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HARMONIC ANALYSIS ASSOCIATED WITH THE MODIFIED
CHEREDNIK TYPE OPERATOR ON THE REAL LINE AND

PALEY–WIENER THEOREMS FOR ITS HARTLEY
TRANSFORM

HATEM MEJJAOLI

Abstract. We consider a new differential-difference operator Λ on the real
line. We study the harmonic analysis associated with this operator. Next, we
establish the Paley–Wiener theorems for its Hartley transform on R.

Dedicated to Professor Emeritus Khalifa Trimèche.

1. Introduction

The Hartley transform is an integral transform, attributed to Ralph Vinton Lyon
Hartley (cf. [3, 11]). This transform permits a function to be decomposed into two
independent sets of sinusoidal components; these sets are represented in terms of
positive and negative frequency components, respectively. This is in contrast to
the complex exponential, exp(iλx), used in classical Fourier analysis. The Hartley
transform has advantages over the Fourier transform: it transforms real functions
into real functions (as opposed to requiring complex numbers); also this transform
has complementary symmetry properties with respect to its real and imaginary
axis. Moreover, it is well known that the Hartley transform is connected with
various applications in mathematical physics.

The familiar reciprocal pair of the Hartley transforms for f in a suitable function
class is given by

Hc(f)(λ) = 1√
π

∫
R
f(x) cas(λx) dx

f(x) = 1√
π

∫
R
Hc(f)(λ) cas(λx) dλ,

(1)

where
cas(y) := cos y + sin y. (2)
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136 H. MEJJAOLI

The cas function (2) can be considered as a generalization of the exponential func-
tion exp. A simple computation shows that the cas function is the unique C∞
solution of the differential-reflection problem

Y (f)(x) = λf(x), f(0) = 1,
where Y is the differential-reflection operator defined by

Y (f)(x) =
(
d

dx
◦ s
)
f(x) := f ′(−x).

Here s is the reflection, acting on the function f as
s(f)(x) := f(−x).

Further, the function cas(x) satisfies the product formula

cas(x) cas(y) = 1
2 ((1− s) cas) (x+ y) + 1

2 ((1 + s) cas) (x− y).

This allows us to define the generalized translation operator related to the differential-
reflection operator Y by

σxf(y) = 1
2 ((1− s)f) (x+ y) + 1

2 ((1 + s)f) (x− y),

and the convolution product by

f∗g(x) =
∫
R
σxf(y)g(y) dy. (3)

The Hartley transform has the following properties:
Hc(Y f)(λ) = −λHc(f)(λ),
Hc(σxf)(λ) = cas(λx)Hc(f)(λ),
Hc(f∗g)(λ) = Hc(f)(λ)Hc(g)(λ).

In this paper, we consider the first-order singular differential-difference operator
on R

Λf(x) = Y f(x) + A′(x)
A(x)

(
f(x)− f(−x)

2

)
− ρf(−x),

where
A(x) = |x|2α+1B(x), α > −1

2 ,

B being a positive C∞ even function on R. We suppose in addition that
i) For all x ≥ 0, A(x) is increasing and lim

x→∞
A(x) =∞.

ii) For all x > 0, A
′(x)
A(x) is decreasing and lim

x→∞

A′(x)
A(x) = 2ρ ≥ 0.

iii) There exists a constant δ > 0 such that for all x ∈ [x0,∞), x0 > 0, we have

A′(x)
A(x) =

{
2ρ+ e−δxD(x), if % > 0
2α+1
x + e−δxD(x), if % = 0,

where D is a C∞ function, bounded together with its derivatives.
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MODIFIED CHEREDNIK TYPE OPERATOR ON THE REAL LINE 137

The purpose of the present paper is twofold. On one hand, we want to provide a
new harmonic analysis on the real line corresponding to the differential-difference
operator Λ. More precisely, we study the Hartley transform associated with the
operator Λ, we prove an inversion formula and a Plancherel theorem. On the other
hand, we want to highlight the close connection between Roe’s theorem and real
Paley–Wiener theorems.

The Paley–Wiener theorems associated with partial differential operators are
one of the most useful subjects in harmonic analysis. In this paper we present only
three themes for this subject.

The first theme is the real Paley–Wiener theorems. The fundamental theorem
given by Bang (cf. [2]) can be stated as follows. Let f be a C∞ function on R such
that for all n ∈ N, the function dn

dxn f belongs to the Lebesgue space Lp(R), then
the limit Rf := limn→∞ ‖ d

n

dxn f‖
1/n
p exists and we have

Rf = sup {|λ| : λ ∈ suppF(f)} ,
where F(f) is the classical Fourier transform of f . Next the analogue of this
theorem was established for many other integral transforms; see for example [7, 13,
21].

The second theme is the study of tempered distributions with spectral gaps.
More precisely, a tempered distribution on R whose Fourier transform is supported
in an interval [−M,M ], where M > 0, can be characterized by the behaviour
of its successive derivatives. On the other hand, a tempered distribution on R
whose Fourier transform vanishes in an interval (−M,M), where M > 0, can be
characterized by the behaviour of a particular sequence of successive antiderivatives.

The third theme is Roe’s theorem. The fundamental theorem given by Roe
(cf. [15]) can be stated as follows. If a function and all its derivatives and integrals
are absolutely uniformly bounded, then the function is a sine function with period
2π.

The remaining part of the paper is organized as follows. In Section 2, we study
the harmonic analysis associated with the modified Cherednik type operator on
the real line. More precisely, we study the eigenfunctions of the operator Λ. In
particular we prove the Laplace integral representation for these eigenfunctions.
Next, we prove the inversion theorems and Plancherel’s formula for the Hartley
transform associated with the operator Λ, noted HΛ. Section 3 is devoted to
characterizing the functions in the generalized Schwartz spaces such that their
Hartley transform HΛ vanishes outside a polynomial domain. In Section 4 we
prove new versions of real Paley–Wiener theorems for the Hartley transform HΛ.
In Section 5 we prove Roe’s theorem for the modified Cherednik type operator on
R. Finally, in the last section we study the tempered distributions with spectral
gaps.

2. Harmonic analysis associated with the modified Cherednik type
operator on the real line

In this section we study the harmonic analysis related to the operator Λ.
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138 H. MEJJAOLI

Notations. We denote by
• R% := {x ∈ R : |x| ≥ %}.
• E(R), the space of C∞ functions on R.
• S(R), the Schwartz space of rapidly decreasing functions on R.
• De(R), the space of even C∞ functions on R which are of compact support.
• D(R), the space of C∞ functions on R which are of compact support.
• D′(R), the space of distributions on R.

2.1. The eigenfunctions of the operator Λ. To study the eigenfunctions of
Λ, we consider first those of the second-order singular differential operator on R
defined by

L = d2

dx2 + A′(x)
A(x)

d

dx
.

Our basic reference about L will be the papers [19, 20] from which we recall the
following result.

Lemma 2.1. (i) For each λ ∈ C the differential equation

Lu = −(λ2 + %2)u, u(0) = 1, u′(0) = 0, (4)

admits a unique even C∞ solution on R, denoted ϕλ.
(ii) For every x ∈ R, the function λ 7→ ϕλ(x) is analytic.

(iii) For every x ∈ R,
e−%|x| ≤ ϕ0(x) ≤ 1.

(iv) For all x > 0 and λ ∈ C, the function ϕλ possesses the Laplace type integral
representation

ϕ√
λ2−%2(x) =

∫ x

0
K(x, y) cos(λy) dy, (5)

where K(x, .) is a positive continuous function on (−|x|, |x|), with support in
[−|x|, |x|].

(v) There is a positive constant C such that for all λ ∈ C, x ∈ R and n ∈ N0, we
have ∣∣∣∣ dndλnϕλ(x)

∣∣∣∣ ≤ C|x|ne(| Imλ|−%) |x|.

Remark 2.2. IfA(x) = (sinh |x|)2α+1(cosh x)2β+1, α ≥ β ≥ − 1
2 , α 6= − 1

2 , then the
differential operator L reduces to the so-called Jacobi operator. The eigenfunction
ϕλ is the Jacobi function of index (α, β) given by

ϕλ(x) = F

(
1
2(ρ+ λ), 1

2(ρ− λ); α+ 1; −(sinh(x))2
)
, (6)

where F is Gauss’s hypergeometric function 2F1.

