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AFFINE SZABO CONNECTIONS ON SMOOTH MANIFOLDS

ABDOUL SALAM DIALLO AND FORTUNE MASSAMBA

ABSTRACT. We introduce a new structure, called affine Szabé connection.
We prove that, on 2-dimensional affine manifolds, the affine Szabd structure
is equivalent to one of the cyclic parallelisms of the Ricci tensor. A character-
ization for locally homogeneous affine Szabé surfaces is obtained. Examples
of two- and three-dimensional affine Szabé manifolds are also given.

1. INTRODUCTION

The theory of connections is a classical topic in differential geometry. Initially
developed to solve pure geometrical problems, it provides an extremely impor-
tant tool to study geometrical structures on manifolds and, as such, has been
applied with great success in many different settings. For affine connections, a sur-
vey of the development of the theory can be found in [13] and references therein.
In [14], Opozda classified locally homogeneous torsion-free affine connections on
2-manifolds. Arias-Marco and Kowalski in [I] classified locally homogeneous con-
nections with arbitrary torsion on 2-manifolds. In [7], Garcia-Rio et al. introduced
the notion of affine Osserman connections. Affine Osserman connections are well-
understood in dimension two. For instance, in [5] and [7], the authors proved in a
different way that an affine connection is Osserman if and only if its Ricci tensor
is skew-symmetric. The situation is however more involved in higher dimensions
where the skew-symmetry of the Ricci tensor is a necessary (but not a sufficient)
condition for an affine connection to be Osserman.

A (pseudo-) Riemannian manifold (M, g) is said to be Szabd if the eigenvalues
of the Szabé operator given by

S(X):Y = (VxR)(Y, X)X

are constant on the unit (pseudo-) sphere bundle [9]. The Szabé operator is a self-
adjoint operator with S(X)X = 0. It plays an important role in the study of totally
isotropic manifolds [I0]. Szabd in [I8] used techniques from algebraic topology
to show, in the Riemannian setting, that any such metric is locally symmetric.
He used this observation to give a simple proof that any two point homogeneous
space is either flat or is a rank one symmetric space. Subsequently Gilkey and
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Stavrov [I1] extended his results to show that any Szabé Lorentzian manifold has
constant sectional curvature. However, for metrics of higher signature the situation
is different. Indeed in [10] it was shown the existence of Szabd pseudo-Riemannian
manifolds with metrics of signature (p,q) with p > 2 and ¢ > 2 which are not
locally symmetric.

The aim of this paper is to extend the definition of (pseudo-) Riemannian Szabd
manifold to the affine case by introducing a new concept called affine Szabé man-
ifold. We investigate the torsion-free affine connections to be Szabd. We shall call
a connection with such a condition an affine Szabo connection.

The paper is organized as follows. In Section [2| we recall some basic definitions
and geometric objects, namely, torsion, curvature and Ricci tensor on an affine
manifold. In Section |3] we study the cyclic parallelism of the Ricci tensor for a
particular case of affine connections in two and three dimensional affine manifolds.
We establish geometric configurations of affine manifolds admitting a cyclic parallel
Ricci tensor (Propositions and [3.3). We introduce in Section [4] a new concept
of affine Szabdé manifold. We prove that, on a two-dimensional smooth affine man-
ifold, the affine Szabo structure coincides with the cyclic parallelism of the Ricci
tensor (Theorem [4.4)). We end the section by giving some examples of affine Szabd
connections in two and three dimensional affine manifolds. In Section 5, a char-
acterization of locally homogeneous affine Szab6 surfaces is given. We investigate
in Section 6 the twisted Riemannian extension of an affine Szabd connection on
a two-dimensional affine manifold (M, V). We show that the twisted Riemann-
ian extension of an affine Szab6 manifold is a pseudo-Riemannian nilpotent Szabd
manifold of neutral signature and the degree of nilpotency of the Szabd operators
depends on the direction of the unit vectors.

