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HARMONIC ANALYSIS ASSOCIATED WITH THE MODIFIED
CHEREDNIK TYPE OPERATOR ON THE REAL LINE AND
PALEY-WIENER THEOREMS FOR ITS HARTLEY
TRANSFORM

HATEM MEJJAOLI

ABSTRACT. We consider a new differential-difference operator A on the real
line. We study the harmonic analysis associated with this operator. Next, we
establish the Paley—Wiener theorems for its Hartley transform on R.

Dedicated to Professor Emeritus Khalifa Triméche.

1. INTRODUCTION

The Hartley transform is an integral transform, attributed to Ralph Vinton Lyon
Hartley (cf. [3| [11]). This transform permits a function to be decomposed into two
independent sets of sinusoidal components; these sets are represented in terms of
positive and negative frequency components, respectively. This is in contrast to
the complex exponential, exp(iAz), used in classical Fourier analysis. The Hartley
transform has advantages over the Fourier transform: it transforms real functions
into real functions (as opposed to requiring complex numbers); also this transform
has complementary symmetry properties with respect to its real and imaginary
axis. Moreover, it is well known that the Hartley transform is connected with
various applications in mathematical physics.

The familiar reciprocal pair of the Hartley transforms for f in a suitable function
class is given by

He(f)(N) = %/Rf(x) cas(Az) dz
(1)
@) = <= [ P casirw)

where
cas(y) := cosy + siny. (2)
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136 H. MEJJAOLI

The cas function can be considered as a generalization of the exponential func-
tion exp. A simple computation shows that the cas function is the unique C*°
solution of the differential-reflection problem

Y(f)(x)=Af(z), [f(0)=1,
where Y is the differential-reflection operator defined by
d
V(1)) = (52 0%) flo)i= £ ().

Here s is the reflection, acting on the function f as
s(f)(x) := f(—w).
Further, the function cas(x) satisfies the product formula
1 1
cas(z) cas(y) = B (1 —s)cas) (z+y)+ B ((1+ s) cas) (z — ).

This allows us to define the generalized translation operator related to the differential-
reflection operator Y by

0 f() = 5 (1= 5)f) (@ +9) + 5 (1+9)) (7 ),
and the convolution product by
frg(z) = / 00 f(1)9(y) dy. (3)

The Hartley transform has the following properties:
He(oaf)(A) = cas(Ax)He(f) (M),
He(f+g)(N) = He(F) (N He(9)(N).

In this paper, we consider the first-order singular differential-difference operator

o A’()(f() i >>
(TS ) e,

Af(z) = Y f(x) +

where

Aw) = o7 B@), a> —3,

B being a positive C*° even function on R. We suppose in addition that
i) For all z > 0, A(x) is increasing and lim A(z) = oo.
T—r0o0

li !
, 244 ((;)) is decreasing and xhﬁngo i ((;:))

iii) There exists a constant 6 > 0 such that for all x € [zg, ), zg > 0, we have
Al(z)  [2p+e°"D(x), ifo>0
Az) 2ol e~ D(x), if o =0,

ii) Forallz >0

=2p2>0.

where D is a C* function, bounded together with its derivatives.
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MODIFIED CHEREDNIK TYPE OPERATOR ON THE REAL LINE 137

The purpose of the present paper is twofold. On one hand, we want to provide a
new harmonic analysis on the real line corresponding to the differential-difference
operator A. More precisely, we study the Hartley transform associated with the
operator A, we prove an inversion formula and a Plancherel theorem. On the other
hand, we want to highlight the close connection between Roe’s theorem and real
Paley—Wiener theorems.

The Paley—Wiener theorems associated with partial differential operators are
one of the most useful subjects in harmonic analysis. In this paper we present only
three themes for this subject.

The first theme is the real Paley—-Wiener theorems. The fundamental theorem
given by Bang (cf. [2]) can be stated as follows. Let f be a C*° function on R such
that for all n € N, the function d%; f belongs to the Lebesgue space LP(R), then

the limit Ry := limy, o0 ||%f||11,/n exists and we have

Ry =sup{|A] : A € supp F(f)},

where F(f) is the classical Fourier transform of f. Next the analogue of this
theorem was established for many other integral transforms; see for example [7] [13]
21].

The second theme is the study of tempered distributions with spectral gaps.
More precisely, a tempered distribution on R whose Fourier transform is supported
in an interval [—M, M], where M > 0, can be characterized by the behaviour
of its successive derivatives. On the other hand, a tempered distribution on R
whose Fourier transform vanishes in an interval (—M, M), where M > 0, can be
characterized by the behaviour of a particular sequence of successive antiderivatives.

The third theme is Roe’s theorem. The fundamental theorem given by Roe
(cf. [I5]) can be stated as follows. If a function and all its derivatives and integrals
are absolutely uniformly bounded, then the function is a sine function with period
2.

The remaining part of the paper is organized as follows. In Section 2, we study
the harmonic analysis associated with the modified Cherednik type operator on
the real line. More precisely, we study the eigenfunctions of the operator A. In
particular we prove the Laplace integral representation for these eigenfunctions.
Next, we prove the inversion theorems and Plancherel’s formula for the Hartley
transform associated with the operator A, noted H,. Section 3 is devoted to
characterizing the functions in the generalized Schwartz spaces such that their
Hartley transform H, vanishes outside a polynomial domain. In Section 4 we
prove new versions of real Paley—Wiener theorems for the Hartley transform H,.
In Section 5 we prove Roe’s theorem for the modified Cherednik type operator on
R. Finally, in the last section we study the tempered distributions with spectral

gaps.

2. HARMONIC ANALYSIS ASSOCIATED WITH THE MODIFIED CHEREDNIK TYPE
OPERATOR ON THE REAL LINE

In this section we study the harmonic analysis related to the operator A.
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138 H. MEJJAOLI

Notations. We denote by

Ry :={z eR:|z]| > o}

E(R), the space of C* functions on R.

S(R), the Schwartz space of rapidly decreasing functions on R.

D.(R), the space of even C* functions on R which are of compact support.
D(R), the space of C* functions on R which are of compact support.
D’(R), the space of distributions on R.

