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AN EXTENSION OF SOME PROPERTIES FOR THE FOURIER

TRANSFORM OPERATOR ON Lp(R) SPACES

M. GUADALUPE MORALES, JUAN H. ARREDONDO, AND FRANCISCO J. MENDOZA

Abstract. In this paper the Fourier transform is studied using the Henstock–

Kurzweil integral on R. We obtain that the classical Fourier transform Fp :
Lp(R) → Lq(R), 1/p + 1/q = 1 and 1 < p ≤ 2, is represented by the integral

on a subspace of Lp(R), which strictly contains L1(R)∩Lp(R). Moreover, for
any function f in that subspace, Fp(f) obeys a generalized Riemann–Lebesgue

lemma.

1. Introduction

If f belongs to the space of real valued Lebesgue integrable functions, L1(R), its
classical Fourier transform is defined for every real number s as

F1(f)(s) :=

∫
R
e−istf(t) dt. (1.1)

Here the integral is taken in the Lebesgue sense. When f is in L2(R), the Fourier
transform of f is defined by

F2(f)(s) := lim
n→∞

∫
R
e−istfn(t) dt, (1.2)

where the limit is taken in the topology of the norm on L2(R) and (fn) is a sequence
in L1(R) ∩ L2(R) obeying ‖fn − f‖2 → 0, as n→∞.

For any unbounded set X ⊆ R, C∞(X) denotes the complex valued continuous
functions on X vanishing at infinity (see [14]).

In [18] the Henstock–Kurzweil integral was employed to study the Fourier trans-
form. In [11, 12] it was proved that (1.1) makes sense as a Henstock–Kurzweil
integral over BV0(R), and defines a function in C∞(R \ {0}).

In this paper we prove that the Fourier transform operator on Lp(R), for 1 <
p ≤ 2, is represented by a Henstock–Kurzweil integral on a subspace of Lp(R),
implying an extension of some properties for the operator.
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2. Preliminaries

The characteristic function of a set E will be denoted by χE(x) = 1 if x ∈ E
and zero otherwise. The Lebesgue measure of the set E will be denoted by m(E).

Definition 2.1. Let 0 < p < ∞ and X ⊂ R. For any Lebesgue measurable
function f : X → R we define

‖f‖p :=

[∫
X

|f |p dm
]1/p

.

The set of functions f such that ‖f‖p < ∞ is a vector space denoted by Lp(X).
Wp denotes the subspace of functions on which ‖ · ‖p vanishes.

For p ≥ 1, ‖ · ‖p is a seminorm on Lp(X) and induces a norm on the quotient
space Lp(X)/Wp. This space with induced norm is denoted by Lp(X). Similarly,
for p ≥ 1 we define Lp(X,C) and Lp(X,C) by considering complex valued instead
of real valued functions.

For p =∞ and f : X → R, we define ‖f‖∞ to be the essential supremum of |f |,
and L∞(R) is the vector space of all Lebesgue measurable functions f for which
‖f‖∞ <∞.

Now we will introduce the definition of the Henstock–Kurzweil integral. Let R
be defined as R ∪ {±∞}. For an interval [a, b] ⊂ R, a gauge function is a map
γ : [a, b]→ (0,∞).

Definition 2.2. Given a gauge function γ : [a, b]→ (0,∞), one says that a tagged
partition P = {([xi−1, xi], ti); ti ∈ [xi−1, xi]}ni=1 of [a, b] is γ-fine according to the
following cases.

For a ∈ R and b =∞:

(1) a = x0, b = xn = tn =∞.
(2) [xi−1, xi] ⊂ [ti − γ(ti), ti + γ(ti)], for all i = 1, 2, . . . , n− 1.
(3) [xn−1,∞] ⊂ [1/γ(tn),∞].

For a = −∞ and b ∈ R:

(1) a = x0 = t1 = −∞, b = xn.
(2) [xi−1, xi] ⊂ [ti − γ(ti), ti + γ(ti)], for all i = 2, . . . , n.
(3) [−∞, x1] ⊂ [−∞,−1/γ(t1)].

For a = −∞ and b =∞:

(1) b = xn = tn =∞, a = x0 = t1 = −∞.
(2) [xi−1, xi] ⊂ [ti − γ(ti), ti + γ(ti)], for all i = 2, . . . , n− 1.
(3) [xn−1,∞] ⊂ [1/γ(tn),∞] and [−∞, x1] ⊂ [−∞,−1/γ(t1)].