2. PRELIMINARIES

Let M be an n-dimensional smooth manifold and V be an affine connection on

M. Let us consider a system of coordinates (ui,us,...,u,) in a neighborhood Y
of a point p in M. In U, the connection is given by

Vo,0; = f1:0k, (2.1)
where {0; = %}Kign is a basis of the tangent space T,M and the functions

fj(i,j, k=1,2,3,...,n) are called the coefficients of the affine connection. The
pair (M, V) shall be called affine manifold.
Next, we define a few tensor fields associated with a given affine connection V.
The torsion tensor field TV is defined by

TV(X,Y)=VxY - VyX — [X,Y],

for any vector fields X and Y on M. The components of the torsion tensor TV in
local coordinates are
Tk — £k _ R
ij @ ji
If the torsion tensor of a given affine connection V vanishes, we say that V is
torsion-free.
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The curvature tensor field RY is defined by
RV(X, Y)Z :=VxVyZ —-VyVxZ— VixyZ,
for any vector fields X, Y and Z on M. The components in local coordinates are

RY (01, 01)0; = Y Rl

We shall assume that V is torsion-free. If RY = 0 on M, we say that V is a flat
affine connection. It is know that V is flat if and only if around each point there
exists a local coordinate system such that i’; =0, for all 7,5 and k.

We define the Ricci tensor RicY by
RicY(X,Y) = trace{Z — RV (Z, X)Y'}.

The components in local coordinates are given by
RicY (9;,08) = Y _ Ri;-
i

It is known in Riemannian geometry that the Levi-Civita connection of a Riemann-
ian metric has symmetric Ricci tensor, that is, Ric(Y,Z) = Ric(Z,Y). But this
property is not true for an arbitrary affine connection with torsion-free. In fact,
the property is closely related to the concept of parallel volume element (see [13]
for more details).

In a 2-dimensional manifold, the curvature tensor RV and the Ricci tensor RicY
are related by

RY(X,Y)Z =RicV (Y, Z)X — RicV (X, Z)Y. (2.2)
The covariant derivative of the curvature tensor RV is given by
(VxRY)Y, Z)W = (VxRicY)(Z, W)Y — (VxRicY)(Y,W)Z,
where the covariant derivative of the Ricci tensor RicV is defined as
(VxRicV)(Z, W) = X(RicV(Z,W)) — RicY (Vx Z, W) — Ric¥ (Z,Vx W).
For X € T'(T,M), we define the affine Szab6 operator SY(X) with respect to X
by SV(X) : T,M — T, M such that
SYV(X)Y = (VxRY)(Y, X)X,

for any vector field Y. The affine Szabé operator satisfies SV(X)X = 0 and
SV(BX) =38V (X), for B € R\{0} and X € T,M. If Y = Oy, form=1,2,...,n
and X =), a;0;, one gets

SY(X)0m = Y iajax(ViRY)(Om, 0;)0k,
ig,k=1
where V; = Vj,.
Let A = (a;;) be the (n x n)-matrix associated with the affine Szabé operator
SY(X). Then its characteristic polynomial Py[SY(X)] is given by

P)\[SV(X)] = )\n — O'1)\n71 + 0_2/\7,,,2 — et (—1)"an,
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where the coefficients o1, ..., 0, are given by

n
o] = E a;; = trace A,
i=1

UQZZ

1<J

03 = E aji Qi Qjk |,

Gii Gij
)

aji  ajj

o, = det A.

3. AFFINE CONNECTIONS WITH CYCLIC PARALLEL RICCI TENSOR

In this section, we investigate affine connections whose Ricci tensors are cyclic
parallel. Two cases of dimensions (two and three) of smooth manifolds will be
considered with specific affine connections.

We start with the following formal definition.

Definition 3.1 ([12]). An affine manifold (M, V) is said to be an Ls-space if its
Ricci tensor RicV is cyclic parallel, that is

(VxRicV)(X,X) =0, (3.1)
for any vector field X tangent to M or, equivalently, if
®X7y’z(vXRiC)(K Z) = O,

for any vector fields X, Y, Z tangent to M, where ®x y 7 denotes the cyclic sum
with respect to X, Y and Z.

Locally, the equation takes the form
(VRicY) n) =0,
or, written out without the symmetrizing brackets,
(ViRicY)jx + (V RicY )i + (ViRicY);; = 0.
For X = Z ;0;, it is easy to show that

K3
(VxRicV) (X, X) = aso o (ViRicY ) . (3.2)
i3,k
Now, we are going to present the two cases of affine connections in which we
investigate the cyclic parallelism of the Ricci tensor.