2.1. The eigenfunctions of the operator A. To study the eigenfunctions of
A, we consider first those of the second-order singular differential operator on R
defined by

d?  Alx) d
a2 T Ay de
Our basic reference about L will be the papers [19] 20] from which we recall the
following result.

Lemma 2.1. (i) For each A € C the differential equation
Lu=—(\+0%u, u(0)=1, (0)=0, (4)

admits a unique even C* solution on R, denoted ).
(i) For every x € R, the function A\ — @y (x) is analytic.
(iii) For every x € R,
e~elzl < wo(x) < 1.
(iv) For all x > 0 and X € C, the function py possesses the Laplace type integral
representation

e yta) = [ Ko eostou) dy 9

where K(x,.) is a positive continuous function on (—|x|,|z|), with support in

(=[], |]]-
(v) There is a positive constant C such that for all A € C, x € R and n € Ny, we
have
d’n,
i < n (| Im Al —o) |z|
S]] < Clafe

Remark 2.2. If A(z) = (sinh |z[)?*"!(cosh2)?**!, o > B > —1 o # —1 then the
differential operator L reduces to the so-called Jacobi operator. The eigenfunction
©y is the Jacobi function of index (o, 8) given by

er(0) = F (504 2, 30 N5 1i ~Gsn(a))?) )

where F' is Gauss’s hypergeometric function o F}.
Proposition 2.3. For each A € C the differential-difference equation
Au=Au, u(0)=1, (7)
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MODIFIED CHEREDNIK TYPE OPERATOR ON THE REAL LINE 139

admits a unique C*° solution on R, denoted ®, and given by

W\/m(m) + ﬁgyw\/m(ﬂi)’ ifA#o

Dx(x) = L | (8)
1+ sgn(a:)Ti) A(t) dt, if A= p.
0
Proof. Write u = u, + u, with
ue(z) = ulz) +u(-z) and wu,(z) = u(@) — u(-z)
2 2
Then (7)) is equivalent to the system
Al(z)
Y o o — e
u +A(x)u A+ pu
Yue = (A= p)u, (9)
ue(0) = 1.

If A # o, the identity is now immediate from Lemma and the relation @D
On the other hand, we have

2_ 2 ||
Y<P\/m($) = Sgn(m)O\A(xf)/o @\/m(t)fl(t) dt.
Then, for A # o

||
Yoy =m0 S [T msana

Thus if A = p, we have
u(z) = te(r) + o ()

. 1

||
= @ip(T) + sgn(x)% /0 Pio(t)A(t) dt

||
=1+ sgn(z) A2(§:) /0 A(t) dt. O

Remark 2.4. For all x € R\{0} and A € C, we can write

A+p

||
B(0) = ¢ @) +ene) T [ mmamAm a0

The eigenfunctions ®, possess the following properties:

i) There exists a positive constant C' such that for all x € R and A € R, with
|A| > /20 and n € Ny, we have
i

T @) S O+ A +p)(L+ Jaf)eme el (11)
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140 H. MEJJAOLI

ii) There exists a positive constant C' such that for all x € R and A € R, with
IA| < V20, we have
i

T OA@)| £ O+ A+ p)(L+ [a]) el V220 e,

(I))\(l')

The following lemma shall be useful.
Lemma 2.5. (i) For allx >0 and A € C, we have
x
o) = [ Koy cos(/3= ) dy (12)
A2—-202 0
where K(z,.) is the positive continuous function on (—|z|,|z|), with support
in [—|x|, |z]], given in .
(i) For all x € R\{0} and X € C, we have

||
o[ e st

where
||

Grayy) = 4 Jyy COVAD AT lyl <lal,

0 if lyl = |zl

Proof. The first assertion (i) is immediate from ().
Now we want to prove (ii). From the relation and Fubini’s theorem, we
obtain

Ao [ At g -
m /0 @M&)A(t) dt = (JZ /0 (A COS( A2 Q2 y) dle(t, y)> A(t) dt
+

|] ||
- /0 ( ‘ K(t,y)A(t) dt) cos(\/ A2 — o%y) dy

>
fc\-/

A(z) yl
_Ate Mo ) cos(VNE = ) dy
A(x) 0 R '

(14)
Moreover, by integration by parts, we obtain

A [l 1 el g
—_— Oxc(z,y)cos(v/ A2 — 02 y)dy = ———— —Grc(z,y) sin(y/ A2 — p% y) dy.
A o K (,y) cos( 0*y)dy 2402) )y 9 rc (@, y) sin( 0*y)dy

On the other hand,
|| ||

Gk (z,y) cos(VA? — 0% y) dy = Tézx) Grc(w,y) cos(\/ A2 — 02 y) dy.

— ||

_e
A(z) Jo
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MODIFIED CHEREDNIK TYPE OPERATOR ON THE REAL LINE 141

Thus
Ao [l 5
Tx) ; Gk (z,y) cos(VA? — 0*y) dy
1 ! 9 22 24) d
= 540 /—z| (ngc(x,y) - ayg’C(x’y)) cas(v/A? — 0% y) dy.
This finishes the proof. O

Theorem 2.6. The eigenfunction ®y(x) has the following Laplace integral repre-
sentation:
|]
Vo eR\{0}, VAeC, ®,(z)= K(x,y)cas(v/ A2 — 0% y) dy,
==l
where K(z,y) is a continuous function on (—|z|,|x|), with support in [—|z|,|z|],
given by

sgn(z) _ sgn(z) 0

1
Proof. For all z € R\{0} and X € C, the relations (10)), and give that
B Atp [l
Ba(0) = ¢ @) +sen(o) S [ o)A dy

ja — Aip [l
= [ KoV = @y dy+smte) S [ A ay

- /_Iw (1/C(sc,y) + QSgn(m)Q;c(:ay) _ senfa) agzc(x»y))

~cas(V/ A2 — 02 y)A(y) dy.
Thus "
Qy(z) = K(z,y) cas(v/A? — 0% y) dy. O

— ||

Using the similar method presented in [20], we prove that for all z € R\{0} and
y € R the kernel K (z,y) is positive.
We consider the generalized intertwining operator V', defined on £(R) by

||

Vi = 1], Keniwiy ite R\ (0} 1)

f(0) ifx=0,
where K (x,y) is the continuous function on (—|z|,|z|), with support in [—|z|, |z|],

defined by relation .
We have

VYAeC, Ve eR, ®,(x) =V (cas(/ A% — 02))(z). (17)

Using the similar method presented in [19, 20], we prove the following results.
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142 H. MEJJAOLI

The operator V is a topological automorphism of £(R) satisfying

VfeER), AV[f)=V(])
The operator 'V is defined on D(R) by

WERth@=/PMmMWA@M-

The operator 'V is a topological automorphism of D(R). The operators V and 'V
possess the following propertieb
(i) For all f € D(R) and g € £(R),

/v w@:AﬂmwmAmw. (18)

(ii) The inverse operator 'V ~! is given by

WV =T fe) + (o = Y) ' o)
where ™1 is the inverse of the transmutation operator associated with the oper-
ator L and J is the integral operator defined by

x) = /j f@®)dt, xekR (19)

(iii) The generalized intertwining operator V and its dual !V are positive.

