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ANOTHER PROOF OF CHARACTERIZATION OF BMO VIA
BANACH FUNCTION SPACES

MITSUO IZUKI

ABSTRACT. Our aim is to give a characterization of the BMO norm via Ba-
nach function spaces based on the Rubio de Francia algorithm. Our proof
is different from the one by Ho [Atomic decomposition of Hardy spaces and
characterization of BMO via Banach function spaces, Anal. Math. 38 (2012),
173-185].

1. INTRODUCTION

The BMO space BMO(RR™) is known as the dual space of the Hardy space, and
plays an important role in real analysis. The space BMO(R™) consists of all locally
integrable functions b satisfying that the semi-norm

1
[bllBmo = sup */ |b(x) — bq| dz
Q:cube |Q| Q

is finite, where, for each cube @ C R", |Q)] is its Lebesgue measure and bg is the
mean value of the function b on @, namely

1
bg = |Q/Qb(y) dy.

The definition above tells us that every function b € BMO(R™) has bounded mean
oscillation. The semi-norm ||b||gmo is called the BMO norm. If b € BMO(R"),
then there exist positive constants C7 and Cs such that for all cubes @ and A > 0,

o€ Qo) ~ ol > A} < € Qlewp (-~ ). (L1)
ollBMo

The inequality ([L.1)) is proved by John and Nirenberg in [I1] and implies that the
BMO norm ||b||pmo is equivalent to

1
[bllBMO,, == sup 16 = b@)xellLr@m) (1.2)

Q:cube ||XQ||LP(]R")
for any constant 1 < p < 0o, where x¢ is the characteristic function for Q.
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104 MITSUO IZUKI

The author has considered generalization of the equivalent BMO norm and
proved the following:

(1) (The author, [7]) By using a bounded measurable function p(-) : R" —
[1,00) we generalize the semi-norm (|1.2) to

1
[bllBmo, () = sup

T =b)xllLr) @ny (1.3)
Q:cube ||XQ||LP(~)(R7L)

where the variable Lebesgue norm || f[| o) gny is defined by

p(z)
£l o> @ny = inf {/\ >0 : / @ dx < 1} _

The generalized Lebesgue space Lp(')(]R”) consists of all measurable func-
tions f such that the norm || f[| 1 »()(gn) is finite. If p(-) satisfies 1 < inf p(z)
and the Hardy—Littlewood maximal operator M, defined by

M) = o sl
Q: cubc QB:E |Q‘
is bounded on LP()(R™), then the generalized BMO norm ||b||znmo is

Lp()

equivalent to the classical one ||b||smo-
(2) (The author and Sawano, [9]) If a bounded measurable function p(-) : R* —
[1,00) satisfies 1 < inf p(x) and the log-Holder conditions:

C
Ip(z) —p(Y)| € ——F— forz, y e R, |x —y| < 1/2,
—log(|z — )
lp(x) | < ¢ for z € R"
T) = Poo| L ——— 7
P P log(e + |z|)
for some constants C' and p., independent of x, y, then ||b||gmo is

r(-)
equivalent to ||b||smo- -
(3) (The author, Sawano and Tsutsui, [10]) If a variable exponent p(-) : R® —
[1,00) is bounded and M is of weak type (p(-),p(-)), that is, there exists a

constant C' > 0 such that for all f € LP()(R"™) and all X > 0,
Ixtarsallee gny < C AT F I Loe) gy
then [|bl|gno,,, is equivalent to [[b]smo-

On the other hand, Ho [6] has proved an interesting characterization in the
context of general function spaces including Lebesgue spaces. Given a Banach

function space X equipped with a norm || - || x, we define a generalized BMO norm
[bllemox == sup ——[I(b — bg)xqllx-
Q:cube [IX@llx

If M is bounded on the associate space X', then ||b|gmoy is equivalent to ||b||mo-

We remark that Ho’s result [6] has included the authors’ one [7, [@]. The state-
ments in [7, 9] are deeply depending on Diening’s work [3] on variable exponent
analysis. On the other hand, Ho’s proof is self-contained and obtained as a by-
product of the new results about atomic decomposition introduced in [6].
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In the present paper we give a new proof of the characterization of the BMO
norm initially proved by Ho. We use the Rubio de Francia algorithm [13] 14} [15].