Case 1: Let M be a two-dimensional smooth manifold and V be an affine
torsion-free connection. By ([2.1]), we have

Vo, 05 = [0k, fori,jk=1,2, (3.3)
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k — fk
ij i

RY(01,02)01 = ady + by, RY(01,02)02 = Oy + dds,
where a, b, ¢ and d are given by
a =01 fly = Oafl + flafts — fT1f22:
b= 011y = Oafts + [ fia + [lafi — [l 1o = [ fos
¢ =01f3o — Oaflo + flifa2 + flafse — flafls — [iafo0,
d =013 = Oafts + i1 f2o = fiafia-
From , the components of the Ricci tensor are given by
RicY(01,01) = b,  RicY(d1,0) = —d,
RicY (9s,81) = a, RicY (8, d2) = c.
Proposition 3.2. The affine connection V defined in satisfies if the
functions fi’}, fori,j,k =1,2, satisfy the following partial differential equations:
b — 2bf111 —(d- a)f121 =0,
Oac — 2¢f3 + (d — a) fa5 = 0,
dra — dob— Ord + 4bfly — 2¢ff) + (d — a)(f, +2fh) =0,
D20+ Orc — Oad + 2bf3, — defy + (d — a)(2f1y + f3,) = 0.
Proof. Using and , one obtains
0= a3 (Vy,RicY)(81,01) + a3 (Va,RicY ) (Da, Do)
+afa [(V81 RicY)(1,8s) + (Vo RicY) (02, 01) + (Va,RicY ) (91, 31)}

where (u1,u3). The components of the curvature tensor RV are given by

+anal [(val RicY)(a, 8) + (Vo,RicY ) (01, 92) + (Vo RicY ) (D, al)}.

From a straightforward calculation using , the components of the covariant
derivative of the Ricci tensor Ric¥ are given by

(Va,RicY)(9r,01) = —01b + 2bf1, + fh(d — a);
(Vo,RicY)(01,8) = —0rd + d(f1; + f1a) + bfiy — cfh;
(Va,RicY)(02,01) = Ora — a(fiy + f1y) + bfiy — cffi;
(Vo,RicY) (02, 02) = d1c+ (d — a) fiy — 2¢f1y;
(Va,RicY)(01,01) = —02b + 2bfly + fia(d — a);
(Vo,RicY)(01,02) = —0ad + d(fly + f35) + bfay — cf o
(Vo,RicY)(02,01) = 02a — a(fly + f35) + bfs — cfia;
(Va,RicY) (0, 32) = Dac + (d — a) f3, — 2¢f3,.

This completes the proof. O
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Case 2: Let M be a three-dimensional smooth manifold and V be an affine
torsion-free connection. Suppose that the action of the affine connection V on the
basis of the tangent space {0;}1<i<3 is given by

Vaﬁi = fiai, for i = 1, 2, 3, (35)

where f; = fi(u1,u2,us) are smooth functions. Then the non-zero components of
the curvature tensor RV of the connection V defined in (3.5 are given by

Rv(aiﬁj)ai = —8Jf161 and Rv(ai,aj)aj = 8ifj8j,

for i # j, 4,5 = 1,2,3. The non-zero components of the Ricci tensor of the
connection (3.5)) are given by
RicY (9;,0;) = —0if;, fori#7,i,5=1,2,3. (3.6)

The non-zero components of the covariant derivative of the Ricci tensor are given
by

(Vo,RicY)(9),8)) = —8i9; i,
(Vo,RicY)(0;,0;) = =07 f; + fi0if;,
(Vo,RicY)(0;,0;) = —0:0; fi + f:0; fi,
for i #£ j # k, 4,7,k = 1,2,3. In this case, the relation is explicitly given by
(VxRIicY)(X, X) = afas{—0] fo+ f101 fo — D102 f1 + 1021}
+adaz{—0%f3 + f101f3 — 0105 f1 + f103f1}
+a105{~03f1 — 201 fo + foO1fo + 20211}
+ ono3{—03 f1 + f303f1 — 0301 f3 + f301[3}
+ a5a3{—05 fs + f202f3 — 0203 f2 + f20sf2}
+ 03 {—03 f2 + f303f2 — D302 f3 + f302[3}
— 2a10003{0102 f3 + 0103 fa + 203 f1 },
for X = 23: «;0;. Therefore, we have the following result.
i=1

Proposition 3.3. The affine connection V defined in (3.5)) satisfies (3.1)) if the
functions f;, for i =1,2,3, satisfy the following partial differential equations:

8(i5jfk) =0 and 83]} + 818Jf1 — fl(f)lfj + 8]f1) =0,
fori#j#k, i,5,k=1,2,3.