1

Corollary 2.7. For all \,xz € R, |\| > o, we have

[ ()] < 2. (20)
Proof. The relations , and the positivity of the kernel K(z,y) give the
result. O

2.2. Hartley transform associated with the modified Cherednik type op-
erator.

Notations. We denote by
e L5 (R), 1 <p < oo, the space of measurable functions f on R satisfying

1/p
£l @ = (/f|m<mg <oo, H#1<p<oo
[ fllLoe () = esssup [ f(2)] < oo.
z€eR

e S2(R), the space of C* functions on R such that for all m,n € N

n

d
d;T”f(x)

The topology of S?(R) is defined by the semi-norms gy, ,n,, m,n € N.

e S2(R) (resp. S2(R)), the subspace of S*(R) consisting of even (resp. odd)
functions.

e S'(R), the space of temperate distributions on R; it is the dual space of

S(R).

Gn.m (f) := sup(cosh z)2(1 4 2*)™ < 0.

z€R
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MODIFIED CHEREDNIK TYPE OPERATOR ON THE REAL LINE 143

°« S”? (R), the space of generalized temperate distributions on R; it is the dual
space of S?(R).

Remark 2.8. When ¢ = 0, S2(R) = S(R) and S’*(R) = §'(R).

Definition 2.9. The Hartley transform, associated with A, of a function f € D(R)
is defined by

HA(f)N) = /Rf(x)CI))\(x)A(x) dxr, forall A € R. (21)
Proposition 2.10. For all f € D(R) we have
HA(S) = Hm oV (f), (22)
where H,, is the modified Hartley transform defined on D(R) by
VAEC, Hn(f)\) = /Rf(x) cas(v/ 32 — g2x) de = Ho(F) (/N2 = 22).
Proof. The result is immediate from the relations , and . O
Proposition 2.11. For all f € D(R), we have the decomposition

HAf(N) = 2FL(f) (VA = 20%) = 2(A + 0) FLJ (fo) (VA? = 2¢%),  (23)

where J is the integral operator defined by and Fi, stands for the Fourier
transform related to the differential operator L, defined on S?(R) by

FuHN = [ f@er@)Alz)dz, A€ R
0
px being the eigenfunction of L as defined by .

Proof. Tt f € D.(R), identity is obvious. Assume f € D,(R) (the space of odd
C functions on R which are of compact support). By using (21), (8)), (4), and by
integrating by parts we obtain

Haf(N) = )\%Q/Rf(l‘)}/g@\/m(m)fl(x) di
1 d d
“X-—oJpda (A@)dx@\/m(w)) J(f)(x) da
1
- E/RL‘P\/W(@JU)(%)A(@ da

—=(+0) [ ¢ @I (@A) da
= 2\ + LI )(VAE 28,

which completes the proof. O

We shall need the following properties.

Rev. Un. Mat. Argentina, Vol. 58, No. 1 (2017)



144 H. MEJJAOLI

Proposition 2.12 (Transmutation formula). (i) Let f € S*(R) and g a nice
function. Then

/Af dx:/Rf(x)Ag(x)A(x)dx. (24)

(ii) For f € S*(R)
Ha (Af) (§) = EHAL(E), £ ER,.
(iii) For f € S%(R),
Ha(Aa N)) =y Ha(f)(y), for ally €R,,

where A\ 5 is the generalized Laplace operator on R given by
Ve eR, Aaf(x):=Af(z).
Proof. Let f € S?(R) and g a nice function, and consider the bracket

(f.9) = / f(@)g(@) Ax) d
First, we have

(Yf,q) :/f' —x)g(z)A(z) da::—/fx% (—z)A(z)] dx

/f 2 A (z da:+/f _2)A(z) da

= (1Y) T, g‘j>

where h(z) = h(—z).
Second, we have

G- o= [ GE I 0w o

A(x) 2
- [ a0 s
R
1 !/ I
3 | (4@ @) - 4 @) (~a)a(@) da

1 , /
- §/]R(A (2)f(z)g(z) — A (=) f(z)g(~2)) dx
1

T2 /]R (A'(2) f(x)g(x) + A'(2) f(x)g(—x)) dx

1 /
_ §/RA (2)f(z) (9(—x) + g()) da
Al(z) g(z) + g(—x)
A )f(ﬂﬂ)(f)“l(‘r)dx

= (2 e,
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MODIFIED CHEREDNIK TYPE OPERATOR ON THE REAL LINE 145

Finally,

((~ef)g) = o / f(=2)g(x) A(z) da
_— / f(2)g(—2)A(z) da
(—09)

= (f,(=09))-
All together, this gives
1A y <
A 1A
= Y — g— _— q) — o0
(fYg—g7+55(9+9) —eg)
1A . y
={fYg+57(9-9) —0g)
= (f,Ag).
Assertion (ii) follows by substituting in g by ®,. Assertion (iii) is immediate
from (ii). O

2.3. Inversion formulas and Plancherel’s theorem for #,.

Definition 2.13. The generalized translation operators 7., x € R, are defined on
D(R) by
VAER, HA(mf)(A) = a(z)HA(F) (V). (25)

Using the generalized translation operator, we define the generalized convolution
product of functions as follows.

Definition 2.14. For f,g € D(R), the generalized convolution product f *p g is
defined by

fangle) = /R T fW)g(W)Aly) dy, for all = € R.