Proposition 2.3. For each λ ∈ C the differential-difference equation

Λu = λu, u(0) = 1, (7)

Rev. Un. Mat. Argentina, Vol. 58, No. 1 (2017)



MODIFIED CHEREDNIK TYPE OPERATOR ON THE REAL LINE 139

admits a unique C∞ solution on R, denoted Φλ and given by

Φλ(x) =


ϕ√

λ2−2%2(x) + 1
λ−%Y ϕ

√
λ2−2%2(x), if λ 6= %

1 + sgn(x) 2%
A(x)

∫ |x|
0

A(t) dt, if λ = %.
(8)

Proof. Write u = ue + uo with

ue(x) = u(x) + u(−x)
2 and uo(x) = u(x)− u(−x)

2 .

Then (7) is equivalent to the system
Y uo + A′(x)

A(x) uo = (λ+ ρ)ue

Y ue = (λ− ρ)uo
ue(0) = 1.

(9)

If λ 6= %, the identity (8) is now immediate from Lemma 2.1 and the relation (9).
On the other hand, we have

Y ϕ√
λ2−2%2(x) = sgn(x) (λ2 − %2)

A(x)

∫ |x|
0

ϕ√
λ2−2%2(t)A(t) dt.

Then, for λ 6= %

1
λ− %

Y ϕ√
λ2−2%2(x) = sgn(x) (λ+ %)

A(x)

∫ |x|
0

ϕ√
λ2−2%2(t)A(t) dt.

Thus if λ = %, we have
u(x) = ue(x) + uo(x)

= lim
λ→%

(
ϕ√

λ2−2%2(x) + 1
λ− %

Y ϕ√
λ2−2%2(x)

)
= ϕi%(x) + sgn(x) 2%

A(x)

∫ |x|
0

ϕi%(t)A(t) dt

= 1 + sgn(x) 2%
A(x)

∫ |x|
0

A(t) dt. �

Remark 2.4. For all x ∈ R\{0} and λ ∈ C, we can write

Φλ(x) = ϕ√
λ2−2%2(x) + sgn(x) λ+ ρ

A(x)

∫ |x|
0

ϕ√
λ2−2%2(t)A(t) dt. (10)

The eigenfunctions Φλ possess the following properties:
i) There exists a positive constant C such that for all x ∈ R and λ ∈ R, with
|λ| ≥

√
2% and n ∈ N0, we have∣∣∣∣ dndλnΦλ(x)

∣∣∣∣ ≤ C(1 + |λ|+ ρ)(1 + |x|)ne−% |x|. (11)
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ii) There exists a positive constant C such that for all x ∈ R and λ ∈ R, with
|λ| ≤

√
2%, we have∣∣∣∣ dndλnΦλ(x)

∣∣∣∣ ≤ C(1 + |λ|+ ρ)(1 + |x|)ne(
√

2%2−λ2−ρ) |x|.

The following lemma shall be useful.

Lemma 2.5. (i) For all x > 0 and λ ∈ C, we have

ϕ√
λ2−2%2(x) =

∫ x

0
K(x, y) cos(

√
λ2 − %2 y) dy, (12)

where K(x, .) is the positive continuous function on (−|x|, |x|), with support
in [−|x|, |x|], given in (5).

(ii) For all x ∈ R\{0} and λ ∈ C, we have

λ+ %

A(x)

∫ |x|
0

ϕ√
λ2−2%2(t)A(t) dt

= 1
2A(x)

∫ |x|
−|x|

(
%GK(x, y)− ∂

∂y
GK(x, y)

)
cas(

√
λ2 − %2 y) dy, (13)

where

GK(x, y) =


∫ |x|
|y|
K(t, y)A(t) dt if |y| < |x|,

0 if |y| ≥ |x|.

Proof. The first assertion (i) is immediate from (5).
Now we want to prove (ii). From the relation (12) and Fubini’s theorem, we

obtain
λ+ %

A(x)

∫ |x|
0
ϕ√

λ2−%2(t)A(t) dt = λ+ %

A(x)

∫ |x|
0

(∫ t

0
cos(

√
λ2 − %2 y) dyK(t, y)

)
A(t) dt

= λ+ %

A(x)

∫ |x|
0

(∫ |x|
|y|
K(t, y)A(t) dt

)
cos(

√
λ2 − %2 y) dy

= λ+ %

A(x)

∫ |x|
0
GK(x, y) cos(

√
λ2 − %2 y) dy.

(14)

Moreover, by integration by parts, we obtain

λ

A(x)

∫ |x|
0
GK(x, y) cos(

√
λ2 − %2 y) dy = −1

2A(x)

∫ |x|
−|x|

∂

∂y
GK(x, y) sin(

√
λ2 − %2 y) dy.

On the other hand,

%

A(x)

∫ |x|
0
GK(x, y) cos(

√
λ2 − %2 y) dy = %

2A(x)

∫ |x|
−|x|
GK(x, y) cos(

√
λ2 − %2 y) dy.
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MODIFIED CHEREDNIK TYPE OPERATOR ON THE REAL LINE 141

Thus

λ+ %

A(x)

∫ |x|
0
GK(x, y) cos(

√
λ2 − %2 y) dy

= 1
2A(x)

∫ |x|
−|x|

(
%GK(x, y)− ∂

∂y
GK(x, y)

)
cas(

√
λ2 − %2 y) dy.

This finishes the proof. �

Theorem 2.6. The eigenfunction Φλ(x) has the following Laplace integral repre-
sentation:

∀x ∈ R\{0}, ∀λ ∈ C, Φλ(x) =
∫ |x|
−|x|

K(x, y) cas(
√
λ2 − %2 y) dy,

where K(x, y) is a continuous function on (−|x|, |x|), with support in [−|x|, |x|],
given by

K(x, y) = 1
2K(x, y) + %

sgn(x)
2A(x) GK(x, y)− sgn(x)

2A(x)
∂

∂y
GK(x, y). (15)

Proof. For all x ∈ R\{0} and λ ∈ C, the relations (10), (12) and (13) give that

Φλ(x) = ϕ√
λ2−2%2(x) + sgn(x) λ+ ρ

A(x)

∫ |x|
0

ϕ√
λ2−2%2(y)A(y) dy

=
∫ |x|

0
K(x, y) cos(

√
λ2 − %2 y) dy + sgn(x) λ+ ρ

A(x)

∫ |x|
0

ϕ√
λ2−2%2(y)A(y) dy

=
∫ |x|
−|x|

(
1
2K(x, y) + % sgn(x)

2A(x) GK(x, y)− sgn(x)
2A(x)

∂

∂y
GK(x, y)

)
· cas(

√
λ2 − %2 y)A(y) dy.

Thus

Φλ(x) =
∫ |x|
−|x|

K(x, y) cas(
√
λ2 − %2 y) dy. �

Using the similar method presented in [20], we prove that for all x ∈ R\{0} and
y ∈ R the kernel K(x, y) is positive.

We consider the generalized intertwining operator V , defined on E(R) by

V f(x) =


∫ |x|
−|x|

K(x, y)f(y) dy if x ∈ R \ {0},

f(0) if x = 0,
(16)

where K(x, y) is the continuous function on (−|x|, |x|), with support in [−|x|, |x|],
defined by relation (15).

We have
∀λ ∈ C, ∀x ∈ R, Φλ(x) = V (cas(

√
λ2 − %2))(x). (17)

Using the similar method presented in [19, 20], we prove the following results.
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The operator V is a topological automorphism of E(R) satisfying
∀f ∈ E(R), Λ(V f) = V (Y f).

The operator tV is defined on D(R) by

∀y ∈ R, tV (f)(y) =
∫
|x|≥|y|

K(x, y)f(x)A (x) dx.