The manifolds with cyclic parallel Ricci tensor, known as Ljz-spaces, are well-
developed in Riemannian geometry (see [12] and [I6], and references therein). The
cyclic parallelism of the Ricci tensor is sometimes called “the first Ledger con-
dition” [I6]. In [19], for instance, the author proved that a smooth Riemannian
manifold satisfying the first Ledger condition is real analytic. Tod in [20] used the
same condition to characterize the four-dimensional Kéhler manifolds which are
not Einstein.
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4. THE AFFINE SZABO MANIFOLDS

In this section we adapt the definition of pseudo-Riemannian Szabé manifold
given by Fiedler and Gilkey in [6] to the affine case. We shall prove that, on a
smooth affine surface, the affine Szab6 condition is closely related to the cyclic
parallelism of the Ricci tensor.

Definition 4.1. Let (M, V) be a smooth affine manifold and p € M.

(i) (M, V) is called affine Szab6 at p € M if the affine Szabé operator SV (X)
has the same characteristic polynomial for every vector field X on M.
(ii) (M, V) is called affine Szabé if (M, V) is affine Szabé at each p € M.

Theorem 4.2. Let (M, V) be an n-dimensional affine manifold and p € M. Then
(M, V) is affine Szabé at p € M if and only if the characteristic polynomial of the
affine Szabé operator SV (X) is Py(SY (X)) = A", for every X € T, M.

Proof. If the characteristic polynomial of the affine Szabd operator at p is given
by Py(SV(X)) = A", then the affine manifold (M, V) is obviously affine Szabé.
Assume that (M, V) is affine Szabd, then for X € T,M, the characteristic polyno-
mial of the affine Szab6 operator SV (X) is given by Py\[SV(X)] = A" — gy A" 71 +
oA 2 —...4(=1)"0,. Then for 8 € R, 3 # 0, the characteristic polynomial of the
affine Szabé operator SV (8X) is given by Py\[SY (8X)] = A" —0183A" L HopAn 2 —

<4 (=1)"B3"0,,. Since (M, V) is affine Szabé, that is P\[SY (X)] = P,[SY (BX)],
it follows that 01 = -+ - = ¢, = 0, which completes the proof. (]

Corollary 4.3. If (M, V) is affine Szabd at p € M, then the Ricci tensor of (M, V)
18 cyclic parallel.

Now, we give a complete description of affine Szabé surfaces. We shall prove the
following result.

Theorem 4.4. Let (M,V) be a two-dimensional smooth affine manifold. Then
(M, V) is affine Szabé at p € M if and only if the Ricci tensor of (M, V) is cyclic
parallel at p € M.

Proof. Suppose that (M, V) is affine Szabd. Let X = «;0;, i = 1,2, be a vector on
M, then, using the connection (3.3)), the affine Szabé operator is given by

(VxRY) (01, X)X = Ad; + B0s, (VxRY) (92, X)X = CO, + Dy,
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where the coefficients A, B, C' and D are given by

A = afasldra — a(fly + i) + bfls — cffi]
+ 103000+ 0re — alfiy + [35) + (d — a) fily + b sy — 3¢ f7]
+ a3[dac — 2¢f35 + (d — a) 1],

B = 0@052[3117 - 2bf111 —(d— a)flzl]
+ a103[0b + 01d — 3bfly + cffy — (d = a) [Ty — d(f1y + f2)]
+ a3[0ad — bfas + cffy — d(fia + [3)];

C = af[-0wa+a(fl + f12) — bfis)
+afan[—0a — dic+ a(fis + f32) = bfas + 3cfio — (d — a) fis)]
+ ala%[_fbc + 20f222 —(d—- a)f212],

D = af[-01b+ 2bfi; + (d — a) f{i]
+atas[—0sb — Oid + 3bfly — cffy +d(fl + f12) + (d — a) 1]
+ a103[=02d + bfyy — cffy + d(fiy + f3))-

The matrix associated with SV (X) with respect to the basis {01, 92} is given by

sTeo=( 4 )

Its characteristic polynomial is given by Py\[SY(X)] = A2 — A\(A + D) + (AD —
BC). Since (M,V) is affine Szab6, by Theorem 0 is the only eigenvalue of
the affine Szabé operator SV (X). Therefore, det(SY (X)) = AD — BC = 0 and
trace(SY(X)) = A+ D = 0. The latter implies that

Do — 2cfay + (d —a) fay = 0,

—01b+2bf, + (d—a)ff; =0,

D10 — 0pb — Ord + 4bfiy — 2¢ffy + (d — a)(fly +2f7,) =0,
020+ B1¢ — Dad + 2bf3y — AcfTy + (d — a)(2fiy + f3,) = 0.