Proposition 2.15. (i) Let f and g be in D(R). Then the generalized convolution
product f x5 g belongs to D(R) and we have

Ha(f *a 9)(€) = Ha(/)EHA(9)(E), for all €R.
(i) We have the relation
Vf,g€DR), "V(fx*rg)="V(f)*'V(g),
where * is the convolution product on R given by .

Proof. We obtain the results by using ideas similar to those in the context of
Chébli-Trimeche hypergroups (cf. [19]). O

Definition 2.16. Let f € LY (R). f is called Ha-function of positive type if for
all ¢ € D(R) we have

/Rf(l”)s@ xp o(z)A(z)dz > 0.
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146 H. MEJJAOLI

Lemma 2.17. Let u in D'(R). The following assertions are equivalent:

(i) For all € D(R), we have {u,p?) > 0.
(ii) u is a positive distribution.
(iii) w is a positive measure.

Proof. By using the proof of [I7, Theorem XVIII, p. 276-277], we obtain the result.
O

Theorem 2.18 (Bochner’s theorem). Let f € LY (R), if f is Ha-function of
positive type, there exists a positive bounded measure p on R, such that f(x) =
H () (z), for all z € R.

Proof. Let f € LY (R) be Ha-function of positive type and put u = H,(f). For
all ¢ € D(R), we have
(u, %) = (Ha(f), ¢*)
= (/, HA ' (9%)
= (f,Ha (@) *a Ha "' (9)) = 0.
Hence u is a positive distribution. Again, by using Lemma it is a measure

of positive type. As u € Ha(LF(R)), by a standard analysis, we prove that this
measure is bounded and we deduce the result. O

Definition 2.19. Let u € D'(R). w is called H a-distribution of positive type if for
all ¢ € D(R) we have

(u, o %7 ) > 0.
Theorem 2.20 (Bochner—Schwartz’s theorem). Let u € D'(R). The following
assertions are equivalent:

(i) u is of positive type.
(ii) u is a tempered distribution, and there exists a tempered positive measure [
on R such that u = H, " (1).

Proof. We want to prove that (i) = (ii).

It is easy to see that for all ¢ € D(R), the function ¢ — wxp @ * @ is of positive
type. Then by Theorem [2.T8] there exists a bounded positive measure 1, such that
to = Ha(uxp @ *xp @). Let x € D(R) such that Ha(x)(A) # 0, for all A € R. We
consider the measure p defined by u = M;{W It is clear that u is a positive
measure; we can write:

Ha(u*p @*p @ *a X *a X) = (HA(X))2W = (HA(<P))2#X~
Thus
Mo = (HA(cp))zu, for all ¢ € D(R).
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MODIFIED CHEREDNIK TYPE OPERATOR ON THE REAL LINE 147

Then, we have
(u, o xp ) = (u*p 9 *a ¢, 0)
= H (1) (0)
= [ Gta@)? W ui.

Thus, we deduce that

() = / Ha) V) du(N) = (M3 (1), 1)-

So the result follows.
Now we want to prove that (ii) = (i).
If 4 = Ha(u), we have for all ¢ € D(R),

(M (1), 0 %4 ) = (1, Ha (o %4 ©))

2
= (1, (Ha(0))") 2 0.
The theorem is then proved. O

Remark 2.21. As above, we prove the Bochner and Bochner—Schwartz’s theorems
for the classical Hartley transform H. defined by .

Notation. We denote by LE(Ry), 1 < p < oo, the space of measurable functions
f on R, satisfying

1/p
dx .
I fllzeryy = (/R |f(@)[P ) < oo, if1<p<oo,
4

|e(2)?

[f1lLeery) = esssup | f(z)] < oo,
zER 4

where ¢(s) is a continuous function on (0, 00) such that
_ 1
cs) ~ k1 s2T2, as s — oo,

cfl(s)w ko s, 1 ass —0,if o> 0
k3s®t2, ass—0,if p=0

for some k1 ko, k3 € C. The measure ‘C(d# is the Plancherel measure for the Fourier
transform Fr.
LE(R), 1 < p < oo, the space of measurable functions f on R satisfying

1/p
iz = ([ f@Pana)) <o, 1< <.
[fllLee ) = esssup|f ()] < oo,
zER
where dv is the measure given by
Al

W= 4Y/N2 = 202|c(\/X? — 20%))|

5 1e\ (< v2e,v/20) N (26)
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with 14 the characteristic function of the set A.

Theorem 2.22. For all f € D(R), we have

0= [ HaNNBA@ du(),
where dv is given by (126] .
Proof. By using Proposition [2.15| we see that the functional

(S, f)="V7HN0), feDR)

is H-positive type distribution in D’(R). From Remark we have the Bochner—
Schwartz theorem for H.. Thus, we deduce that there exists a positive measure v,
such that for all f in D(R), we have

0) = / Hon V()N di(N).

Using the relation we obtain

0) = /R HA(F)N) dv(N).

By substituting in this relation f by 7..f, * € R, and by using we obtain

/ Ha (12 f)(N)dv (A / Ha(f (z)dv(N). (27)

If we suppose that f is even, then by the inversion formula for the transform Fr,
(see [19]), we have

/.FL qu )2|Cdﬂ)|2 (28)

But the parametrization p? = A\? — 20? shows that p € [0,00) if and only if
A € R\(—v/20,v20), thus from we deduce that can also be written in the

form

[A]dA
4/ = 20%1e(\/N? = 20%)2
Using the relation we deduce that the measure dv is supported by

R\(—Vv20,v20) and given by (26). O

Theorem 2.23. Let f € LY(R) such that Ha(f) belongs to LL(R). Then we have
the inversion formula

() = / Ha(F) (V@2 (2)
R\ (—v20,v20)

/ Half ()dv(X), ae.xeR.
Proof. Tt is easy to see that if Ha(f) belongs to LL(R) then F(f.) belongs

to LL(R,), where f. is the even part of f. For |A\| > v/2p the function A
FHAF)(A) = Ha(f)(=A)] belongs to LL(R), then Fr(J f,) € LL(Ry), where f, is
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MODIFIED CHEREDNIK TYPE OPERATOR ON THE REAL LINE 149

the odd part of f and J the transform given by . On the other hand, using
[20) we obtain for u? = A\? — 202

<I>>\(a:) — CI))\(—CL'

V()] <102 - 0 =BT <34 )

Furthermore, the function pu +— +/p? +202F1(Jf,)(1) is in LL(R4), so by the
dominated convergence theorem we obtain

dp dy
s FrL(Jfo)N)Y o, (x) W Y ( e Fr(J fo) AN pu(x) c(,u)|2> .