The operator tV is a topological automorphism of D(R). The operators V and tV
possess the following properties:

(i) For all f ∈ D(R) and g ∈ E(R),∫
R

tV (f)(y)g(y) dy =
∫
R
f(x)V g(x)A (x) dx. (18)

(ii) The inverse operator tV −1 is given by
tV −1f = tχ−1(fe) + (%I − Y ) tχ−1(Jfo),

where tχ−1 is the inverse of the transmutation operator associated with the oper-
ator L and J is the integral operator defined by

Jf(x) =
∫ x

−∞
f(t) dt, x ∈ R. (19)

(iii) The generalized intertwining operator V and its dual tV are positive.

Corollary 2.7. For all λ, x ∈ R, |λ| ≥ %, we have
|Φλ(x)| ≤ 2. (20)

Proof. The relations (16), (17) and the positivity of the kernel K(x, y) give the
result. �

2.2. Hartley transform associated with the modified Cherednik type op-
erator.
Notations. We denote by

• LpA(R), 1 ≤ p ≤ ∞, the space of measurable functions f on R satisfying

‖f‖Lp
A

(R) =
(∫

R
|f(x)|pA(x) dx

)1/p
<∞, if 1 ≤ p <∞

‖f‖L∞
A

(R) = ess sup
x∈R

|f(x)| <∞.

• S2(R), the space of C∞ functions on R such that for all m,n ∈ N

qn,m(f) := sup
x∈R

(cosh x)%(1 + x2)m
∣∣∣∣ dndxn f(x)

∣∣∣∣ <∞.
The topology of S2(R) is defined by the semi-norms qn,m, m,n ∈ N.

• S2
e (R) (resp. S2

o (R)), the subspace of S2(R) consisting of even (resp. odd)
functions.

• S ′(R), the space of temperate distributions on R; it is the dual space of
S(R).
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• S ′2(R), the space of generalized temperate distributions on R; it is the dual
space of S2(R).

Remark 2.8. When % = 0, S2(R) = S(R) and S ′2(R) = S ′(R).

Definition 2.9. The Hartley transform, associated with Λ, of a function f ∈ D(R)
is defined by

HΛ(f)(λ) =
∫
R
f(x)Φλ(x)A(x) dx, for all λ ∈ R. (21)

Proposition 2.10. For all f ∈ D(R) we have

HΛ(f) = Hm ◦ tV (f), (22)

where Hm is the modified Hartley transform defined on D(R) by

∀λ ∈ C, Hm(f)(λ) =
∫
R
f(x) cas(

√
λ2 − %2x) dx = Hc(f)(

√
λ2 − %2).

Proof. The result is immediate from the relations (21), (17) and (18). �

Proposition 2.11. For all f ∈ D(R), we have the decomposition

HΛf(λ) = 2FL(fe)(
√
λ2 − 2%2)− 2(λ+ %)FLJ(fo)(

√
λ2 − 2%2), (23)

where J is the integral operator defined by (19) and FL stands for the Fourier
transform related to the differential operator L, defined on S2

e (R) by

FL(f)(λ) =
∫ ∞

0
f(x)ϕλ(x)A(x) dx, λ ∈ R,

ϕλ being the eigenfunction of L as defined by (4).

Proof. If f ∈ De(R), identity (23) is obvious. Assume f ∈ Do(R) (the space of odd
C∞ functions on R which are of compact support). By using (21), (8), (4), and by
integrating by parts we obtain

HΛf(λ) = 1
λ− %

∫
R
f(x)Y ϕ√

λ2−2%2(x)A(x) dx

= 1
λ− %

∫
R

d

dx

(
A(x) d

dx
ϕ√

λ2−2%2(x)
)
J(f)(x) dx

= 1
λ− %

∫
R
Lϕ√

λ2−2%2(x)J(f)(x)A(x) dx

= −(λ+ %)
∫
R
ϕ√

λ2−2%2(x)J(f)(x)A(x) dx

= −2(λ+ %)FL(Jf)(
√
λ2 − 2%2),

which completes the proof. �

We shall need the following properties.
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Proposition 2.12 (Transmutation formula). (i) Let f ∈ S2(R) and g a nice
function. Then∫

R
Λf(x)g(x)A(x) dx =

∫
R
f(x)Λg(x)A(x) dx. (24)

(ii) For f ∈ S2(R),
HΛ (Λf) (ξ) = ξHΛf(ξ), ξ ∈ R%.

(iii) For f ∈ S2(R),
HΛ(4A f)(y) = y2HΛ(f)(y), for all y ∈ R%,

where 4A is the generalized Laplace operator on R given by
∀x ∈ R, 4A f(x) := Λ2f(x).

Proof. Let f ∈ S2(R) and g a nice function, and consider the bracket

〈f, g〉 =
∫
R
f(x)g(x)A(x) dx.

First, we have

〈Y f, g〉 =
∫
R
f ′(−x)g(x)A(x) dx = −

∫
R
f(x) d

dx
[g(−x)A(x)] dx

= −
∫
R
f(x)g(−x)A′(x) dx+

∫
R
f(x)g′(−x)A(x) dx

= 〈f, Y g〉 − 〈f, ǧA
′

A
〉,

where ȟ(x) = h(−x).
Second, we have

〈12
A′

A
(f − f̌), g〉 =

∫
R

A′(x)
A(x)

f(x)− f(−x)
2 g(x)A(x) dx

=
∫
R

(f(x)− f(−x)
2 )g(x)A′(x) dx

= 1
2

∫
R

(A′(x)f(x)g(x)−A′(x)f(−x)g(x)) dx

= 1
2

∫
R

(A′(x)f(x)g(x)−A′(−x)f(x)g(−x)) dx

= 1
2

∫
R

(A′(x)f(x)g(x) +A′(x)f(x)g(−x)) dx

= 1
2

∫
R
A′(x)f(x) (g(−x) + g(x)) dx

=
∫
R

A′(x)
A(x) f(x)(g(x) + g(−x)

2 )A(x) dx

= 〈f, 1
2
A′

A
(g + ǧ)〉.
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Finally,

〈(−%f̌), g〉 = −%
∫
R
f(−x)g(x)A(x) dx

= −%
∫
R
f(x)g(−x)A(x) dx

= 〈f, (−%ǧ)〉.
All together, this gives

〈Λf, g〉 = 〈Y f + 1
2
A′

A
(f − f̌)− %f̌ , g〉

= 〈f, Y g − ǧ A
′

A
+ 1

2
A′

A
(g + ǧ)− %ǧ〉

= 〈f, Y g + 1
2
A′

A
(g − ǧ)− %ǧ〉

= 〈f,Λg〉.
Assertion (ii) follows by substituting in (24) g by Φλ. Assertion (iii) is immediate
from (ii). �

2.3. Inversion formulas and Plancherel’s theorem for HΛ.

Definition 2.13. The generalized translation operators τx, x ∈ R, are defined on
D(R) by

∀λ ∈ R, HΛ(τxf)(λ) = Φλ(x)HΛ(f)(λ). (25)

Using the generalized translation operator, we define the generalized convolution
product of functions as follows.

Definition 2.14. For f, g ∈ D(R), the generalized convolution product f ∗Λ g is
defined by

f ∗Λ g(x) =
∫
R
τxf(y)g(y)A(y) dy, for all x ∈ R.

Proposition 2.15. (i) Let f and g be in D(R). Then the generalized convolution
product f ∗Λ g belongs to D(R) and we have

HΛ(f ∗Λ g)(ξ) = HΛ(f)(ξ)HΛ(g)(ξ), for all ξ ∈ R.
(ii) We have the relation

∀ f, g ∈ D(R), tV (f ∗Λ g) = tV (f) ∗ tV (g),
where ∗ is the convolution product on R given by (3).

Proof. We obtain the results by using ideas similar to those in the context of
Chébli–Trimèche hypergroups (cf. [19]). �

Definition 2.16. Let f ∈ L∞A (R). f is called HΛ-function of positive type if for
all ϕ ∈ D(R) we have ∫

R
f(x)ϕ ∗Λ ϕ(x)A(x) dx ≥ 0.
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Lemma 2.17. Let u in D′(R). The following assertions are equivalent:
(i) For all ϕ ∈ D(R), we have 〈u, ϕ2〉 ≥ 0.

(ii) u is a positive distribution.
(iii) u is a positive measure.