The converse is obvious. (]
Corollary 4.5. Let V be the affine connection on R? defined by Vp, 01 = fi,01,
Vo,02 = 0, Vo,00 = f302. Then V is affine Szabé if and only if the functions
fii = fii(ur,uo) and f2, = f23,(u1,us) satisfy the partial differential equations
Ora — 01d + (d — a)fl; = 0 and Baa — dad + (d — a)f2, = 0, where a and d are
defined in ,

To support this, we have the following example. Consider on R? the torsion-free
connection V with the only non-zero coefficient functions given by

Valal = (Ul + u2)31 and VQ282 = ('LL1 + ug + 1)82
It is easy to check that (R?,V) is an affine Szabé manifold.
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Corollary 4.6. Let V be the affine connection on R? defined by V81 = 0,
Vo,02 = fis01, V,00 = fa01. Then V is affine Szabé if and only if the functions
fiy = fis(ur,u2) and fiy = flo(u1,uz) satisfy the partial differential equations
O1a =0, Oac — afiy = 0 and Ora + O1¢c — 2afly, = 0, where a and c are defined in
B9).

Let us consider on R? the torsion-free connection V with the only non-zero
coefficient functions given by Vg, 0o = usd1 and Vg,02 = uq (1 +u2)0;. It is easy
to check that (R?,V) is an affine Szabé manifold.

Now we give an example of a family of affine Szabé connections on a 3-dimensional
manifold. Let us consider the affine connection defined in , ie.,

Vaiai = f,»(‘)i, for i = 1, 2, 3,

where f; = fi(u1,uz2,u3) are smooth functions. For X = 2?21 o;0;, the affine
Szabé operator is given by

3
(VxRY)(0:, X)X = A0

=1
where
A = Ban(—010of1 + f10of1) + a2as(—0105f1 + f105f1)
+ 105 (=03 i + f202 1) + 103 (=03 f1 + f203f1)
+ aragaz(—2020s f1),
Aoy = (0201 f2 — f201f2) + a103(01 f2 — f101f2) + a3a3(9301 f2),
Azy = 39301 f3 — f301f3) + 13 (97 fs — 101 f3) + 203 (8201 f3),
Ag = a?(@lazfl — f102f1) + a?az(&ﬁfl — f202f1) + 0‘%@3(3382f1)7
Agg = afan (=07 fo + [101 f2) + 105 (—0201 fo + f201f2)
+ a3a3(—0205f2 + 205 f2) + a3 (=03 f2 + f305 f2)
+ araza3(—20103 f2),
Asy = 03(0302f3 — [302f3) + a203(03 f3 — f202.f3) + 0103(9102 f3),
Arg = of (D103 f1 — f103/1) + @Fas(03 f1 — fa0sf1) + aiaz (0205 f1),
Agz = 5003 f2 — f203 f2) + a3a3(03 fo — f303f2) + a103(8105 fo),
Ass = afas(=05 fs + f101fs) + c1a3(—0501 f5 + f301f3)
+ asa3(=05 f3 + f202f3) + a3 (—0302f3 + f302f3)
+ araza3(—20102f3).
For specific functions f;, we have the following result.

Theorem 4.7. Let M = R3 and let V be the torsion-free connection whose non-
zero coefficients are given by f1 = %ulug, fo= —%u%w and f3 =wugz. Then (M,V)
s an affine Szabd manifold.
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We have also the following family of examples of affine Szabé connections.

Theorem 4.8. Let us consider a torsion free connection on R?® given by V0 =
0k, Vo, 08 = uijak, Vo,0; = =0k, with i # j # k, 4,4,k = 1,2,3 and u; # 0,
u; #0, up #0. Then (M, V) is affine Szabd.

Proof. 1t is easy to see that the curvature tensor of the affine connections is flat. [

Example 4.9. The affine connections on R? given by
(1) Vo,02 = 1101, Vo, 05 = =01, Vo, 05 = ;21-01;

U2U3

(2) Vo,82 = 10, Vo, 05 = 2-0s, Vi, 03 = --0a;

uiruUz

(3) VBlaQ = U3 ag,Valag = ’U«Llad’ v6283 = %283

UL U2

are affine Szabé.

5. A CLASSIFICATION OF LOCALLY HOMOGENEOUS AFFINE SZABO MANIFOLDS
IN DIMENSION TWO

Homogeneity is one of the fundamental notions in differential geometry. In this
section we consider the homogeneity of manifolds with affine connections in dimen-
sion two. This homogeneity means that for each two points of a manifold there
is an affine transformation which sends one point into another. We characterize
locally homogeneous connections which are Szabd in a two dimensional smooth
manifold. Note that locally homogeneous Riemannian structures were first studied
by Singer in [17].