We get the result by using the relation

/R HAH) N Ba@) dvN) = [ FLlf) () (x)— 2

Ry |e(p)|?

dp
-Y ( ‘FL(JfO)(/J‘)(pH(‘T)| 2)
Ry
and the analogous theorem corresponding to F,. O

Theorem 2.24 (Plancherel formula). For all f € S%(R), we have
| 0P = [ 1f@PAE da+ 26 [ 115@)P Aw) da
R i

~ 9gRe ( [ £ TEEA) dx) |

where dv is the measure given by .
Proof. By ,

/ HA ()N Pdv()) = 4 / FL(f) (VA — 28) Pdv(\)
4 / (At 021 FL (T o) (VA2 — 26%)[Fdu(N)
~ SgRe ( [ FUI TR 292>du<x>)

=11 + I + Is.

By a Plancherel formula for the Fourier transform Fy,,
I = / |fo(z)|?A(x)dr and I3 = —2pRe (/ fe(@)J fo(x)A(x) d:c> .
R R
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Moreover,
= 4/]1& +0)*[FL(J fo) (VA2 = 22) Pdu(N)
— 4 [ 0%+ AIFLIL) AT ) Par)

_ 2., 2 2_dp 2 2_du
= [+ ANF R P 20 [ 1P P

Using now the identity
Fr(Lh)(p) = —(1* + ) Fr(h)(n), h e SI(R),

and integration by parts, we deduce that

- A, . du
I = /R FuL1 1) P T ook + 20 /R P L))

— [ LIfa)TE@ AW do + 26 [ 1£,(0)PA) da
R R

oK (A@);;Jﬁ)(x)) Th@)de + 20° / [ fol) P Ale) da

w dr

/ | fol@)) PA() da + 22 / T fol) PA(z) da.
R R
Hence

Lttt lo= [ 1f@PAGE) o+ [ Ifofe)PAG) do
202 /R 1T £, (@) A(x) da — 20Re ( /R L@ Th@A®@) dx)
= [1@PAG) e+ 2 [ 150
_ 2Re ( /]R L@ TR AR) dx).

This completes the proof. O

In the rest of this paper we assume that o = 0.
Using Bloom-Xu’s approach [6] we prove the next result.

Theorem 2.25. The transform Hy is a bijection from S(R) to S(R).
Definition 2.26. The transform H of a distribution 7 in S’'(R) is defined by
(Ha(7),0) = (T, M3 (9), forall ¢ € S(R).
From the above, it is easy to obtain the following corollary.

Corollary 2.27. The transform Hy is a topological isomorphism from S’ (R) onto
itself. Moreover, for all T € §'(R), we have

HA(AT) = yHa(T)
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and
HA(DaT) = y2'HA(T). (29)

3. REAL PALEY-WIENER THEOREMS FOR THE TRANSFORM Ha

Notation. We denote by C[z] the set of polynomials on R with complex coeffi-
cients.

Definition 3.1. Let u be a distribution on R and P a polynomial. Then we let
R(P,u) = sup{|P(y)| : y € suppu} € [0,00],
where by convention R(P,u) =0 if u = 0.

We will now study the real L?-Paley—Wiener theorem for the transform H,, for
which we need the following key propositions.

Proposition 3.2. Let P be a polynomial and f € S(R). Then in the extended
positive real numbers

timsup | P"(A) 2 ) < RP.H(S). (30)

Proof. Suppose firstly that R(P,Hx(f)) = 0. Then Ha(f) = 0, and hence from
Theorem f=0. Thus is immediate.
30,

Moreover, the inequality (30) is clear when R(P, Ha(f)) = co. So we can assume
that

0 < R(P,Ha(f)) < 0.

Holder’s inequality gives
1172 gy < Csup(1+2%)*™|f(x)]?,
z€R

for m > 1. Thus
1fllz2 @) < Csup(l +2%)" | f ().

Consequently, we deduce that, for all n € N,
[P (M) fllLz ) < Csup(l + )™ P(A) f ()|
< Csug(l—i—x mH P”(E)’HA(f)(x))H
fAS

Using the continuity of ’HXl we can show that

d!

1P W) lem < Csup 3 (L+€Y |G

EER g7 i<

[P (E)HA(N(E]],

with positive constants C' and integer M, independent of n. Using Leibniz’s rule
we deduce that

[P (M) flle, ) < Cn™ sup  [P(y)"M,
yEsupp Ha (f)
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with C' a constant independent of n. Hence, from the previous inequalities we
obtain

limsup [P*(A)flfs o) < sup [P(y) = RIP,HA()). 0

n—00 y€Esupp Ha (f)
Proposition 3.3. Let P be a polynomial. Suppose that P"(A)f € L4(R) for all
n € Ng. Then in the extended positive real numbers
1
timinf [P (A) £ ) = ROPHa(F)).
Proof. Fix & € supp Ha(f). We can assume that |P(&)| # 0. We will show that
l%nrggf ||Pn(A)f||Ei(R) > |P(£0)| -5,
for any fixed ¢ > 0 such that 0 < 2¢ < |P(§)|. To this end, choose and fix
x € D(R) such that (Ha(f),x) # 0, and
supp x C {§ € R: [P(&)] —e <[P(§)] < [P(&)| + e}
For n € N, let x,,(§) = P7"(§)x(§). Now we want to estimate HHKl(xn)HLi(R).
Indeed as above we have
1H5" (en) 22 @) < Csup(1+ 2)" | H L (xn) ()]
< Osup(l+a)™ [[Hy" (P (O)x) @)]]
S
with m > 1. Using the continuity of 'HXl we can show that

[
TP ex©)]

HHXl(Xn)HLi(R) < Csup Z (14 ¢£2)7 Tﬂ[

R o<t j<m

with positive constants C' and integer M, independent of n. Using Leibniz’s rule
we deduce that

HHxl(Xn)”Li(R) < OnM(|P(&)| — &)™
Then,

(Ha(f),x) = (HA(f), P (E)xn) = (P (E)HA(S), Xn)
— (HA(P (M), xn) = (P (A) ), 5 (xn))-
Hence, from Hoélder’s inequality we obtain
HAL) )] < CIPH (A 1l oy I3 Cen) 22 2
< CnM (1P ()| — &) "I P™ (M) fll 2 g -
Since |(Ha(f), x)| > 0, we deduce that
lim inf | P (A) £[7s zy > | P(€0)] — <.

