pw(z) de.
RTL

Theorem extends the Fefferman—Stein inequality to Lf,(‘).
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SINGULAR INTEGRAL OPERATORS 93

Corollary 4.2. Let 0 < g < oo, p€ LH with1 <p_ <py <00 andw € Ay).
Then

1M 1)l s < CHAEL) ] o

We consider the Hardy—Littlewood maximal operator. A remarkable result for
the Hardy—Littlewood maximal operator is the weighted inequality. For 1 < p < oo,
w € Ay, we have

M f(z)Pw(z)de < C f(z)Pw(x) dz.
R R™

Thus, Theorem and the fact A; C A, yield the weighted Fefferman-Stein
vector-valued inequality on Lebesgue spaces with variable exponents.

Corollary 4.3. Let 1 <r <oo,p € LH with1 <p_ <p; < oo andw € Ay).

Then X .
()|, <el (S i)™
i€N “ i€N

When p(+) is a constant function, the above inequality becomes the weighted
vector-valued maximal inequality obtained in [IJ.

Next, we present another application of Theorem We extend the John-—
Nirenberg inequalities to Lf,('). The classical John—Nirenberg inequality [I1, The-
orem 7.1.6] states that for any v > 0 and any B € B,

Cavy
{x € B:|f(x) — f| >~} < Cye Tiemo |B|, f & BMO\C,

where C denotes the set of constant functions and C7, Cy > 0 are independent of f
and 7.

The John—Nirenberg inequalities had been generalized to some other function
spaces such as the weighted Lebesgue spaces [I5] and the Lebesgue space with
variable exponents [I§].

In particular, [I5, (3.2)] gives the weighted John-Nirenberg inequalities. For
any w € Ao, there exist constants Cy,Cy > 0 such that for any B € B

Covy
/X{yEB:|f(y)ffB|>~/}(x)w(z) dz < Cye” TTeumo /XB(ZU)W(%“) dr, f e BMO\C,

where C depends on [w]4__ and n only.

oo

Since [w]a,, < [w]a, and || xE]|

1
() = ||XEH2p<-) for any bounded Lebesgue mea-
1/5s o

surable set E, Theorem [3.4] establishes the following John—Nirenberg inequalities
on weighted Lebesgue spaces with variable exponents.

Theorem 4.4. Let p € LH with1 < p_ < py < o0 and w : R" — (0,00) be a
Lebesgue measurable function. If w € Ay, then for any v >0 and any B € B,

__Ca2v
IXtweB: f@)~fai>v3 per < Cre TTevo gl per,  f € BMO\C,
where C1,Cy > 0 are independent of f and .
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Theorem [£.4] extends the John—Nirenberg inequalities on Lebesgue spaces with
variable exponents established in [18] to L,

With the John—Nirenberg inequalities on Lﬁ('), we can obtain the characteriza-
tions of BMO in terms of Lf,('). Thus, we recall the definition of BMO. A locally
integrable function f belongs to BMO if

| fllBMO = sup ICf = fB)xslle <o
BEB IxBllL:

For any p € LH and w € Ay(.), write
I(f = FB)xBl 20

IxBllze

I£llzvo0, ) = sup

As a consequence of the John—Nirenberg inequalities, we have the characteriza-
tions of BMO in terms of Lﬁ(')

Corollary 4.5. Let p € LH with 1 < p_ < py < 00 and w : R" — (0,00) be

a Lebesgue measurable function. If w € Ay, then the norms || - |lsmo ., and
Lw
Il - IBmo are mutually equivalent.
Proof. Lemma assures that for any f € BMO and B € B,
1 1
— — < — — . R
|B|||(f fe)xelln < \B|”(f fB)XB||L£<)||XB||L5£1>
Consequently, (3.2) yields
||(f_fB)XB||L1 < C”(f_fB)XB“Lf,(') (4 3)
B = Tl '
for some C' > 0. By taking supremum over all B € B, we have
[ — fe)xsll
I fllsmo = sup W = FB)xBller
BeB |B|
1(f = fe)xsll o
< Csup Lo = Ol fllBpo o)
BeB ||XBHL5(-> L