2. PRELIMINARIES

2.1. Banach function spaces. We present the definition of Banach function
space and some fundamental properties of it based on Bennett and Sharpley [I].
For further informations on the theory of Banach function space including the proof
of Lemma [2.1] below we refer to that book.

Definition 2.1. Let M be the set of all complex-valued measurable functions
defined on R™, and X be a linear subspace of M.

(1) The space X is said to be a Banach function space if there exists a func-
tional ||-||x : M — [0, cc] satisfying the following properties: Let f, g, f; €
M (j=1,2,...), then

(a) f € X holds if and only if ||f||x < oco.
(b) Norm property:
(i) Positivity: ||f[x > 0.
(ii) Strict positivity: [|f||x = 0 holds if and only if f(z) = 0 for
almost every z € R".
(iii) Homogeneity: ||Af||x = |A| - ||f]|x holds for all complex num-
bers A.
(iv) Triangle inequality: | + gllx < Ifllx + lgllx-
() Symmetry: ||fllx = IIIflllx-
(d) Lattice property: If 0 < g(z) < f(z) for almost every z € R", then

lgllx < [1flx-
(e) Fatou property: If 0 < f;(x) < fj+1(x) for all j and f;(z) — f(x) as
j — oo for almost every x € R, then lim || f;||x = fl|x.
j—o0

(f) For every measurable set F' C R™ such that |F| < oo, ||xr|/x is finite.
Additionally there exists a constant Cr > 0 depending only on F' such
that for all h € X,

/ h(2)|dz < Crllhllx.
F

(2) Suppose that X is a Banach function space equipped with a norm || - ||x.
The associate space X' is defined by

X' ={feM:|fllx <oo},

where

Il = sup{| [ soata) o

glx < 1}.

Lemma 2.1. Let X be a Banach function space. Then the following hold:

(1) (The Lorentz—Luzemburg theorem.) (X')' = X holds; in particular, the
norms || - ||(xr) and || - || x are equivalent.
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(2) (The generalized Holder inequality.) If f € X and g € X', then we have

[ 11@g@l s < I flxlglx

The usual Lebesgue space LP(R™) with constant exponent 1 < p < oo is an
example of Banach function spaces. Kovacik and Rdkosnik [12] have proved that
the generalized Lebesgue space LP()(R") with variable exponent p(-) is a Banach
function space and the associate space is Lp/(')(R") with norm equivalence, where
p'(+) is the conjugate exponent given by ﬁ + p,—b =1

If we assume some conditions for boundedness of the Hardy-Littlewood maximal
operator M on X, then the norm || - ||x has properties similar to the Muckenhoupt

weights.

Lemma 2.2. Let X be a Banach function space. Suppose that the Hardy—Littlewood
mazimal operator M is weakly bounded on X, that is, there exists a positive con-
stant C' such that

Ixarrsayllx < CATHIFIlx (2.1)
is true for all f € X and A > 0. Then we have
1
sup —[[xqllxlIxqllx < oc. (2.2)
Q:cube |Q|

Proof. The proof is found in the author’s papers [8, Lemmas 2.4 and 2.5] and [10]
Lemmas G’ and H]. For the reader’s convenience we give the self-contained proof.
Take a cube @ and a function f € L{ (R"). Suppose that |f|o > 0. Because

Ifloxo(z) < M(fxg)(z) holds for almost every = € R™, we obtain M (fxg)(z) > A
for almost every x € @), where X := |f|o/2. Hence by assumption (2.1]) we get

[flelixellx < 1flelbxar(rxeo)>aylix
<[flo - CA M/ xellx

=2C||fxqllx-
Therefore we have
1 1
—lxellxlxellx = =7llxallx -Sup{/ lg(z)Ixq(z)dz : g € X, |lgllx < 1}
1Q Q) g Urn

=sup {lglollxellx : g€ X, llgllx <1}
9

<sup{2C|lgxqllx : 9 € X, [lgllx <1}
g

<2C.
O

Remark 2.1. If M is bounded on X, that is, there exists a positive constant C' such
that

IMfllx < Cllfllx
holds for all f € X, then we can easily check that (2.1)) holds. On the other hand,
if M is bounded on the associate space X’, then Lemma shows that (2.2)) is
true.
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2.2. Muckenhoupt weights.