Thus
lim inf ||P™(A) f
n—r oo

1
hw> s |P@)|=REHAD). 0
A y€Esupp Ha (f)

Combining Proposition [3:2] and Proposition [3:3] we get
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Theorem 3.4. Let P be a non-constant polynomial. For any function f € S(R)
the following relation holds:

Tim [P (A)f]1 7 ) = ROPHACS).

Definition 3.5. Let P be a non-constant polynomial. We define the polynomial
domain Up by

Up = {€ € R:|PE)] < 1}.
We have the following result.

Corollary 3.6. Let f € S(R). The transform Ha(f) vanishes outside a domain
Up if and only if

limsup | P (A) f[| 72 o, < 1.

n <
n—o00 L R)

Remark 3.7. If we take P(y) = y, then P(A) = A4, and Theorem and
Corollary characterize functions f such that the support of their transform
Ha(Sf) is [-1,1].

4. CHARACTERIZATION OF THE FUNCTIONS WHOSE TRANSFORM H, HAS
SUPPORT IN ANTIPODAL POINTS

Notation. We denote by £'(R) the space of distributions on R with compact
support.

Definition 4.1. The inverse of the transform H, of a distribution 7 in £'(R) is
defined by

Ve eR, H'(1)(z)=(m\,Pr(2)).
Theorem 4.2. Let u € E(R)NS'(R). Then the support of Ha(u) is contained in
the compact V. :={£ € R: |P(§)| < r} for a polynomial P and a constant r > 0 if

and only if for each R > r there exist Ng € Ny and a positive constant C(R) such
that

[P (M) (u)(2)] < C(R)R™(1 + [x|)™", (31)
foralln e N and z € R.
Proof. Assume that the support of Hx(u) is contained in the compact V.. Let
R > r and let € € (0,R —r). We choose x € D(R) such that x = 1 on an open

neighborhood of the support of Hx(u), and x = 0 outside Vg_s. As Ha(u) is of
order N, there exists a positive constant C' such that for all x € R

P"(A) (w) ()| = [Hy" (P"(&)Ha(w)) (a)]
— [H3* (&) P () Ha(w)) ()]
— [(x(E) P" (€ Ha (u)(€), @ ()]
<Csup 3 |D7 (W€ P (€)Pe(w))] .

Ro<j<n
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Thus from the Leibniz formula and we obtain that
€
Vn €N, [P"(A)(u)(z)] < Cl(R)nN(J“?*g)"(HIfUI)N+2 < Co(R)R™(1+[x)N*2.

Conversely, assume that we have (31). Suppose that £ € R is fixed and such
that |P(§)| > R + ¢, for some € > 0. Choose and fix x € D(R) such that
suppx C {f eER:|PE)| >R+ %} For n € N, we introduce the function x,,
defined by x, (&) = P~"(£)x(§). We have

(Ha(u),x) = (Ha(u), P*(§)xn) = (P*(E)Ha (1), Xn)
= (HA(P"(M)u), xn)
= (L + [) "V P (A)u), (L + |2))VH " (xn))-
Hence, from the Hoélder inequality we obtain
[{Ha(w), )] < L+ )™ P (A)ull L @y |1+ [2) Y HT )l @) -
Proceeding as in Proposition [3.3] we prove that

_ €\ n
1L+ )Y Hy ) oy vy < O™ (R+ 2) 7"

3
Thus
R n
(0,01 < ORI ()
Hence we deduce that (Ha(u), x) = 0, which implies that & ¢ supp Ha(u). Thus
the support of H (u) is contained in the compact V.. O

Notations. Let r > 0, we denote by
By ={{eR: P <r}, Sr:={{eR:[P¢)|=r}.

A reasoning analogous to the one developed in Theorem[4.2)allows us to establish
the following theorem.

Theorem 4.3. Let u = ug € E(R) N S'(R), and consider the infinite sequence
{u—n}nen of tempered distributions defined as u_n,11 = P(A)uy, for a polynomial
P and for all m € N. Let r > 0. Assume that, for all R € (0,7), there exist
constants Nr € Nog and C(R) > 0 such that

Vo €R, |u_n(z)| < C(R)R™™(1 + |z|)V=, (32)

for alln € N. Then supp Ha(u)NB, = 0. On the other hand, if supp Ha(u)NB, =
(0 and supp Ha(u) is compact, then holds, for all R € (0,r).

Combining Theorem [£.2] and Theorem [£.3] together, we get

Corollary 4.4. Let u = ug € E(R) N S'(R), and consider the infinite sequence
{un}nez of tempered distributions defined as uny1 = P(A)uy, for a polynomial P
and for all n € Z. Let R > 0. Then supp Ha(u) is contained in Sg if and only if
for all € > 0 there exist constants N. € Ny and C. > 0 such that

VzeR, |un(z)| < C-R™(1+ &)1+ |z|)Ne
for alln € Z.
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Remark 4.5. Theorem [4.3] and Corollary [I.4] are the analogue of the new real
Paley—Wiener theorems for the Fourier transform, proved by Andersen (see [I]).

5. ROE’S THEOREM ASSOCIATED WITH THE MODIFIED CHEREDNIK TYPE
OPERATOR

In [15] Roe proved that if a doubly-infinite sequence (f;);cz of functions on R
satisfies % = fj+1 and |fj(z)] < M for all j = 0,%£1,£2,... and = € R, then
fo(z) = asin(x 4 b) where a and b are real constants.

The purpose of this section is to generalize this theorem for the modified Chered-
nik type operator A.

Theorem 5.1. Suppose P(£) = Zangn is real-valued and let {f;}*>, be a se-
quence of complez-valued functionsnon R so that

Vi€Z, fi1= P
Let a >0, R > 0, and assume that {f;}>

o Satisfies

[fj(@)] < MR (1 + [a])°, (33)

where (M;) ez satisfies the sublinear growth condition

M,
lim —2. = . (34)

j—oo ]

Then fo = f+ + f—, where P(A)f+ = Rfy and P(A)f—- = —Rf_. If R (resp. —R)
is not in the range of P then fy =0 (resp. f— =0).