Proof. By using the proof of [17, Theorem XVIII, p. 276–277], we obtain the result.
�

Theorem 2.18 (Bochner’s theorem). Let f ∈ L∞A (R), if f is HΛ-function of
positive type, there exists a positive bounded measure µ on R, such that f(x) =
H−1

Λ (µ)(x), for all x ∈ R.

Proof. Let f ∈ L∞A (R) be HΛ-function of positive type and put u = HΛ(f). For
all ϕ ∈ D(R), we have

〈u, ϕ2〉 = 〈HΛ(f), ϕ2〉
= 〈f,H−1

Λ (ϕ2)〉
= 〈f,HΛ

−1(ϕ) ∗Λ HΛ
−1(ϕ)〉 ≥ 0.

Hence u is a positive distribution. Again, by using Lemma 2.17, it is a measure
of positive type. As u ∈ HΛ(L∞A (R)), by a standard analysis, we prove that this
measure is bounded and we deduce the result. �

Definition 2.19. Let u ∈ D′(R). u is called HΛ-distribution of positive type if for
all ϕ ∈ D(R) we have

〈u, ϕ ∗Λ ϕ〉 ≥ 0.

Theorem 2.20 (Bochner–Schwartz’s theorem). Let u ∈ D′(R). The following
assertions are equivalent:

(i) u is of positive type.
(ii) u is a tempered distribution, and there exists a tempered positive measure µ

on R such that u = H−1
Λ (µ).

Proof. We want to prove that (i) ⇒ (ii).
It is easy to see that for all ϕ ∈ D(R), the function ϕ 7→ u∗Λϕ∗Λϕ is of positive

type. Then by Theorem 2.18, there exists a bounded positive measure µϕ such that
µϕ = HΛ(u ∗Λ ϕ ∗Λ ϕ). Let χ ∈ D(R) such that HΛ(χ)(λ) 6= 0, for all λ ∈ R. We
consider the measure µ defined by µ = µχ

|HΛ(χ)(λ)|2 . It is clear that µ is a positive
measure; we can write:

HΛ(u ∗Λ ϕ ∗Λ ϕ ∗Λ χ ∗Λ χ) =
(
HΛ(χ)

)2
µϕ =

(
HΛ(ϕ)

)2
µχ.

Thus
µϕ =

(
HΛ(ϕ)

)2
µ, for all ϕ ∈ D(R).
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Then, we have
〈u, ϕ ∗Λ ϕ〉 = 〈u ∗Λ ϕ ∗Λ ϕ, δ〉

= H−1
Λ (µϕ)(0)

=
∫
R

(HΛ(ϕ))2 (λ) dµ(λ).

Thus, we deduce that

〈u, ψ〉 =
∫
R
HΛ(ψ)(λ) dµ(λ) = 〈H−1

Λ (µ), ψ〉.

So the result follows.
Now we want to prove that (ii) ⇒ (i).
If µ = HΛ(u), we have for all ϕ ∈ D(R),

〈H−1
Λ (µ), ϕ ∗Λ ϕ〉 = 〈µ,HΛ(ϕ ∗Λ ϕ)〉

= 〈µ,
(
HΛ(ϕ)

)2〉 ≥ 0.
The theorem is then proved. �

Remark 2.21. As above, we prove the Bochner and Bochner–Schwartz’s theorems
for the classical Hartley transform Hc defined by (1).

Notation. We denote by Lpc(R+), 1 ≤ p ≤ ∞, the space of measurable functions
f on R+ satisfying

‖f‖Lpc (R+) =
(∫

R+

|f(x)|p dx

|c(x)|2

)1/p

<∞, if 1 ≤ p <∞,

‖f‖L∞
c (R+) = ess sup

x∈R+

|f(x)| <∞,

where c(s) is a continuous function on (0,∞) such that

c−1(s) ∼ k1 s
α+ 1

2 , as s→∞,

c−1(s) ∼
{
k2 s, as s→ 0, if % > 0
k3 s

α+ 1
2 , as s→ 0, if % = 0

for some k1 k2, k3 ∈ C. The measure dx
|c(x)|2 is the Plancherel measure for the Fourier

transform FL.
Lpν(R), 1 ≤ p ≤ ∞, the space of measurable functions f on R satisfying

‖f‖Lpν(R) =
(∫

R
|f(x)|pdν(x)

)1/p
<∞, if 1 ≤ p <∞,

‖f‖L∞
ν (R) = ess sup

x∈R
|f(x)| <∞,

where dν is the measure given by

dν(λ) = |λ|
4
√
λ2 − 2%2|c(

√
λ2 − 2%2)|2

1R\(−√2%,
√

2%) dλ, (26)
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with 1A the characteristic function of the set A.

Theorem 2.22. For all f ∈ D(R), we have

f(x) =
∫
R
HΛ(f)(λ)Φλ(x) dν(λ),

where dν is given by (26).

Proof. By using Proposition 2.15 we see that the functional

〈S, f〉 = tV −1(f)(0), f ∈ D(R)

isHc-positive type distribution in D′(R). From Remark 2.21, we have the Bochner–
Schwartz theorem for Hc. Thus, we deduce that there exists a positive measure ν,
such that for all f in D(R), we have

f(0) =
∫
R
Hm(t V (f))(λ) dν(λ).

Using the relation (22) we obtain

f(0) =
∫
R
HΛ(f)(λ) dν(λ).

By substituting in this relation f by τxf , x ∈ R, and by using (25) we obtain

f(x) =
∫
R
HΛ(τxf)(λ)dν(λ) =

∫
R
HΛ(f)(λ)Φλ(x)dν(λ). (27)

If we suppose that f is even, then by the inversion formula for the transform FL
(see [19]), we have

f(x) =
∫
R
FL(f)(µ)ϕµ(x) dµ

2|c(µ)|2 . (28)

But the parametrization µ2 = λ2 − 2%2 shows that µ ∈ [0,∞) if and only if
λ ∈ R\(−

√
2%,
√

2%), thus from (23) we deduce that (28) can also be written in the
form

f(x) =
∫
R\(−

√
2%,
√

2%)
HΛ(f)(λ)Φλ(x) |λ|dλ

4
√
λ2 − 2%2|c(

√
λ2 − 2%2)|2

.

Using the relation (27) we deduce that the measure dν is supported by
R\(−

√
2%,
√

2%) and given by (26). �

Theorem 2.23. Let f ∈ L1
A(R) such that HΛ(f) belongs to L1

ν(R). Then we have
the inversion formula

f(x) =
∫
R
HΛ(f)(λ)Φλ(x) dν(λ), a.e. x ∈ R.

Proof. It is easy to see that if HΛ(f) belongs to L1
ν(R) then FL(fe) belongs

to L1
c(R+), where fe is the even part of f . For |λ| ≥

√
2% the function λ 7→

1
λ [HΛ(f)(λ)−HΛ(f)(−λ)] belongs to L1

ν(R), then FL(Jfo) ∈ L1
c(R+), where fo is
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the odd part of f and J the transform given by (19). On the other hand, using
(20) we obtain for µ2 = λ2 − 2%2

|Y ϕµ(x)| ≤ |(λ− %)Φλ(x)− Φλ(−x)
2 | ≤ 2(|λ|+ ρ).

Furthermore, the function µ 7→
√
µ2 + 2%2FL(Jfo)(µ) is in L1

c(R+), so by the
dominated convergence theorem we obtain∫

R+

FL(Jfo)(λ)Y ϕµ(x) dµ

|c(µ)|2 = Y

(∫
R+

FL(Jfo)(λ)ϕµ(x) dµ

|c(µ)|2

)
.

We get the result by using the relation∫
R
HΛ(f)(λ)Φλ(x) dν(λ) =

∫
R+

FL(fe)(µ)ϕµ(x) dµ

|c(µ)|2

− Y

(∫
R+

FL(Jfo)(µ)ϕµ(x) dµ

|c(µ)|2

)

and the analogous theorem corresponding to FL. �

Theorem 2.24 (Plancherel formula). For all f ∈ S2(R), we have∫
R
|HΛ(f)(λ)|2dν(λ) =

∫
R
|f(x)|2A(x) dx+ 2%2

∫
R
|Jfo(x)|2A(x) dx

− 2%Re
(∫

R
fe(x)Jfo(x)A(x) dx

)
,

where dν is the measure given by (26).