A smooth connection V on M is locally homogeneous [14] if and only if it admits,
in neighborhoods of each point p € M, at least two linearly independent affine
Killing vector fields. An affine Killing vector field X is characterized by the equation

[X,VyZ] - Vy[X,Z] - Vixy)Z =0 (5.1)

for any arbitrary vector fields Y and Z on M. Let us express the vector field X on
M in the form

X = F(ul, ’LL2)81 + G(ul, ’U,Q)ag.
Writing the formula (5.1]) in local coordinates, we find that any affine Killing vector

field X must satisfy six basics equations. We shall write these equations in the
simplified notation

OuF + fLLOF + 01 fLF — f}05F + 05 f1,G + 2f1,0,G = 0,

011G+ 2f7100F + (2ffy — f1)O1G — [}10:G + 01 [} F + 02 f7,G = 0,
O1oF + (fii — [12)02F + f2201G + f120,G + 01 flo F + 85 f1,G = 0,
019G + [0 F + [1102F + (f3y — [1)01G + 01 [12F + 82 [5G = 0,
OooF — [oo01F + (2fly — [32)02F + 2f3500G + D1 foo F + D2 f3,G = 0,
022G + 2[00 F — [201G + [3)02G01 f3,F + D2 f3,G = 0.

The following result is the first classification of torsion free homogeneous connec-
tions on two dimensional manifolds.
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Theorem 5.1 ([14]). Let V be a locally homogeneous torsion free affine connection
on a two-dimensional manifold M. Then, in a neighborhood U of each pointu € M,
either V is the Levi-Civita connection of the standard metric of the unit sphere or
there is a system (ui,us2) of local coordinates and constants a,b,c,d,e, f such that
V is expressed in U by one of the following formulas:
(1) Type A:
Val 01 = ad + b82, Val Oy = cO1 + dag, Va2 Oy = €0 + f(92

(2) Type B:
1 1 1
V[—)lal = —(a@l + bag), VaﬁQ = —(c@l + dag), V,9262 = f(661 + fag)
U1 U1 u1

Next, we characterize all affine connections given in Theorem[5.1] which are affine
Szabo.

Theorem 5.2. The affine manifolds of type A are affine Szabd if and only if they
have parallel Ricci tensor.

Proof. The components of the Ricci tensor are given by Ric(dy,0;) = (ad—d*+bf —
be), Ric(Or,02) = (cd—be), Ric(da, 01) = (cd—be), Ric(da, d2) = (ae—de+cf —c?).
The Ricci tensor is symmetric. Then, the covariant derivatives of the Ricci tensor
are given by

(Va,Ric)(d1,01) = 2(abc + ad® — a*d — abf + b*e — bed),
(Va,Ric)(1,02) = 2(bc? + bde — acd — bef),

(Va,Ric)(9a, 82) = 2(bce — ade — cdf + d*e),
(Va,Ric)(d1,01) = 2(bc* + bde — acd — bef),
(Va,Ric)(1,02) = 2(bce — ade — cdf + d*e),
(Va,Ric)(Da, 02) = 2(be? + 2 f — cf? — aef — cde + def).

From Theoreom [4.4] the proof is complete. O

Theorem 5.3. The affine manifolds of type B are affine Szabo if and only if the
coefficients a, b, ¢, d, e and f satisfy

2abc + 3bc — d — 2ad — a*d — bed + d* + ad® + b%e = 0,
2¢ + ac + 4bc? — 2¢d — 3acd + 3be + 3bde + 2bce = 0,
3¢? + 3c%d + e — ae + 3bce + 2de — 3ade + 3d*e = 0,
—2¢ 4 ace — 2cde + be? = 0.