For a, b ∈ R:

(1) [xi−1, xi] ⊂ [ti − γ(ti), ti + γ(ti)], for all i = 1, 2, . . . , n.

Definition 2.3. A function f : [a, b] → R is said to be Henstock–Kurzweil inte-
grable iff there exists A ∈ R such that, for each ε > 0, there is a gauge function
γε : [a, b] → (0,∞) such that if P = {([xi−1, xi], ti); ti ∈ [xi−1, xi]}ni=1 is a γε-fine
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partition of [a, b], then ∣∣∣∣∣
n∑

i=1

f(ti)(xi − xi−1)−A

∣∣∣∣∣ < ε. (2.1)

The number A is the integral of f over [a, b] and it is denoted by
∫ b

a
f = A.

Using the convention 0 · (±∞) = 0, an extra condition for f is that f(±∞) = 0
(see [1]).

The space of Henstock–Kurzweil integrable functions defined on an interval I
will be denoted by HK(I). This space is a semi normed space with the Alexiewicz
seminorm, which is defined as

‖f‖A = sup

{∣∣∣∣∣
∫ d

c

f(x) dx

∣∣∣∣∣ : [c, d] ⊂ I

}
.

The quotient space HK(I)/W(I) will be denoted by HK(I). Here W(I) is the
subspace of HK(I) for which the Alexiewicz seminorm vanishes (see [2]).

Let I be any interval, then L1(I) ⊂ HK(I) and the Lebesgue integral coincides
with the Henstock–Kurzweil integral ([1, 4, 10]). When necessary we will emphasize
which integral is being used.

A characterization of HK(R) is given by the following theorem.

Theorem 2.4 (Hake’s Theorem, [1]). Let f : R → R. The following statements
are equivalent:

(1) f ∈ HK(R) has integral A in the sense of Henstock–Kurzweil.
(2) f ∈ HK([a, b]) for every compact interval [a, b] and

lim
a→−∞,b→∞

∫ b

a

f = A =

∫ ∞
−∞

f,

where the integrals are in the sense of Henstock–Kurzweil.

Definition 2.5. Let g be a real valued function over R. It is said that g is a
bounded variation function over [a, b] iff

Var(g, [a, b]) := sup
P

n∑
i=1

|g(ti)− g(tt−i)| <∞,

where the supreme is taken over all possible partitions on [a, b]. It is said that g is
a bounded variation function over R iff

Var(g,R) := lim
t→∞,s→−∞

Var(g, [s, t])

exists in R. We will denote the set of bounded variation functions over an interval
I as BV (I). BV0(R) will denote the bounded variation functions over R having
limits equal to zero at ±∞.

We remark that the Multiplier Theorem ([1, Theorem 10.12]) states that f ∈
HK(I) and g ∈ BV (I) implies fg ∈ HK(I). See also [3].
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Definition 2.6. For given p, q > 0, we define Lp(R) + Lq(R) as the vector space
of functions f = fp + fq, where fp ∈ Lq(R) and fq ∈ Lq(R). Inductively, we can
define the finite sum

∑n
i=1 Lpi(R). Also, L1(R) +BV0(R) is similarly defined.

Given a Lebesgue measurable function f defined on a measurable set X such
that m(R \X) = 0, we will denote by the same symbol f the trivial extension of f
to a (measurable) function on R. That is, we extend the function as zero on R\X.
Furthermore, for a function f ∈ Lp(R), or f ∈ Lp(R,C) we will denote by the same
symbol f the (unique) element that defines the function in Lp(R) or in Lp(R,C),
respectively.

In [7, 13] a decomposition of Lp(R) is introduced in order to define the Fourier
transform operator on Lp(R). Given f in Lp(R) with 1 < p < 2, the set E = {x :
|f(x)| > 1} has finite Lebesgue measure and f = f1 + f2, where f1(x) = fχE(x)
and f2 = f − f1. It is easy to see that f1 ∈ L1(R)∩Lp(R) and f2 ∈ L2(R)∩Lp(R).
In fact, by Hölder’s inequality we have

‖f1‖1 =

∫
R
|fχE | ≤ m(E)1/q‖f‖p <∞,

where 1
p + 1

q = 1. On the other hand, due to |f(x)| ≤ 1 for x ∈ Ec,

‖f2‖22 =

∫
R
|fχEc |2 ≤

∫
Ec

|f |p <∞.