Proof. By (23),∫
R
|HΛ(f)(λ)|2dν(λ) = 4

∫
R
|FL(fe)(

√
λ2 − 2%2)|2dν(λ)

+ 4
∫
R

(λ+ %)2|FL(Jfo)(
√
λ2 − 2%2)|2dν(λ)

− 8%Re
(∫

R
FL(fe)(

√
λ2 − 2%2)FL(Jfo)(

√
λ2 − 2%2)dν(λ)

)
= I1 + I2 + I3.

By a Plancherel formula for the Fourier transform FL,

I1 =
∫
R
|fe(x)|2A(x) dx and I3 = −2%Re

(∫
R
fe(x)Jfo(x)A(x) dx

)
.
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Moreover,

I2 = 4
∫
R

(λ+ %)2|FL(Jfo)(
√
λ2 − 2%2)|2dν(λ)

= 4
∫
R

(λ2 + %2)|FL(Jfo)(
√
λ2 − 2%2)|2dν(λ)

=
∫
R

(µ2 + %2)|FL(Jfo)(µ)|2 dµ

|c(µ)|2 + 2%2
∫
R
|FL(Jfo)(µ)|2 dµ

|c(µ)|2 .

Using now the identity
FL(Lh)(µ) = −(µ2 + %2)FL(h)(µ), h ∈ S2

e (R),
and integration by parts, we deduce that

I2 = −
∫
R
FL(LJfo)(µ)FL(Jfo)(µ) dµ

|c(µ)|2 + 2%2
∫
R
|FL(Jfo)(µ)|2 dµ

|c(µ)|2

= −
∫
R
LJfo(x)Jfo(x)A(x) dx+ 2%2

∫
R
|Jfo(x)|2A(x) dx

= −
∫
R

d

dx

(
A(x) d

dx
Jfo(x)

)
Jfo(x)dx+ 2%2

∫
R
|Jfo(x)|2A(x) dx

=
∫
R
|fo(x))|2A(x) dx+ 2%2

∫
R
|Jfo(x)|2A(x) dx.

Hence

I1 + I2 + I3 =
∫
R
|fe(x)|2A(x) dx+

∫
R
|fo(x))|2A(x) dx

+ 2%2
∫
R
|Jfo(x)|2A(x) dx− 2%Re

(∫
R
fe(x)Jfo(x)A(x) dx

)
=
∫
R
|f(x)|2A(x) dx+ 2%2

∫
R
|Jfo(x)|2

− 2%Re
(∫

R
fe(x)Jfo(x)A(x) dx

)
.

This completes the proof. �

In the rest of this paper we assume that % = 0.
Using Bloom-Xu’s approach [6] we prove the next result.

Theorem 2.25. The transform HΛ is a bijection from S(R) to S(R).

Definition 2.26. The transform HΛ of a distribution τ in S ′(R) is defined by
〈HΛ(τ), φ〉 = 〈τ,H−1

Λ (φ)〉, for all φ ∈ S(R).

From the above, it is easy to obtain the following corollary.

Corollary 2.27. The transform HΛ is a topological isomorphism from S ′ (R) onto
itself. Moreover, for all τ ∈ S ′(R), we have

HΛ(Λ τ) = yHΛ(τ)
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and

HΛ(4A τ) = y2HΛ(τ). (29)

3. Real Paley–Wiener theorems for the transform HΛ

Notation. We denote by C[x] the set of polynomials on R with complex coeffi-
cients.

Definition 3.1. Let u be a distribution on R and P a polynomial. Then we let

R(P, u) = sup {|P (y)| : y ∈ suppu} ∈ [0,∞],

where by convention R(P, u) = 0 if u = 0.

We will now study the real L2-Paley–Wiener theorem for the transform HΛ, for
which we need the following key propositions.

Proposition 3.2. Let P be a polynomial and f ∈ S(R). Then in the extended
positive real numbers

lim sup
n→∞

‖Pn(Λ)f‖
1
n

L2
A

(R) ≤ R(P,HΛ(f)). (30)

Proof. Suppose firstly that R(P,HΛ(f)) = 0. Then HΛ(f) = 0, and hence from
Theorem 2.25 f = 0. Thus (30) is immediate.

Moreover, the inequality (30) is clear when R(P,HΛ(f)) =∞. So we can assume
that

0 < R(P,HΛ(f)) <∞.
Hölder’s inequality gives

‖f‖2L2
A

(R) ≤ C sup
x∈R

(1 + x2)2m|f(x)|2,

for m ≥ 1. Thus
‖f‖L2

A
(R) ≤ C sup

x∈R
(1 + x2)m|f(x)|.

Consequently, we deduce that, for all n ∈ N,
‖Pn(Λ)f‖L2

A
(R) ≤ C sup

x∈R
(1 + x2)m|Pn(Λ)f(x)|

≤ C sup
x∈R

(1 + x2)m
∣∣[H−1

Λ (Pn(ξ)HΛ(f)(x))
]∣∣ .

Using the continuity of H−1
Λ we can show that

‖Pn(Λ)f‖L2
A

(R) ≤ C sup
ξ∈R

∑
0≤l,j≤M

(1 + ξ2)j
∣∣∣∣ dldξl [Pn(ξ)HΛ(f)(ξ)]

∣∣∣∣ ,
with positive constants C and integer M , independent of n. Using Leibniz’s rule
we deduce that

‖Pn(Λ)f‖L2
A

(R) ≤ CnM sup
y∈suppHΛ(f)

|P (y)|n−M ,
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with C a constant independent of n. Hence, from the previous inequalities we
obtain

lim sup
n→∞

‖Pn(Λ)f‖
1
n

L2
A

(R) ≤ sup
y∈suppHΛ(f)

|P (y)| = R(P,HΛ(f)). �

Proposition 3.3. Let P be a polynomial. Suppose that Pn(Λ)f ∈ L2
A(R) for all

n ∈ N0. Then in the extended positive real numbers

lim inf
n→∞

‖Pn(Λ)f‖
1
n

L2
A

(R) ≥ R(P,HΛ(f)).

Proof. Fix ξ0 ∈ suppHΛ(f). We can assume that |P (ξ0)| 6= 0. We will show that

lim inf
n→∞

‖Pn(Λ)f‖
1
n

L2
A

(R) ≥ |P (ξ0)| − ε,

for any fixed ε > 0 such that 0 < 2ε < |P (ξ0)|. To this end, choose and fix
χ ∈ D(R) such that 〈HΛ(f), χ〉 6= 0, and

suppχ ⊂ {ξ ∈ R : |P (ξ0)| − ε < |P (ξ)| < |P (ξ0)|+ ε} .
For n ∈ N, let χn(ξ) = P−n(ξ)χ(ξ). Now we want to estimate ‖H−1

Λ (χn)‖L2
A

(R).
Indeed as above we have

‖H−1
Λ (χn)‖L2

A
(R) ≤ C sup

x∈R
(1 + x2)m|H−1

Λ (χn)(x)|

≤ C sup
x∈R

(1 + x2)m
∣∣[H−1

Λ
(
P−n(ξ)χ

)
(x)
]∣∣ ,

with m ≥ 1. Using the continuity of H−1
Λ we can show that

‖H−1
Λ (χn)‖L2

A
(R) ≤ C sup

ξ∈R

∑
0≤l,j≤M

(1 + ξ2)j
∣∣∣∣ dldξl [P−n(ξ)χ(ξ)

]∣∣∣∣ ,
with positive constants C and integer M , independent of n. Using Leibniz’s rule
we deduce that

‖H−1
Λ (χn)‖L2

A
(R) ≤ CnM (|P (ξ0)| − ε)−n.

Then,
〈HΛ(f), χ〉 = 〈HΛ(f), Pn(ξ)χn〉 = 〈Pn(ξ)HΛ(f), χn〉

= 〈HΛ(Pn(Λ)f), χn〉 = 〈(Pn(Λ)f),H−1
Λ (χn)〉.