Proof. The components of the Ricci tensor are given by

Ric(al,al):%[d—kd(a—d)—kb(f—c)L Ric(d1,0y) = —2(f+cd be),
1 1

1 1
Ric(dy,01) = ?(—c—i- cd —be), Ric(dq,d2) = ?[—e +e(a—d) +c(f—c),
1 1
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and it is symmetric if and only if f = —c holds. So we set f = —c. Then, the
covariant derivatives of the Ricci tensor are given by

2
(Va,Ric)(91,01) = — (2abe + 3bc — d — 2ad — a*d — bed + d* + ad® + b%e),
uy

1
(Va,Ric)(01,02) = — (2¢ + ac + 2bc? — 2¢d — 2acd + 3be + 2bde + 2bce),

uf
(Vs,Ric)(02,02) = %(302 + *d + e — ae + bee + 2de — ade + de),
uy
2
(Vs,Ric)(01,01) = ﬁ(%c2 — acd + bde),
1

2
(Vo,Ric) (01, 02) = ﬁ(éd + bee — ade + d?e),
1

2
(Vs,Ric)(02,02) = $(—203 + ace — 2cde + be?).
1
A straightforward calculation using Theorem completes the proof. O

As stated by Brozos et al. in [3], the surfaces of Type A and Type B can have
quite different geometric properties. For instance, the Ricci tensor of any Type
A surface is symmetric while this property can fail for a Type B surface. Thus
the geometry of a Type B surface is not as rigid as that of a Type A surface.
This is closely related to the existence of non-flat affine Osserman structures (see
[7] and references therein). This difference in terms of geometric properties is also
remarkable when those surfaces satisfy the Szabé condition (Theorems|5.2]and [5.3).

In the paper [2], the authors determined the moduli space of Type A affine
geometries. Depending on the signature it is either a smooth 2-dimensional surface
or a smooth 2-dimensional surface with a single cusp point (signature (2, 0)). They
also wrote down complete sets of invariants that determine the local isomorphism
type depending on the rank of the Ricci tensor.

Clearly the condition that the Szabd operator is nilpotent is gauge invariant
and therefore depends only on the Christoffel symbols modulo the action of the
gauge group. This has opened up some perspectives which are under investigation
in order to have a more invariant formulation using recent classification results of
Brozos-Vazquez et al. (see [2, B] for more details). Note that the classification of
locally homogeneous affine connections in two dimensions is a nontrivial problem
(see [1] and [I4] for more details).

6. THE TWISTED RIEMANNIAN EXTENSIONS OF AN AFFINE SZABO MANIFOLD

Affine Szabd connections are of interest not only in affine geometry, but also
in the study of pseudo-Riemannian Szabd metrics, since they provide some nice
examples without Riemannian analogue by means of the Riemannian extensions
and the twisted Riemannian extensions.

A pseudo-Riemannian manifold (M, g) is said to be Szabé if the Szabd oper-
ator (VxR)(-,X)X has constant eigenvalues on the unit pseudo-sphere bundles
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SE(TM) ([9]). Any Szabé manifold is locally symmetric in the Riemannian [I8]
and the Lorentzian [I1] setting but the higher signature case supports examples
with nilpotent Szabé operators (cf. [9] and the references therein). Next we will use
the twisted Riemannian construction to exhibit a four-dimensional Szab6 metric
where the degree of nilpotency of the associated Szabé operators changes at each
point depending on the direction.

Let (M,V) be an affine manifold of dimension n. The Riemannian extension
is the pseudo-Riemannian metric gy on T*M of neutral signature (n,n), which is
given in local coordinates relative to the frame {0y, ,...,0u,,0u,s--.,0u,, } by

gv = 2du; o duy — 2uk/1"fjdui o duy,

where Ff] give the Christoffel symbols of the affine connection V. Riemannian
extensions were originally defined by Patterson and Walker [I5] and further inves-
tigated in relating pseudo-Riemannian properties of N with the affine structure of
the base manifold (M, V). Moreover, Riemannian extensions were also considered
in [12] in relation with Lz-spaces. One has:

Theorem 6.1. Let (M, V) be a two-dimensional smooth torsion-free affine mani-
fold. Then the following assertions are equivalent:
(1) (M, V) is an affine Szabd manifold.
(2) The Riemannian extension (T*M,gv) of (M, V) is a pseudo-Riemannian
nilpotent Szabo manifold of neutral signature.

We also have the following theorem.

Theorem 6.2 ([12]). Let (M,V) be a smooth torsion-free affine manifold of di-
mension n > 3. Then the following assertions hold:

(1) If (M, V) is an affine Szabd manifold, then its Riemannian extension (T*M,
gv) is a pseudo-Riemannian Szabd manifold.

(2) If the Ricci tensor of (M, V) is symmetric and the Riemannian extension
(T*M, gv) of (M, V) is a pseudo-Riemannian Szabd manifold, then (M, V)
is an affine Szabo manifold.