Therefore, Lp(R) = L1(R) ∩ Lp(R) + L2(R) ∩ Lp(R).
Now we can define the Fourier transform for functions in Lp(R), 1 < p < 2, as

a sum of classical Fourier transforms.

Definition 2.7. The Fourier transform for functions in Lp(R), 1 < p < 2, is given
as

Fp : Lp(R)→ Lq(R,C)

Fp(f) := F1(f1) + F2(f2),
(2.2)

where 1
p + 1

q = 1, f1 ∈ L1(R) ∩ Lp(R), f2 ∈ L2(R) ∩ Lp(R), and f = f1 + f2.

Furthermore, F1(f1) and F2(f2) are defined by (1.1) and (1.2). Fp is a linear
continuous operator from Lp into Lq.

Remark 2.8. If f ∈ L1(R) ∩ Lp(R), we can take f1 = f and f2 = 0. Besides, for
f ∈ L2(R) ∩ Lp(R), we can take f1 = 0 and f2 = f . In those cases the Fourier
transform reduces to F1 and F2, respectively. The operator Fp defines the classical
Fourier transform on Lp(R), by the Stein interpolation theorem ([14, 17]).

Remark 2.9. With respect to the above definition, if f = f1 + f2 and f = f ′1 + f ′2
then f1 − f ′1 = f ′2 − f2 belongs to L1(R) ∩ L2(R). Since F1 and F2 are injective
linear operators on L1(R) ∩ L2(R), we obtain

F1(f1) + F2(f2) = F1(f ′1) + F2(f ′2).

Thus expression (2.2) is well defined.
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If f ∈ L2(R), then f(x)e−isx is not necessarily Lebesgue integrable. However,
for f ∈ BV0(R) the integral in equation (1.1) is well defined as a Henstock–Kurzweil
integral for s 6= 0. See [11, 12].

Definition 2.10. The HK Fourier transform exists for every s 6= 0, and is defined
by

FHK : L1(R) +BV0(R)→ C∞(R \ {0}),

FHK(f)(s) :=

∫
R
e−isxf(x) dx,

where the integral is a Henstock–Kurzweil integral.

We say “HK Fourier transform” in order to emphasize the use of the Henstock–
Kurzweil integral (see [18]). Moreover, FHK(f) is pointwise defined and continuous
except possibly at zero, vanishing at infinity (see [12]).

There are functions f ∈ L2(R) ∩ BV0(R) with FHK(f)(s) not being continuous
at zero; see Example 3(d) in [18]. On the other hand, for f ∈ HK(R) ∩ BV (R) ⊂
L2(R)∩BV0(R), FHK(f)(s) exists on R and is continuous on R \ {0}. As far as we
know, continuity at zero is an open question.

3. Henstock–Kurzweil Fourier transform and Lp(R) spaces

In accordance with Definitions 2.7 and 2.10, there are several spaces where the
Fourier transform can be defined. Theorem 3.3 and Corollary 1 establish relations
between the operators Fp and FHK.

We require the following basic result (see [16]), in order to prove Theorem 3.3.

Lemma 3.1. If 1 ≤ p ≤ ∞ and (ϕn) is a Cauchy sequence in Lp(R), with limit
f , then (ϕn) has a subsequence which converges pointwise almost everywhere to f .

The following results are new.

Lemma 3.2. For p > 1, L1(R) ∩ Lp(R) is a proper subset of Lp(R) ∩ (L1(R) +
BV0(R)).

Proof. It is easy to see that Lp(R)∩BV0(R) 6⊂ L1(R): take for example the function
f(x) = 1/x, |x| > 1 and zero otherwise. �

Theorem 3.3. If f ∈ L2(R) ∩ (L1(R) +BV0(R)), then

FHK(f) ∈ L2(R,C) ∩ C∞(R \ {0}).

Moreover,

F2(f)(s) = FHK(f)(s) a.e. (3.1)

Proof. For f ∈ L2(R) ∩ (L1(R) + BV0(R)), and for each n ∈ N, let us define the
sequence (ϕn), where ϕn(x) = fχ[−n,n](x). Then ϕn ∈ L1(R) ∩ L2(R), and

F1(ϕn)(s) = FHK(ϕn)(s) = F2(ϕn)(s),
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pointwise for every s ∈ R. By the Plancherel theorem, we get that

lim
n→∞

‖FHK(ϕn)−F2(f)‖2 = lim
n→∞

‖F2(ϕn)−F2(f)‖2 = lim
n→∞

‖ϕn − f‖2 = 0.