For the reverse inequality, we find that for any f € BMO and B € B,

oo
1(f = FB)xBl 20 < lIXBll 20 + Z2k+1||X{a:eB:2k<|f(a:)—fB\gzkﬂ}||Lg<->-
k=0

Theorem [£.4] guarantees that

o0 _ 012k+1
I(f = fe)xall o0 < Ixsllpo +C Y 28 e Tleno ||y gl oo -
Lr L Ly
k=0
Since

22k+1 ||f”BMO < C/ exp \f|| )dS < C| fllsmo,
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e bt I = fo)xsl
— JB)XBIlr®
B < O fllBmo
IxBll Lz
for some C' > 0 independent of B € B and f € BMO. By taking supremum over
B € B, we have ||fHL5(.> < C|fllsmo- O

For the characterizations of BMO via Banach function spaces, the reader is
referred to [I3} [16]. The characterization of BMO can be further extended to
vector-valued mean oscillation characterization, see [19].

5. WEIGHTED TRIEBEL—LIZORKIN SPACES WITH VARIABLE EXPONENTS

Finally, we introduce the weighted Triebel-Lizorkin space with variable exponent
F:zg)‘ We also establish the smooth atomic decomposition for F (‘)Iw.

Let S(R™) and S’'(R™) be the classes of tempered functions and Schwartz distri-
butions, respectively. Let P be the class of polynomials on R™.

We first state the definition of F (‘fw

Definition 5.1. Let a € R, 0 < ¢ < oo, p(-) € LH and w € Ap.. The

weighted Triebel-Lizorkin space with variable exponent F a((i consists of those
f € §'(R™)/P satistying

j o 1/

£l = | (@i

JEL

< 00, (5.1)

where ¢;(x) = 2/"p(272) and ¢ € S(R™) is a real-valued function satisfying
suppp € {w € R":1/2 <[z <2} and [@(§)| 2 C, 3/5<|z|<5/3, (5.2)
for some C' > 0.

The weighted Triebel-Lizorkin space with variable exponents include the weighted
Triebel-Lizorkin spaces [9, p. 124] and the variable Triebel-Lizorkin spaces [27].
The definition of F (73 involves the function ¢, therefore, to show that Fpo‘('i

is well defined, we have to show that the space Fpa(_) ., 18 independent of the func-

tion ¢ in Definition We follow the idea given in [9, Theorem 2.2] and [I4]
Theorem 3.1].

The study of weighted function spaces has several extensions. For instance, we
have the atomic decomposition for weighted Hardy spaces with variable exponents,
see [20]. In [I7], we have a study of the vector-valued singular integral operators on
weighted Morrey spaces with variable exponents; some applications of this study on
the Triebel-Lizorkin-Morrey spaces with variable exponents are given there also.

We recall some notations introduced in [9] before we give the statement and
proof of the well definition of the weighted Triebel-Lizorkin space with variable
exponent.

Let Q = {Qix :i € Z, k € Z™} denote the set of dyadic cubes, where @Q; =
{(x1,...,2p) ER" 1 kj < 2'x; <kj+1,j=1,...,n} and k = (ky1,...,k,). We
denote the Lebesgue measure of @ € Q by |Q| and the side length of @ by I(Q).
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The -1 transforms consist of two linear operators S, and T, generated by a
pair of functions ¢, ¥ € S(R™) satisfying (5.2 and

> e@IONEE) =1, ¢#0. (5.3)
JEL
Define ¢, (z) = 2"p(2"2), ¢ () = 2" (2"x) and pg(x) = |Q|™/?p(2"z — k),
vo(w) = QI *¢(2" e — k), v € Z, k € Z" and Q = Qu.
For any f € S'(R™)/P and for any complex-valued sequence s = {sg}geg, we
define

Se(f) ={(Sefataece = {(f.va)tgee and Ty(s ZSQ¢Q

It is well known that Ty oS, = id in S'(R™)/P (see [12], Theorem 6.1).
In order to study the mapping properties of the - transforms, we need the
following sequence spaces.