Hence, from Hölder’s inequality we obtain
|〈HΛ(f), χ〉| ≤ C‖Pn(Λ)f‖L2

A
(R)‖H−1

Λ (χn)‖L2
A

(R)

≤ CnM (|P (ξ0)| − ε)−n‖Pn(Λ)f‖L2
A

(R).

Since |〈HΛ(f), χ〉| > 0, we deduce that

lim inf
n→∞

‖Pn(Λ)f‖
1
n

L2
A

(R) ≥ |P (ξ0)| − ε.

Thus
lim inf
n→∞

‖Pn(Λ)f‖
1
n

L2
A

(R) ≥ sup
y∈suppHΛ(f)

|P (y)| = R(P,HΛ(f)). �

Combining Proposition 3.2 and Proposition 3.3, we get
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Theorem 3.4. Let P be a non-constant polynomial. For any function f ∈ S(R)
the following relation holds:

lim
n→∞

‖Pn(Λ)f‖
1
n

L2
A

(R) = R(P,HΛ(f)).

Definition 3.5. Let P be a non-constant polynomial. We define the polynomial
domain UP by

UP := {ξ ∈ R : |P (ξ)| ≤ 1}.

We have the following result.

Corollary 3.6. Let f ∈ S(R). The transform HΛ(f) vanishes outside a domain
UP if and only if

lim sup
n→∞

‖Pn(Λ)f‖
1
n

L2
A

(R) ≤ 1.

Remark 3.7. If we take P (y) = y, then P (Λ) = 4A, and Theorem 3.4 and
Corollary 3.6 characterize functions f such that the support of their transform
HΛ(f) is [−1, 1].

4. Characterization of the functions whose transform HΛ has
support in antipodal points

Notation. We denote by E ′(R) the space of distributions on R with compact
support.

Definition 4.1. The inverse of the transform HΛ of a distribution τ in E ′(R) is
defined by

∀x ∈ R, H−1
Λ (τ)(x) = 〈τλ,Φλ(x)〉.

Theorem 4.2. Let u ∈ E(R) ∩ S ′(R). Then the support of HΛ(u) is contained in
the compact Vr := {ξ ∈ R : |P (ξ)| ≤ r} for a polynomial P and a constant r ≥ 0 if
and only if for each R > r there exist NR ∈ N0 and a positive constant C(R) such
that

|Pn(Λ)(u)(x)| ≤ C(R)Rn(1 + |x|)NR , (31)
for all n ∈ N and x ∈ R.

Proof. Assume that the support of HΛ(u) is contained in the compact Vr. Let
R > r and let ε ∈ (0, R − r). We choose χ ∈ D(R) such that χ ≡ 1 on an open
neighborhood of the support of HΛ(u), and χ ≡ 0 outside VR− ε3 . As HΛ(u) is of
order N , there exists a positive constant C such that for all x ∈ R

|Pn(Λ)(u)(x)| =
∣∣H−1

Λ (Pn(ξ)HΛ(u)) (x)
∣∣

=
∣∣H−1

Λ (χ(ξ)Pn(ξ)HΛ(u)) (x)
∣∣

= |〈χ(ξ)Pn(ξ)HΛ(u)(ξ),Φξ(x)〉|

≤ C sup
ξ∈R

∑
0≤j≤N

∣∣Dj (χ(ξ)Pn(ξ)Φξ(x))
∣∣ .
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Thus from the Leibniz formula and (11) we obtain that

∀n ∈ N0, |Pn(Λ)(u)(x)| ≤ C1(R)nN (R− ε3)n(1+|x|)N+2 ≤ C2(R)Rn(1+|x|)N+2.

Conversely, assume that we have (31). Suppose that ξ0 ∈ R is fixed and such
that |P (ξ0)| ≥ R + ε, for some ε > 0. Choose and fix χ ∈ D(R) such that
suppχ ⊂

{
ξ ∈ R : |P (ξ)| ≥ R+ ε

3
}

. For n ∈ N, we introduce the function χn
defined by χn(ξ) = P−n(ξ)χ(ξ). We have

〈HΛ(u), χ〉 = 〈HΛ(u), Pn(ξ)χn〉 = 〈Pn(ξ)HΛ(u), χn〉
= 〈HΛ(Pn(Λ)u), χn〉
= 〈((1 + |x|)−NPn(Λ)u), (1 + |x|)NH−1

Λ (χn)〉.
Hence, from the Hölder inequality we obtain

|〈HΛ(u), χ〉| ≤ ‖(1 + |x|)−NPn(Λ)u‖L∞
A

(R)‖(1 + |x|)NH−1
Λ (χn)‖L1

A
(R).

Proceeding as in Proposition 3.3, we prove that

‖(1 + |x|)NH−1
Λ (χn)‖L1

A
(R) ≤ CnM (R+ ε

3)−n.

Thus
|〈HΛ(u), χ〉| ≤ C(R)nM

(
R

R+ ε
3

)n
.

Hence we deduce that 〈HΛ(u), χ〉 = 0, which implies that ξ0 /∈ suppHΛ(u). Thus
the support of HΛ(u) is contained in the compact Vr. �

Notations. Let r > 0, we denote by
Br := {ξ ∈ R : |P (ξ)| < r} , Sr := {ξ ∈ R : |P (ξ)| = r} .

A reasoning analogous to the one developed in Theorem 4.2 allows us to establish
the following theorem.

Theorem 4.3. Let u = u0 ∈ E(R) ∩ S ′(R), and consider the infinite sequence
{u−n}n∈N of tempered distributions defined as u−n+1 = P (Λ)un, for a polynomial
P and for all n ∈ N. Let r > 0. Assume that, for all R ∈ (0, r), there exist
constants NR ∈ N0 and C(R) > 0 such that

∀x ∈ R, |u−n(x)| ≤ C(R)R−n(1 + |x|)NR , (32)
for all n ∈ N. Then suppHΛ(u)∩Br = ∅. On the other hand, if suppHΛ(u)∩Br =
∅ and suppHΛ(u) is compact, then (32) holds, for all R ∈ (0, r).

Combining Theorem 4.2 and Theorem 4.3 together, we get

Corollary 4.4. Let u = u0 ∈ E(R) ∩ S ′(R), and consider the infinite sequence
{un}n∈Z of tempered distributions defined as un+1 = P (Λ)un, for a polynomial P
and for all n ∈ Z. Let R > 0. Then suppHΛ(u) is contained in SR if and only if
for all ε > 0 there exist constants Nε ∈ N0 and Cε > 0 such that

∀x ∈ R, |un(x)| ≤ CεRn(1 + ε)|n|(1 + |x|)Nε

for all n ∈ Z.
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Remark 4.5. Theorem 4.3 and Corollary 4.4 are the analogue of the new real
Paley–Wiener theorems for the Fourier transform, proved by Andersen (see [1]).

5. Roe’s theorem associated with the modified Cherednik type
operator

In [15] Roe proved that if a doubly-infinite sequence (fj)j∈Z of functions on R
satisfies dfj

dx = fj+1 and |fj(x)| ≤ M for all j = 0,±1,±2, . . . and x ∈ R, then
f0(x) = a sin(x+ b) where a and b are real constants.

The purpose of this section is to generalize this theorem for the modified Chered-
nik type operator Λ.

Theorem 5.1. Suppose P (ξ) =
∑
n

anξ
n is real-valued and let {fj}∞−∞ be a se-

quence of complex-valued functions on R so that

∀ j ∈ Z, fj+1 = P (Λ)fj .

Let a ≥ 0, R > 0, and assume that {fj}∞−∞ satisfies

|fj(x)| ≤MjR
j(1 + |x|)a, (33)

where (Mj)j∈Z satisfies the sublinear growth condition

lim
j→∞

M|j|

j
= 0. (34)

Then f0 = f+ + f−, where P (Λ)f+ = Rf+ and P (Λ)f− = −Rf−. If R (resp. −R)
is not in the range of P then f+ = 0 (resp. f− = 0).

In order to prove Theorem 5.1 we need the following two lemmas.

Lemma 5.2. Let (fj)j∈Z be a sequence of functions on R satisfying

fj+1 = P (Λ)fj , (35)

|fj(x)| ≤MjR
j(1 + |x|)a, (36)

and

lim
j→∞

M|j|

(1 + ε)|j|
= 0,

for all ε > 0. Then

supp(HΛ(f0)) ⊂ SR := {ξ : |P (ξ)| = R} .