More generally, if ® is a symmetric (0,2)-tensor field on M, then the twisted
Riemannian extension gv ¢ is the metric of neutral signature on T*M given by

gv7q> = ( Idn 0 . (61)

Thus in particular, if V is flat, the Szabé operators of gy o are nilpotent and the
couple (N, gv.¢) is a Szabd pseudo-Riemannian manifold [4]. Here, we consider the
twisted Riemannian of a not flat affine connection and we will prove the following
result.

Theorem 6.3. Let M = R? and let V be the torsion-free connection whose non-
zero Christoffel symbols are given by Vo, 01 = (u1 + u2)dr and Vy,02 = (ug +
ug + 1)02. Let § := gy,e on T*M. Then G is a Szabd metric of signature (2,2).
Moreover the degree of nilpotency of the Szabd operators (VxR)(-, X)X depends
on the direction X at each point.
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Proof. Let (M,V) be a 2-dimensional affine manifold. The twisted Riemannian
extension of the connection Vg, 01 = (u1 + u2)0; and Vy,02 = (ug + ug + 1)02 is
the pseudo-Riemannian metric g on the cotangent bundle 7 M of neutral signature
(2,2) defined by

g= <I>11(u1, ’LLQ) — 2(“1 + UQ)Ug] dup ® duy + 2P1- (Ul, uQ)dm ® dusg

+ 2duy ® duz + |:CI)22(U1, u2) — 2(uy + uz + 1ug | dug ® dus + 2dus ® duy.
The Levi-Civita connection is determined by the Christoffel symbols as follows:
Tl =up +up, T3 = (up +ug+1),
IYy = —(u1 +ug), Ty = —(ur +uz + 1),

1
i = 531‘I>11(U1,U2) — (w1 4+ u2)[®11(u1, u2) — 2(u1 + ug)us] — us,
1
Iy = 01®19(uy, ug) — 532‘1)11(1“,“2) — (u1 + u2)P12(u1, uz) + us,
.1 L1
I = 532‘1311(1“,”2) —uz, Ijp= 531‘1)22(1“,“2) — Uy,
1
I3y = 0a®1a(uy, us) — 531‘1)22(“1&2) — (u1 +ug + 1)P12(u1, u2) + ua,

1
F242 = 582‘1)22(’&1,’&2) — (Ul —+ uo + 1)[@22(711,’112) — 2(7.L1 —+ U9 + 1)U4] — U4.

A straightforward calculation from the Christoffel symbols shows that the non zero
components curvature tensor are given by

R(@l, 82)81 = —61 + |:‘I)11 — 2(’&1 + UQ)Ug] 83
1 1
+ [535%2 — 010212 + 553‘1’11 + P12
1
+ (ug +u2 + 1) (31‘512 - 582‘1)11)
1
+ (u1 + uz)(32q>12 - 551‘1)22> — (u1 +u2)(ur +ug + 1)P12

+ (U1 =+ uo + 1)u3 + (u1 + UQ)U4:| 34,

R(,85)05 = 95 — [%af% — 910,B10 + %822@11 .
+ (ug +ug + 1) (81<I>12 - %agcbn>
+ (w4 uz) (81 %31@22) — (un 4 u2) (w1 + Uz + 1) D1z
+ (u1 +ug + Dug + (ug + uz)m} 03

— |:(I)22 — 2(’LL1 =+ uo + 1)U4} 84,
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R(01,02)03 = 03, R(01,02)04 = —04, R(01,03)01 = —04, R(01,03)0> = 0s.

Let X = 2?21 a;0; be a non-null vector, where {9;} denotes the coordinate basis.
The associated Szabé operator (VxR)(-, X)X can be expressed with respect to
the coordinate basis {9;} as follows:

a1 a2 O
S(X) _ a1 a2
asp asz2 ass
a41 Q42 043

(e en e en)

with
ain = fi(ur, uz,uz, uq), az1 = fo(ur,uz,uz,us), az1 = fz(ur,uz,us, uq);
agr = fa(ur,uz,us,ug), az1 = fi(ui,uz,uz, us), a2 = fa(ui, ua, us, ug);
azz = f3(ur, uz,uz, ua),  asz = faur, uz, us, ua);
ass = [@dan(uy + up) + arad(uy + ug + 1);
ag3 = —[ad(ug +ug) + g (ug +ug + 1).

For the particular choice of the unit vectors X1 = 07 + 03 and Xo = 0y + 04,
respectively, it is easy to show that S(X7) is three-step nilpotent while S(X3) is
two-step nilpotent. O
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