Definition 5.2. Let « € R, 0 < ¢ < 00, p(-) € LH and w € Ap(.y. The sequence
space f;‘(‘g ., is the collection of all complex-valued sequences s = {sg}geco such
that

—a/n c 1/
sl e = |02 QI Isql%@)?) |
’ QeQ

120 < 00,

where Yo = |Q|7"/?x0.

We need some supporting results to establish the well definition of the weighted
Triebel-Lizorkin space with variable exponent.
For 0 < a <1 and any locally integrable function g, define the operator M, as

M. (g) = [M(lg|*))] "

Proposition 5.1. Let p(-) € LH and w € Apy. For any 0 < a < p_, we have

] (3, £7) 2 S 1)

JEN jEN
for some C > 0 independent of {f;}ien-

o (5.4)

L

<o

e

Proof. We find that

‘ > IM, fif1)

jeN

Write p(-) = p(-)/a. Thus, p € LH with 1 < p_ < p; < oo. We are allowed to
apply Corollary [£.3] and conclude that

1/q layg/a a/q e
(2 1M fif?) <A™

JEN JEN

1/a

(S (M fi|ya/e)e/e

JjEN

5(‘) ‘ Li(a')/a

- H(%w)”q
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The above proposition is used to overcome the possibility that p_ = 1.
The subsequent lemma offers the connection between the Hardy-Littlewood
maximal operator and the operator S,.

Lemma 5.2. For any 0 < a < 1, we have
Yo 1QITVEMSNalxa(r) < CMa(2% (6% f)) (),
@l=2-n
where ¢(x) = p(—x).
Proof. The definition of S, yields
QI72I(Sefal < sup |5+ £ (y)].
yeQ
Let F(x) = (¢ f)(277z). The above inequality ensures that
Yoo lQITVEYMS elxel@) £ Y 2 sup g f(y)xe(@)
jQl=2-s jQl=z—m €9

< sup {14 Y[])THN(F(2 (z — 2)))|(1+ 2|27}
EEV

for any L > 0. Since supp F' C {£ € R" : 1/2 < |¢| < 2}, the results in [26] Sections
1.4.1 and 1.4.2] lead to

SISy Helxe()

j@l=2-n
. Jjo J o
<C sup (1+22)°F { sup W}
2| <y/m2-i sern  (1+]2))
< CMo(2°F)(273) = CMa(27°(  f)) ()
for some constant C' > 0. O

As shown in the proof of [9, Theorem 2.2], to prove the boundedness of Ty,
for any sequence {sq}qeo we need to consider the sequence s3 , = {(s3)5}qeco;
i € Z and X > n, defined as

-
* |mQ - xPl
(0= 3 el (14 e IR )
H(Pr—p—s max(1(Q),l(P))
Similar to the previous Lemma, we have an estimate of s3 . by Mg. That estimate
is given by [9, Lemma A.2 and Remark A.3].

Lemma 5.3. Let v,u € Z and 0 < a < 1. If L > n/a, we have
S 1T < CluraM, (Y P spln).
(Q)=27~ [(P)=2—#

where

c2v—mlatsz) if pw—v<o0;
Cp,v,a) = Nn_oan )
C2=v)(G—at3)  4if w—v >0,
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for some constant C > 0.
We are now ready to state and prove the main result of this section.

Theorem 5.4. Let « € R, 0 < ¢ < oo, p(-) € LH and w € Apy.y. The
Triebel-Lizorkin space associated with weighted Lebesgue s with variable ex-

ponent F;(’g . 18 independent of the function ¢ in Definition . Furthermore, the

operators S, F&i‘iw — f;y(’_q))w and Ty f;(’g’w — F;(it)l,w are bounded. Moreover,
we have constants Cy > Cy > 0 such that for any f € Fs(’g’w,
Callfllsms < ISo(jma_ < CillFllpme - (5:5)
Proof. Let ¢ € S(R™) satisfy (5.2). We show that
||{(S<pf)Q}QHf§(=gM < ||fHF;(vgyw(¢;)a (5.6)

where || - || Bt () denotes the quasi-norm in (5.1]) generated by the given function
p(:),w

¢. Notice that the boundedness of S, will be proved once we ensure that the space

F%? is independent of the choices of ¢.

p(),w
Lemma [5.2] indicates that

1/q
e Nadellzzy, = | ( 0@ 728, Nalxe(e))
' QeQ

< c‘ (S (Ma(29215 5 f1))7)

jez

Proposition [5.1| asserts that [[{(Spf)otellfes < Cllfllpes (4
p(-),w p(),w\P

Next, we consider the boundedness of T'.