Proof. First we show that HΛ(f0) is supported in {ξ : |P (ξ)| ≤ R}. To do this we
need to show that 〈HΛ(f0), φ〉 = 0 if φ ∈ D(R) and

supp(φ) ∩ {ξ : |P (ξ)| ≤ R} = ∅.
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Since supp(φ) is compact, there is some r < 1
R so that 1

|P (ξ)| ≤ r, for all ξ ∈ supp(φ).
Then

〈HΛ(f0), φ〉 = 〈P jHΛ(f0), φ
P j
〉

= 〈HΛ
(
P j(Λ)f0

)
,
φ

P j
〉

= 〈P j(Λ)f0,H−1
Λ ( φ

P j
)〉.

Choose an integer m with 2m ≥ a + 1. A calculation, using the hypothesis of the
lemma and Cauchy–Schwarz’s inequality, implies

|〈HΛ(f0), φ〉| ≤
∫
R
|P j(Λ)f0(x)|

∣∣∣∣H−1
Λ ( φ

P j
)(x)

∣∣∣∣A(x) dx

≤ CMjR
j sup
x∈R

∣∣∣∣(1 + x2)mH−1
Λ ( φ

P j
)(x)

∣∣∣∣ .
Using the continuity of H−1

Λ and the fact that φ is supported in

{ξ : |P (ξ)| ≥ R+ ε}

for some fixed ε > 0, it is not hard to prove that the right-hand side of the above
inequality goes to zero as j → ∞ and so 〈HΛ(f0), φ〉 = 0. To complete the proof
we need to show that HΛ(f0) is also supported in {ξ : |P (ξ)| ≥ R}, which means
〈HΛ(f0), φ〉 = 0 if φ is supported in {ξ : |P (ξ)| ≤ R}. Here we use (35) to obtain

〈HΛ(f0), φ〉 = 〈HΛ(f−j), P jφ〉

and the argument proceeds as before. �

Lemma 5.3. If −R /∈ P (R), then P (Λ)f0 = Rf0.

Proof. Using Lemma 5.2 and proceeding as in [12], we prove that there exists an
integer N such that

(P (ξ)−R)N+1HΛ(f0) = 0. (37)
Inverting the generalized Hartley transform in (37) yields

(P (Λ)−R)N+1f0 = 0. (38)

This equation implies
span {f0, f1, f2, . . . } = span {f0, P (Λ)f0, P (Λ)f0, . . . }

= span
{
f0, P (Λ)f0, . . . , P

N (Λ)f0
}
.

We shall now show that we can take N = 0 in (38). If not, then (P (Λ)−R)f0 6= 0.
Let p be the largest positive integer so that (P (Λ) − R)pf0 6= 0. Clearly p ≤ N .
Thus

f := (P (Λ)−R)p−1f0 ∈ span {f0, f1, . . . , fN}
will satisfy

(P (Λ)−R)f = 0 and (P (Λ)−R)f 6= 0. (39)
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Write
f = a0f0 + · · ·+ aNfN ,

for constants a0, . . . , aN . Then

P j(Λ)f = a0fj + · · ·+ aNfN+j .

If
Cj = |a0|R0Mj + · · ·+ |aN |RNMj+N ,

then by (33) we have
|P j(Λ)f(x)| ≤ CjRj(1 + |x|)a. (40)

By (34) the sequence (Cj)j satisfies the sublinear growth condition

lim
j→∞

Cj
j

= 0. (41)

An induction using (39) implies for j ≥ 2 that

P j(Λ)f = Rj−1jP (Λ)f −Rj(j − 1)f = Rj−1j(P (Λ)−R)f +Rjf.

Thus

|(P (Λ)−R)f(x)| ≤ 1
jRj−1 |P

j(Λ)f(x)|+ R|f(x)|
j

≤ CjR

j
(1 + |x|)a + R|f(x)|

j
.

Letting j →∞ and using (41) implies (P (Λ)−R)f = 0. But this contradicts (39).
Consequently, N = 0 in (38). This completes the proof. �

Proof of Theorem 5.1. We distinguish three cases for R.

First case: −R /∈ P (R). In this case, we have proved in Lemma 5.3 that P (Λ)f0 =
Rf0.

Second case: R /∈ P (R). In this case, we apply the same argument to −P (Λ) to
conclude P (Λ)f0 = −Rf0.

Third case: R ∈ P (R). The arguments used above are not valid for the sequence
(fp)p∈Z. For this, let L = P (Λ). We have

f2p+2 = P (Λ)f2p+1 = P (Λ)f2p = Lf2p and HΛ(Lf)(ξ) = P (ξ)HΛ(f)(ξ).

As −R /∈ P (R), if we apply the same arguments used in Lemma 5.3 for the
sequence (f2p)p∈Z we see that

Lf0 = P (Λ)f0 = Rf0.

Set f+ = 1
2 (f0 + 1

RP (Λ)f0) and f− = 1
2 (f0 − 1

RP (Λ)f0).
It is easy to see that f0 = f+ + f−, and that P (Λ)f+ = Rf+ and P (Λ)f− =

−Rf−. This completes the proof. �

Theorem 5.4. If we replace (34) with

lim
j→∞

M|j|

(1 + ε)|j|
= 0, (42)
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for all j > 0, then the span of (fj)j is finite dimensional. Moreover, f0 = f+ + f−,
where, for some integer N , (P (Λ)−R)Nf+ = 0 and (P (Λ) +R)Nf− = 0. Thus f+
(resp. f−) is a generalized eigenfunction of P (Λ) with eigenvalue R (resp. −R).

The proof will be based on the following result from linear algebra.

Lemma 5.5 ([5]). Let X be a finite dimensional complex vector space, and let
T : X → X be a linear map with eigenvalues λ1, . . . , λp. Then X = X1⊕ · · · ⊕Xp,
where Xj = ker((T − λj)N ) and dimX = N .

Proof of Theorem 5.4. We first prove Theorem 5.4 under the assumption that
P (ξ) 6= −R. Using the growth condition (42) and Lemma 5.5, we may still conclude
that

supp(HΛ(f0)) ⊂ SR := {ξ : P (ξ) = R} .

But then, as before, we can conclude that (38) holds. This is enough to complete
the proof in this case. A similar argument shows that if P (ξ) 6= R, then (P (Λ) +
R)Nf0 = 0.

In the general case we again let L = P (Λ) and P0 = P 2. Then P0(ξ) 6= −R and
the span of (f2j)j is finite dimensional. The map P (Λ) takes the span of (f2j)j
onto the span of (f2j+1)j . Thus X is finite dimensional. Any f ∈ X will have
supp(f) inside the set defined by P (ξ) = ±R. From this it is not hard to show that
the only possible eigenvalues of P (Λ) restricted to X are R and −R. The result
now follows from the last lemma. �

Remark 5.6. If we take P (y) = y2, then P (Λ) = 4A and Theorem 5.1 give
4Af0 = Rf0. This characterizes the eigenfunctions f of the generalized Laplace
operator 4A with polynomial growth in terms of the size of the powers 4jAf ,
−∞ < j <∞.

Theorem 5.7. Suppose P (ξ) =
∑
n

anξ
n is a non-constant polynomial with com-

plex coefficients. Let {fj}∞−∞ be a sequence of complex-valued functions on R so
that

∀ j ∈ Z, fj+1 = P (Λ)fj .

Let a ≥ 0 and let R > 0. Assume that for all ε > 0 there exist constants N ∈ N0
and C > 0 such that

∀x ∈ R, |fn(x)| ≤ CRn(1 + ε)|n|(1 + |x|)N (43)

is satisfied for all n ∈ Z. Then

f0 =
∑
λ∈SR

N∑
j=0

c(λ, j) d
j

dξj |ξ=λ
Φξ, (44)

for constants c(λ, j) ∈ C and N ∈ N.
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Proof. Assume that {fj}∞−∞ satisfies (43). Then Corollary 4.4 implies that the
support ofHΛ(f0) is contained in the finite set SR. A standard result in distribution
theory (see e.g. [16, Theorem 6.25]) implies that

HΛ(f0) =
∑
λ∈SR

∑
0≤j≤N

c(λ, j)δ(j)
λ

for constants c(λ, j) ∈ C, and some integer N . Here δjξ denotes the jth distri-
butional derivative of the delta function δξ at ξ. The result follows with f0 =
H−1

Λ

(∑
λ∈SR

∑
0≤j≤N c(λ, j)δ

(j)
λ

)
. �

By proceeding in a similar way as in Theorem 5.1 and using Theorem 5.7, we
can infer the following theorem.