Let f = f1 + f0, where f1 ∈ L1(R) and f0 ∈ BV0(R). Theorem 3.2 in [11] and
Theorem 2.4 above yield

lim
n→∞

FHK(ϕn)(s) = lim
n→∞

∫ ∞
−∞

e−isxf1χ[−n,n](x) dx+ lim
n→∞

∫ ∞
−∞

e−isxf0χ[−n,n](x) dx

= FHK(f)(s),

pointwise for every s 6= 0. An application of Lemma 3.1 gives equality (3.1). Also
by Theorem 3.2 in [11], it follows that FHK(f) ∈ L2(R,C) ∩ C∞(R \ {0}). �

According to our notation, the set

Lp(R) ∩ (L1(R) +BV0(R))

defines a dense subspace of Lp(R) which strictly contains Lp(R) ∩ L1(R).

Corollary 1. For f ∈ Lp(R) ∩ (L1(R) +BV0(R)), 1 < p < 2, the formula

Fp(f)(s) =

∫
R
e−isxf(x) dx

holds true pointwise a.e., where the integral is a Henstock–Kurzweil integral. Also,
Fp(f)(s) is equal a.e. to a function belonging to C∞(R \ {0}).

Proof. Let f ∈ Lp(R) ∩ (L1(R) +BV0(R)). Then

f = f1 + f2 = f ′1 + f ′2,

where f1, f
′
1 ∈ L1(R), f2 ∈ L2(R) and f ′2 ∈ BV0(R). Thus, f2 = f ′1 − f1 + f ′2

belongs to L2(R) ∩ (L1(R) +BV0(R)). So, Theorem 3.3 proves the corollary. �

This result is a generalization of Corollary 31.15 and Theorem 31.20 of [9] in the
case that X = R.

For more properties of the Fourier transform on Lp the reader may see [5, 6, 8,
15], among others.

4. The spaces HK(R) and Lp(R) + Lq(R)

It is easy to see that HK(R) 6⊂ L1(R) + L2(R). Thus, the Fourier transform
cannot be fixed on HK(R) by means of equation (2.2). On the other hand, Lp(R) 6⊂
HK(R), for 1 6= p > 0, so Lp(R) + L∞(R) 6⊂ HK(R). In this section we prove that
HK(R) is not contained in a finite sum of Lpi(R), 0 < pi ≤ ∞.

Let A =
∑∞

i=1(−1)i−1ai be a conditionally convergent series, with (ai) a de-
creasing sequence with 0 < ai < 1, for every i ∈ N. We define

H(x) =

{
(−1)i−1 x ∈ [2i, ai + 2i], i ∈ N,
0 otherwise.

Theorem 4.1. The function H belongs to (L∞(R)∩HK(R)) \BV (R), but not to
Lp(R) + Lq(R), 0 < p, q <∞.
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Proof. First we prove that H ∈ HK(R). For c ∈ (4,∞), there exists a k ∈ N such
that c ∈ (2k, ak + 2k) or c ∈ [ak−1 + 2k−1, 2k]. If c ∈ (2k, ak + 2k),∫ c

0

H(x) dx =

∫ ak−1+2k−1

0

H(x) dx+

∫ c

2k

H(x) dx.

For c ∈ [ak−1 + 2k−1, 2k],∫ c

0

H(x) dx =

∫ ak−1+2k−1

0

H(x) dx.

Without loss of generality let us assume that c ∈ [ak−1 + 2k−1, 2k]. Therefore,∫ c

0

H(x) dx =

∫ ak−1+2k−1

0

H(x) dx =

k−1∑
i=1

∫ ai+2i

2i

(−1)i−1 dx =

k−1∑
i=1

(−1)i−1ai <∞.

Hence, H ∈ HK([0, c]) for each c > 0 and

lim
c→∞

∫ c

0

H(x) dx = lim
k→∞

k−1∑
i=1

(−1)i−1ai = A ∈ R.