In order to prove Theorem [5.1] we need the following two lemmas.

Lemma 5.2. Let (f;)jez be a sequence of functions on R satisfying

fiv1 = P(A)fj, (35)
fi ()] < MR (14 |a))°, (36)
and
i Ml
j—oo (14 g)lil 7

for alle > 0. Then
supp(Ha(fo)) C Sk = {{:|P(§)| = R}.

Proof. First we show that Ha(fo) is supported in {£ : |[P(§)| < R}. To do this we
need to show that (Ha(fo),¢) =0 if ¢ € D(R) and

supp(¢) N{¢ : [P(§)| < R} = 0.
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Since supp(¢) is compact, there is some r < % so that |P:(L§)\ < r, forall £ € supp(9).

Then

¢
55!

= (Ha (P(A) fo)

(Ha(fo), ) = (P'Ha(fo),
¢
55!
¢
2.

Choose an integer m with 2m > a + 1. A calculation, using the hypothesis of the
lemma and Cauchy—Schwarz’s inequality, implies

= (P7(A) fo, My (

alfo). ) < [ 1P(0) o)l (15 () (@) Ala) d
< OM; R sup (14 22)" M3 () ()|
z€R

Using the continuity of "H,_\l and the fact that ¢ is supported in

{€:P)] > R+e}

for some fixed € > 0, it is not hard to prove that the right-hand side of the above
inequality goes to zero as j — oo and so (Ha(fo),¢) = 0. To complete the proof
we need to show that Ha(fo) is also supported in {& : |P(§)| > R}, which means
(Ha(fo),d) = 0 if ¢ is supported in {£ : |[P(£)| < R}. Here we use to obtain

(Ha(fo), d) = (Ha(fj), P o)
and the argument proceeds as before. U
Lemma 5.3. If —R ¢ P(R), then P(A)fy = Rfo.

Proof. Using Lemma [5.2] and proceeding as in [I2], we prove that there exists an
integer N such that

(P(&) = RN HA(fo) = 0. (37)
Inverting the generalized Hartley transform in yields
(P(A) = RNt fy = 0. (38)

This equation implies
span { fo, f1, fa,... } = span{fo, P(A) fo, P(A) fo,...}
= span { fo, P(A) fo, ..., PN(A)fO} .
We shall now show that we can take N = 0 in (38). If not, then (P(A) — R) fo # 0.

Let p be the largest positive integer so that (P(A) — R)Pfo # 0. Clearly p < N.
Thus

fi=(P(A) = R fo € span{fo, fi, ., fn}
will satisfy
(P(A)—R)f=0 and (P(A)—-R)f#0. (39)
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Write
f=aofo+ - +anfn,
for constants ag,...,an. Then
PI(A)f =aofj+ - +anfni;.
It
Cj = lao|R*M; + - - + |an|RY My,
then by we have

|P7(A)f ()] < O3 R (1 + |a])*. (40)
By the sequence (C}); satisfies the sublinear growth condition
lim & = 0. (41)
j—oo ]

An induction using implies for j > 2 that
PI(A)f=R"'jP(A)f—R(j—1)f = R~'j(P(A) = R)f + R’ f.

Thus
1 ; R|f(x C;R o Rlf(x
(PA) ~ R (@) < g P W) ()| + 2 < By ey BT
J J J J
Letting j — oo and using (41]) implies (P(A) — R) f = 0. But this contradicts (39).
Consequently, N = 0 in (38)). This completes the proof. O

Proof of Theorem[5.1, We distinguish three cases for R.

First case: —R ¢ P(R). In this case, we have proved in Lemma[5.3|that P(A) fo =
Rfo.

Second case: R ¢ P(R). In this case, we apply the same argument to —P(A) to
conclude P(A)fo = —Rfo.

Third case: R € P(R). The arguments used above are not valid for the sequence
(fp)pez. For this, let £ = P(A). We have

fopt2 = P(A) fopr1 = P(A) fop = £f2p  and  HA(Lf)(§) = P(EOHA(F)(E).

As —R ¢ P(R), if we apply the same arguments used in Lemma for the
sequence (fop)pez We see that

Lfo = P(A) fo = Rfo.

Set fy = 5(fo+ 5P(A)fo) and f- = 5(fo — 5 P(A) fo).
It is easy to see that fo = fy + f—, and that P(A)fy = Rf; and P(A)f- =
—Rf_. This completes the proof. O

Theorem 5.4. If we replace with

o Mg
A T o )
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for all j > 0, then the span of (f;); is finite dimensional. Moreover, fo = fy + f_,
where, for some integer N, (P(A) — R)N f =0 and (P(A)+R)Nf_ =0. Thus f
(resp. f_) is a generalized eigenfunction of P(A) with eigenvalue R (resp. —R).

The proof will be based on the following result from linear algebra.

Lemma 5.5 ([5]). Let X be a finite dimensional complex vector space, and let
T:X — X be a linear map with eigenvalues Ai,...,Ap. Then X = X; @ ---® X,
where X; = ker((T — \;)™) and dim X = N.

Proof of Theorem[5.4} We first prove Theorem under the assumption that
P(§) # —R. Using the growth condition and Lemma we may still conclude
that

supp(Ha(fo)) C Sk :={¢: P(§) = R}.

But then, as before, we can conclude that holds. This is enough to complete
the proof in this case. A similar argument shows that if P(§) # R, then (P(A) +
R)N fo = 0.

In the general case we again let £ = P(A) and Py = P?. Then Py(§) # —R and
the span of (f2;); is finite dimensional. The map P(A) takes the span of (fa;);
onto the span of (fa;41);. Thus X is finite dimensional. Any f € X will have
supp(f) inside the set defined by P({) = £R. From this it is not hard to show that
the only possible eigenvalues of P(A) restricted to X are R and —R. The result
now follows from the last lemma. O

Remark 5.6. If we take P(y) = y?, then P(A) = A4 and Theorem [5.1| give
Aafo = Rfy. This characterizes the eigenfunctions f of the generalized Laplace
operator A4 with polynomial growth in terms of the size of the powers Ai‘ f,
—00 < j < oo.