Theorem 5.8. Suppose P (ξ) =
∑
n

anξ
n is a non-constant polynomial with com-

plex coefficients. Let {fj}∞−∞ be a sequence of complex-valued functions on R so
that

∀ j ∈ Z, fj+1 = P (Λ)fj .
Let a ≥ 0 and let R > 0 and assume that {fj}∞−∞ satisfies

|fj(x)| ≤MjR
j(1 + |x|)a,

where (Mj)j∈Z satisfies the subpotential growth condition

lim
j→∞

M|j|

jm
= 0, (45)

for some m ≥ 0. We have:
(i) If P ′(λp) 6= 0 for all λp ∈ SR, then N < m in (44). In particular, if m = 1,

then
f0 =

∑
λp∈SR

fλp , where fλp = c(λp)Φλp .

(ii) If SR consists of one point λ0 and m = 1 in (45), then P (Λ)f0 = P (λ0)f0.

Remark 5.9. The previous theorem is the analogue of [1, Theorem 6].

6. Real Paley–Wiener theorems for the transform HΛ on S ′(R)

Let u ∈ S ′(R). We put Γu := inf {r ∈ (0,∞] : supp(HΛ(u)) ⊂ [−r, r]}.

Theorem 6.1. Let u ∈ S ′(R). Then the support of HΛ(u) is included in [−M,M ],
M > 0, if and only if for all R > M we have

lim
n→∞

R−2n4nAu = 0 in S ′(R).

Proof. Let u ∈ S ′(R) and M > 0 such that
lim
n→∞

R−2n4nAu = 0, for all R > M.

Let ϕ ∈ D(R) satisfy supp(ϕ) ⊂ [−M,M ]c. We have to prove that
〈HΛ(u), ϕ〉 = 0.
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Let r > M satisfy ϕ(x) = 0 for all x ∈ [−r, r] and R ∈ (M, r). Then for all n ∈ N
the function x−2nϕ is in D(R) and we can write

〈HΛ(u), ϕ〉 = 〈(−x)nR−2nHΛ(u), (−x)−nR2nϕ〉,

and by formula (29) we have

〈HΛ(u), ϕ〉 = 〈HΛ(R−2n4nA(u)), (−x)−nR2nϕ〉.

The hypothesis implies that HΛ(R−2n4nA(u)) → 0 in S ′(R). Moreover from the
Leibniz formula we deduce that (−x)−nR2nϕ → 0 in S(R). So using the Banach-
Steinhaus theorem we prove that

〈HΛ(u), ϕ〉 = 0.

Conversely, let u ∈ S ′(R) and M > 0 such that suppHΛ(u) ⊂ [−M,M ]. We are
going to prove that for all R > M

lim
n→∞

R−2n4nAu = 0 in S ′(R).

Let M < R and choose t ∈ (M,R) and ψ ∈ D(R) satisfying ψ ≡ 1 on a neigh-
borhood of [−M,M ] and ψ(x) = 0 for all x /∈ [−t, t]. Then for all ϕ ∈ D(R) we
have

〈HΛ(u), ϕ〉 = 〈HΛ(u), ψϕ〉,
and then

〈HΛ(R−2n4nA(u)), ϕ〉 = 〈HΛ(u), (−x)nR−2nψϕ〉.
Finally we deduce the result by using the fact that (−x)nR−2nψϕ→ 0 in S(R). �

Corollary 6.2. From the previous theorem we obtain

Γu = inf
{
R > 0 : lim

n→∞
R−2n4nAu = 0 in S ′(R)

}
.

Let u ∈ S ′(R). We put γu := sup {r ∈ [0,∞) : supp(HΛ(u)) ⊂ (−r, r)c}.

Theorem 6.3. Let u ∈ S ′(R) such that (−x)−nHΛ(u) ∈ S ′(R) for all n ∈ N. Let
un = H−1

Λ ((−x)−nHΛ(u)). Then the support of HΛ(u) is included in (−M,M)c,
M > 0, if and only if for all R < M we have

lim
n→∞

R2nun = 0 in S ′(R).

Proof. Let u ∈ S ′(R) and M > 0 such that

lim
n→∞

R2nun = 0, for all R < M.

Let ϕ ∈ D(R) satisfy supp(ϕ) ⊂ (−M,M). We want to prove that

〈HΛ(u), ϕ〉 = 0.

Let r ∈ (0,M) such that suppϕ ⊂ (−r, r) and R ∈ (r,M). Then for all n ∈ N the
function x2nϕ is in D(R) and we can write

〈HΛ(u), ϕ〉 =
〈
(−x)−nR2nHΛ(u), (−x)nR−2nϕ

〉
=
〈
HΛ(R2nun), (−x)nR−2nϕ

〉
.
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The hypothesis implies that HΛ(R2nun)→ 0 in S ′(R). Moreover from the Leibniz
formula we deduce that (−x)nR−2nϕ→ 0 in S(R). So using the Banach-Steinhaus
theorem we prove that

〈HΛ(u), ϕ〉 = 0.
Conversely, let u ∈ S ′(R) and M > 0 such that suppHΛ(u) ⊂ (−M,M)c. We

are going to prove that for all R < M

lim
n→∞

R2nun = 0 in S ′(R).

Let M > R and choose t ∈ (R,M) and ψ ∈ D(R) satisfying ψ(x) ≡ 1 for |x| ≥ M+t
2

and ψ(x) = 0 for all |x| ≤ t. Then for all ϕ ∈ D(R) we have
〈HΛ(u), ϕ〉 = 〈HΛ(u), ψϕ〉,

and then
〈HΛ(Rnun), ϕ〉 = 〈HΛ(u), (−x)−nR2nψϕ〉.

Finally we deduce the result by using the fact that (−x)−nR2nψϕ→ 0 in S(R). �

Corollary 6.4. From the previous theorem we obtain

γu = sup
{
R > 0, lim

n→∞
R2nun = 0 in S ′(R)

}
.
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[9] L. Gallardo and K. Trimèche, Positivity of the Jacobi–Cherednik intertwining operator and

its dual, Adv. Pure Appl. Math. 1 (2010), 163–194. MR 2679886.
[10] I.M. Guelfand and N.Y. Vilenkin, Les distributions, tome 4, Applications de l’analyse har-

monique. Dunod, Paris, 1967. MR 0216288.
[11] R.V.L. Hartley, A more symmetrical Fourier analysis applied to transmission problems, Proc.

I.R.E. 30 (1942) 144–150. MR 0006087.
[12] R. Howard and M. Reese, Characterization of eigenfunctions by boundedness conditions,

Canad. Math. Bull. 35 (1992), 204–213. MR 1165169.

Rev. Un. Mat. Argentina, Vol. 58, No. 1 (2017)

http://www.ams.org/mathscinet-getitem?mr=3293035
http://www.ams.org/mathscinet-getitem?mr=1024259
http://www.ams.org/mathscinet-getitem?mr=0833509
http://www.ams.org/mathscinet-getitem?mr=0833509
http://www.ams.org/mathscinet-getitem?mr=1898567
http://www.ams.org/mathscinet-getitem?mr=0177992
http://www.ams.org/mathscinet-getitem?mr=1604930
http://www.ams.org/mathscinet-getitem?mr=2108495
http://www.ams.org/mathscinet-getitem?mr=0994086
http://www.ams.org/mathscinet-getitem?mr=2679886
http://www.ams.org/mathscinet-getitem?mr=0216288
http://www.ams.org/mathscinet-getitem?mr=0006087
http://www.ams.org/mathscinet-getitem?mr=1165169


162 H. MEJJAOLI
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