Therefore, Theorem 2.4 implies that H belongs to HK(R) with integral A.
Let us see that H 6∈ BV (R). Take x0 < x1 < · · · < xk as a finite collection with

xi ∈ [2i, ai + 2i], i = 1, . . . , k and x0 = 0.

k∑
i=0

|H(xi)−H(xi+1)| = 1 +

k∑
i=1

|H(xi)−H(xi+1)|

= 1 +

k∑
i=1

2 = 1 + 2k.

Therefore, Var(H, [0, ak + 2k]) ≥ 1 + 2k, and H 6∈ BV (R).
Suppose H = fp +fq, where fp ∈ Lp(R) and fq ∈ Lq(R). We denote E2i = {x ∈

[2i, 2i + 1] : |fq| ≥ 1/2} and Ai = [2i, ai + 2i].
Observe that∫ ∞

0

|fp|p dm =

∫ ∞
0

|H − fq|p dm

≥
∞∑
i=0

∫
(E2i∩Ai)∪(Ec

2i
∩Ai)

|H − fq|p dm.

Since fp ∈ Lp(R),

∞ >

∫ ∞
0

|fp|p dm ≥
∞∑
i=0

∫
Ec

2i
∩Ai

|H − fq|p dm

≥
∞∑
i=0

1

2p
m(Ec

2i ∩Ai).

(4.1)
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On the other hand,

∞ >

∫ ∞
0

|fq|q dm ≥
∞∑
i=0

∫
E2i∩Ai

|fq|q dm

≥
∞∑
i=0

1

2q
m(E2i ∩Ai).

(4.2)

By (4.1) and (4.2),

∞ >

∞∑
i=0

m[(Ec
2i ∩Ai) ∪ (E2i ∩Ai)] =

∞∑
i=0

m(Ai) =

∞∑
i=0

ai.

This is a contradiction, since this series does not converge absolutely. Therefore,

HK(R) 6⊂ Lp(R) + Lq(R). �

Corollary 2. HK(R) 6⊂
⋃

0<p,q<∞ (Lp(R) + Lq(R)).

It is well known that L1(R) is not contained in L∞(R), so neither is HK(R) in
L∞(R). In fact, for q =∞ we have the following result.

Proposition 1. HK(R) 6⊂ Lp(R) + L∞(R), for 0 < p < 1.

Proof. Let
∑∞

k=1
1
ks (s > 1) be a convergent series with limit A. We choose a

sequence c1 = 0, c2 = 1
A2s and ck = ck−1 + 1

Aks , k > 2. Now let us define the
function

h(x) :=

{
(−1)kkr if x ∈ [ck−1, ck), k ≥ 2,

0 otherwise.

Note that ∫ ∞
−∞

h = lim
n→∞

1

A

n∑
k=2

(−1)kkr−s,

implying that h ∈ HK(R) for r < s, because of Leibniz’s criterion. Moreover, h is
not in Lp(R) iff −1+s

p ≤ r. In fact,∫ ∞
−∞
|h|p = lim

n→∞

n∑
k=2

∫ ck

ck−1

|h|p = lim
n→∞

n∑
k=2

1

A
krp−s =∞,

for −1 ≤ rp− s. Note that for 0 < p < 1,

1 <
−1 + s

p
< s, when 1 + p < s <

1

1− p
.

Given p > 0, we choose s ∈ (1 + p, 1/(1 − p)), and then we fix r = (−1 + s)/p.
Therefore, h 6∈ Lp(R). For these values of r and s, we show that the function h is
not equal to fp + f∞, for any fp ∈ Lp(R) and f∞ ∈ L∞(R). If it were, note that

h|[0,1] /∈ L∞([0, 1]).

For g := (h− fp)|[0,1] = f∞|[0,1], then g ∈ Lp([0, 1]), yielding h|[0,1] = g + fp|[0,1] ∈
Lp([0, 1]), which is a contradiction. �
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Note that the function h|[0,1] above is not in L1([0, 1]) ⊂ Lp([0, 1]).

Corollary 3. HK(R) 6⊂
∑n

i=1 Lpi(R), for 0 < pi ≤ ∞, i = 1, . . . , n and n ∈ N.

Proof. Observe that Lpi(R) ⊂ L∞(R) + Lp(R), where p = min(pi). For any
bounded interval I and p ≥ 1 we have

HK(I) 6⊂ Lp(I) + L∞(I) = Lp(I) ⊂ L1(I),

so thatHK(R) 6⊂ Lp(R)+L∞(R). For 0 < p < 1 the result follows by Proposition 1.
�
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