Definition 2.2. Let w be a locally integrable and positive function on R™. The
function w is said to be a Muckenhoupt A; weight if there exists a positive constant
(1 such that Mw(z) < Cyw(x) holds for almost every x € R™. The set A; consists
of all Muckenhoupt A; weights. For every w € Ay, the finite value

1 _
= sup { oo [ wiede ot lumco |
Q:cube |Q| Q

is said to be a Muckenhoupt A; constant.

We remark that if w € Ay, then

|Q|/ x)dr < [w]a 1;1615111(33)

for all cubes Q). We will use a classical result on the Muckenhoupt weights.

Lemma 2.3 (Chapter 7 in [4], Chapter 9 in [5]). Let w € A;. We write w(Q) :=
fQ x)dx for a cube Q. Then the reverse Holder inequality holds, that is, there
exist posztwe constants ¢ > 1 and C depending on n and [w]a, such that for all

cubes Q,
O e < €
(ar fyvteree) < gu@

3. THE MAIN RESULT

Ho [6, Theorem 2.3] has proved the following characterization of the BMO norm
via Banach function spaces.

Theorem 3.1. Let X be a Banach function space. If the Hardy-Littlewood max-
imal operator M is bounded on the associate space X', then there exist positive
constants C1 < Cq such that for all b € BMO(R™),

Cilbllemo < sup ———|(b = bg)xqllx < Cal/blBMmO- (3.1)
Q:cube [IXQllx

Ho’s proof is based on the theory of Hardy spaces. We will give another proof
of Theorem [3.1] by virtue of the Rubio de Francia algorithm.

Proof. Below we take b € BMO(R"™) arbitrarily and write f := b — bg for any
cube Q.

We first prove the left hand side inequality in . Using Lemma and
Remark we get for all cubes Q:

1 1
— d — ,
a1 | @l < Glial vl

1
<C- - ——Ifxellx,
Ixellx

where C' > 0 is a constant independent of b and ). This shows the desired estimate.
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Next we prove the right hand side inequality in (3.1)). Our idea is based on [2|
Proof of Lemma 3.3]. Take g € X' with ||g||x» < 1. Let B := |M|x—x' and
define a function

Rata) =3 oo (9 € X)), (32
k=0
where
gl (k=0),
M*g:= (¢ Mg (k=1),
M(M*g) (k> 2)

For every g € X, the function Rg satisfies the following properties:

(1) |g(z)] < Rg(x) for almost every = € R".
(2) |IRgllx < 2|lg|llx/, namely the operator R is bounded on X'.
(3) M(Rg)(xz) < 2BRg(x), that is, Rg is a Muckenhoupt A; weight.

By Lemma [2.3] there exist positive constants ¢ > 1 and C' independent of g such
that for all cubes @,

(@/@Rg(m)q dx)l/q < |QC|R9(Q)-

By virtue of the generalized Holder inequality, we obtain

1/ 1 1/q
1(Bg)xollagen, = QI3 (|Q| /Q Rg(x)%zx)

<|QMa. |gRg(Q)

< ClQI™Y | Ryllx Ixallx
< QI Y@ |xq| x.

Then we have
/ F@)g(e)] dz < / f(2)| Ry(x) de
Q Q

< ||fXQHLq’(Rn)

| (RQ)XQ HL‘I(R")

N PERNCE
§C<| . /Q @)l czx) Ixollx

< Cpllumollxellx-
By Lemma [2.1] we get
(6 = bo)xellx = Ilfxallx

gcﬁ;p{ /Q F()g(x) d

< C|bllsmollxellx-

Consequently we have proved the theorem. O

g e X, gl < 1}
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