Theorem 5.7. Suppose P(§) = Zanfn is a non-constant polynomial with com-

n
plex coefficients. Let {f;}>,, be a sequence of complex-valued functions on R so
that

Vi€Z, fir1=PA)fj.

Let a > 0 and let R > 0. Assume that for all € > 0 there exist constants N € Ny
and C > 0 such that

Ve €R, |fa(z)| < CR™1+e)™(1+ |2V (43)
is satisfied for alln € Z. Then
N &
fO = Z ZC()‘v])i (D§a (44)
AESR j=0 4e =

for constants c¢(\,j) € C and N € N.
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Proof. Assume that {f;}>°, satisfies . Then Corollary implies that the
support of Hx (fo) is contained in the finite set Si. A standard result in distribution
theory (see e.g. [16, Theorem 6.25]) implies that

Half) =D > eng)as)
AESR 0<j<N

for constants ¢(),j) € C, and some integer N. Here 62 denotes the jth distri-
butional derivative of the delta function d¢ at £. The result follows with f, =

Hy' (Caesn Dosen e 3. O

By proceeding in a similar way as in Theorem [5.1] and using Theorem [5.7], we
can infer the following theorem.

Theorem 5.8. Suppose P(§) = Zan§" s a non-constant polynomial with com-

n
plex coefficients. Let {f;}>,, be a sequence of complez-valued functions on R so
that

Vi€Z, fit1=PA)f;
Let a > 0 and let R > 0 and assume that { f;}>°,, satisfies
[fi(@)] < MR (1 + |z])°,
where (M;),cz satisfies the subpotential growth condition
M.
lim —I2 — o, (45)
j—oo )
for some m > 0. We have:
(i) If P'(\,) # 0 for all A\, € Sg, then N < m in ([{4)). In particular, if m =1,
then
fo= Z Ix,s where fx, = c(Ap) Py, .

ApESR
(it) If Sg consists of one point \g and m =1 in ([@5), then P(A)fo = P(Xo)fo.

Remark 5.9. The previous theorem is the analogue of [I, Theorem 6].

6. REAL PALEY-WIENER THEOREMS FOR THE TRANSFORM H, ON S’'(R)
Let u € §'(R). We put I'y, := inf {r € (0, 00] : supp(Ha(w)) C [-,7]}.
Theorem 6.1. Let u € S'(R). Then the support of Ha(u) is included in [—M, M),
M >0, if and only if for all R > M we have
lim R™?"A%u =0 inS'(R).

n—oo

Proof. Let v € S'(R) and M > 0 such that
lim R™?"A%u =0, forall R> M.

n—oo

Let ¢ € D(R) satisfy supp(y) C [-M, M]°. We have to prove that
<HA(U)7 90> =0.
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Let » > M satisfy ¢(x) =0 for all € [—r,r] and R € (M,r). Then for all n € N
the function 272" is in D(R) and we can write
(Ha(u),9) = ((—=2)"B™*"Hn(u), (~2) "R*"p),
and by formula we have
(Ha(u), ¢) = (HA(RT*" Ay (w), (—2) " R*"p).
The hypothesis implies that H(R™2"A"%(u)) — 0 in S’(R). Moreover from the
Leibniz formula we deduce that (—z) " R?"¢p — 0 in S(R). So using the Banach-
Steinhaus theorem we prove that
<HA(U)7 <P> =0.
Conversely, let u € §'(R) and M > 0 such that supp Ha(u) C [-M, M]. We are
going to prove that for all R > M

lim R_Q"AZU =0 inS'(R).

n—oo

Let M < R and choose t € (M, R) and ¢ € D(R) satisfying ¥ = 1 on a neigh-
borhood of [-M, M| and ¢(x) = 0 for all z ¢ [—¢,¢]. Then for all ¢ € D(R) we
have

(Ha(w), p) = (Ha(u), vg),
and then
(HA(RT*" A (), ) = (Ha(u), (—2)" R™*")yp).
Finally we deduce the result by using the fact that (—2)"R=?"1¢ — 0in S(R). O

Corollary 6.2. From the previous theorem we obtain

T, = inf {R >0: lim R~2"A%u =0 in S’(R)} .

n—oo
Let u € S'(R). We put 7, :=sup{r € [0,00) : supp(Ha(u)) C (—r,7)°}.

Theorem 6.3. Let u € §'(R) such that (—x) "Ha(u) € S'(R) for alln € N. Let
Uy, = Hy' (=)™ Ha(u)). Then the support of Ha(u) is included in (=M, M)e,
M >0, if and only if for all R < M we have

lim R*u, =0 inS'(R).

n— oo

Proof. Let v € §’'(R) and M > 0 such that
lim R*u, =0, forall R< M.

n—oo

Let ¢ € D(R) satisty supp(p) C (=M, M). We want to prove that

<HA(U), SO> =0.

Let r € (0, M) such that suppy C (—r,7) and R € (r, M). Then for all n € N the
function 22" is in D(R) and we can write

(Ha(w), @) = ((—2) " R*"Ha(u), (—2)" R™2"p) = (Ha(R*"un), (—2)"R™"p) .
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The hypothesis implies that Ha (R*"u,) — 0 in S’(R). Moreover from the Leibniz
formula we deduce that (—z)"R™2"¢p — 0 in S(R). So using the Banach-Steinhaus
theorem we prove that
(Ha(u), 0) = 0.
Conversely, let u € §’'(R) and M > 0 such that supp H(u) C (—M, M)c. We
are going to prove that for all R < M

lim R*"u, =0 in S'(R).

n—oo

Let M > R and choose t € (R, M) and ¢ € D(R) satisfying ¢ (x)
and ¢ (z) = 0 for all |x| < t. Then for all ¢ € D(R) we have

(Ha(u), ) = (Ha(u), de),

1 for || > Mt

and then
(Ha(R™un), ) = (Ha(u), (—2) " R*")yp).
Finally we deduce the result by using the fact that (—z) " R*"¢)p — 0 in S(R). O

Corollary 6.4. From the previous theorem we obtain

Yu = SUp {R >0, lim R*™u,, =0 in S'(]R)} .
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