Suppose that s = {sq}, f = Tys = >} 5sq¥g and z € @* C Q C Q™
where @, @ and Q™ are dyadic cubes with |Q*] = 27" |Q| = 27 and
Q| =2 ez

Let 0 < a < min(1,¢q) and A > n/a. For any family ¢ and v satisfying (5.2)) and
(5.3) we have

% F(@)] < CIQITY2 (5057 + (50 + (53052 ) -
For the proof of the above inequality, see [9, p. 50]. Consequently, we obtain

Jj+1
ITusll s o) SC (D0 D lsialljoe

JEZI=5—1
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By applying Proposition [5.1] and Lemma [5.3| with 4= j and v = j — 1, 4,5 + 1,
respectively, to each term of the right-hand side, we have

] 1/q
Tyl oa (¢)<CH< (Ma( Y 2m(|8PI>~<P)))q>

JEL |P|=2-in

<c

. ) .
(D@ (splxr))?) /a = COlsll o
Lo ()

PeQ

Next, we show the independence of the choice of ¢ in the definition of F* (. ) , and
the equivalence of the quasi-norms, ||- ||Fo< ¢ and |- HFO‘<‘§ () Suppose that ¢ Lyt
I = 1,2, are functions that satisfy the condltlons and (5.3]). Therefore,

1£lms oy = HZ s Fovd

< Cl[(Se2f)ql
by the boundedness of T¢2 and (5.6). By taking ¢! = ¢?, we assert that

B e

F
p(-)w
g = CMllegs Lo

1Hf||Fw o) Sl (5
Reversing the roles of ¢! and ¢!, we find that
Cil|\f||pg(vg,w(¢1) < fllos or):
The above inequalities guarantee that
C M lpms oy S Wlims gy < i lgms ()
Therefore, the definition of the Littlewood—Paley space is independent of ¢ €

So(R™) satisfying (5.2]).

Moreover, we have the equivalence of the quasi-norms || - || Foos and || || Bt ()
pi),w

and the boundedness of S, and Ty on > i ) ., and fod () respectively.
The inequalities (5.5| follow from the boundedness of S, T, and the fact that
Ty oS, =id. O

When w =1, Fp(7‘)1 reduces to the variable Triebel-Lizorkin spaces studied in
[27].

In addition, as stated in [I4], the Fefferman—Stein vector-valued maximal in-
equality on Lf,(') guarantees the validity of the smooth atomic decompositions of
Fa’q

p(),w”
We now recall the definition of smooth atom for F () . For each dyadic cube

Q, ag is a smooth N-atom for Fp(y-),w N e N, if it satisfies

/x”aQ(x) dr =0 for |y| < N,yeZl,

supp ag C 3Q,
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and, for v € Z7,
0 ag(x)| < C, Q|72 1I/m,

Theorem 5.5 (Smooth atomic decomposition). Leta € R, 0 < ¢ < oo, p(-) € LH

andw € Ayy. If f e ;‘(’_‘)Iw, then there exist a sequence, s = {sq}q € f:‘(’g s and

smooth N-atoms, {aq}, such that f =3, sqaq and ||8||f"0(,r§ < C\|f||Fa(,§ for
() ()

some constant C > 0.

Proof. According to Lemma for any f € S'(R")/P we have f = }_,co 50aq;
where each aq is a smooth N-atom and the sg satisfy

Yo QYA sl (@) < O Ma(27(g5 % ) ()
lQ=2-7
for some ¢ € S(R™) satisfying (5.2]). Thus, the inequality HS”ja(,tg < C’||f||Fa(q) ,

follows from Proposition [5.1

Theorem [5.5] generalizes the smooth atomic decomposition for variable Triebel—
Lizorkin spaces obtained in [28].
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