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ON THE STRUCTURE OF SPLIT INVOLUTIVE HOM-LIE
COLOR ALGEBRAS

VALIOLLAH KHALILI

ABSTRACT. In this paper we study the structure of arbitrary split involutive
regular Hom-Lie color algebras. By developing techniques of connections of
roots for this kind of algebras, we show that such a split involutive regular
Hom-Lie color algebra L is of the form £ = U & Z[a]el‘[/~ Iy, with U a
subspace of the involutive abelian subalgebra H and any I[,), a well-described
involutive ideal of L, satisfying [I[4],|g)] = 0 if [a] # [8]. Under certain
conditions, in the case of £ being of maximal length, the simplicity of the
algebra is characterized and it is shown that £ is the direct sum of the family
of its minimal involutive ideals, each one being a simple split involutive regular
Hom-Lie color algebra. Finally, an example will be provided to characterise
the inner structure of split involutive Hom-Lie color algebras.

1. INTRODUCTION

The notion of Lie color algebras was introduced as generalized Lie algebras in
1960 by Ree in [II]. In 1979, Scheunert investigated the Lie color algebras from a
purely mathematical point of view (see [I4]). So far, many results for this kind of
algebras have been considered in the frameworks of enveloping algebras cohomology,
representations, and related problems (see [Bl [10, 12} 13} [15, [16], 19]).

In 2012, Yuan [20] introduced the notion of a Hom-Lie color algebra which can be
considered as an extension of Hom-Lie superalgebras to A-graded algebras, where A
is any additive abelian group. The pioneering works in these subjects are [T} 2] [17].

As is well-known, the class of the split algebras is especially related to addi-
tion quantum numbers, graded contractions and deformations. For instance, for a
physical system, which displays a symmetry of Lie algebra L, it is interesting to
know in detail the structure of the split decomposition, because its roots can be
seen as certain eigenvalues which are the additive quantum numbers characterizing
the state of such a system. Determining the structure of split algebras will be-
come more and more meaningful in the area of research in mathematical physics.
Recently, in [6, [9, [8, 3] [21], the structure of arbitrary split Lie algebras, arbitrary
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split involutive Lie algebras, arbitrary split Lie color algebras, arbitrary split regu-
lar Hom-Lie algebras, and arbitrary split involutive regular Hom-Lie algebras have
been determined by the techniques of connection of roots.

Our goal in this work is to study the structure of arbitrary split involutive regular
Hom-Lie color algebras by the techniques of connection of roots. The results of
this article are based on some works in [3] [7, [21].

Throughout this paper, split involutive regular Hom-Lie color algebras L are
considered of arbitrary dimension and over an arbitrary base field F, with charac-
teristic zero. We also consider an additive abelian group A with identity zero.

To close this introduction, we briefly outline the contents of the paper. In
Section 2, we begin by recalling the necessary background on split involutive regular
Hom-Lie color algebras. Section 3 develops techniques of connections of roots for
split involutive regular Hom-Lie color algebras. We also show that such an arbitrary
split involutive regular Hom-Lie color algebra £ with a root system II is of the form
L=U®®D E[a] eI/m I1o), with U a subspace of the involutive abelian subalgebra H
and any Ij,], a well-described involutive ideal of L, satisfying [Ij4], 5] = 0 if
[a] # [B]. In Section 4, we show that under certain conditions, in the case of
L being of maximal length, the simplicity of the algebra is characterized and it
is shown that £ is the direct sum of the family of its minimal involutive ideals,
each one being a simple split involutive regular Hom-Lie color algebra. Finally,
Section 5 provides a concrete example which characterizes the inner structure of
split involutive Hom-Lie color algebras.

2. PRELIMINARIES

Let us begin with some definitions concerning graded algebraic structures. For
a detailed discussion of this subject, we refer the reader to the literature [14]. Let
A be any additive abelian group. A vector space V is said to be A-graded if there is
a family {V)}xea of vector subspaces such that V' = @,., Va. An element v € V
is said to be homogeneous of degree X if v € V), A € A, and in this case, X is called
the color of v. As usual, we denote by |v| the color of an element v € V. Thus,
each homogeneous element v in V' determines a unique group element |v| € A by
v € V). Fortunately, we can almost always drop the symbol “| |”, since confusion
rarely occurs.

Let V =@,cp Vaand W = P, ., W be two A-graded vector spaces. A linear
mapping f: V — W is said to be homogeneous of degree 6 € A if

f(VA) C Wipg, VAEA.

If in addition f is homogeneous of degree zero, namely, f(V)) C Wy holds for any
A € A, then we call f even.

An algebra A is said to be A-graded if its underlying vector space is A-graded,
ie., A= @y cp Ar, and if ANA, C Ay, for A\, € A A subalgebra of A is said
to be graded if it is graded as a subspace of A.
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Let B be another A-graded algebra. A homomorphism ¢ : A — B of A-graded
algebras is a homomorphism of the algebra A into the algebra B, which is an even
mapping.

Definition 2.1 ([I4]). Let A be an abelian group. A map e : A x A — K\ {0} is
called a skew-symmetric bi-character on A if for all A\, u,n € A,

(1) e pe(u, A) =1,
(i) (/\+u n)—E(A ne(u,n),
(ili) €A, p+mn) = (A, p)e(A,n).

The definition above implies that in particular, the following relations hold:
e(N\,0)=1=¢€(0,A), €e(AA) =1 (or —1), VA €A

Throughout this paper, if  and y are homogeneous elements of a A-graded vector
space and |z| and |y|, which are in A, denote respectively their degrees, then for
convenience we write €(z, y) instead of e(|z|, |y|). It is worth mentioning that, unless
otherwise stated, in the sequel all the graded spaces are over the same abelian group
A and the bi-character is the same for all structures.

Definition 2.2 ([20]). A Hom-Lie color algebra is a tuple (L, [.,.], ¢, €) consisting
of a A-graded vector space £, an even bilinear map [.,.] : L x L — L (ie.,
[La, L] C Layy), an even homomorphism ¢ : £ — £, and a bicharacter € such
that for homogeneous elements x,y, z € L these conditions are satisfied:

(i) [z,y] = —e(z,y)ly,z]  (e-skew-symmetry),

(ii) Zow,z e(z,2)[¢(x), ]y, 2]] =0 (e-Hom-Jacobi identity),

where O 4, denotes summation over the cyclic permutation on z,y, 2.

In particular, if ¢ is a morphism of Lie algebras (i.e., ¢ o [.,.] = [.,.] o $®?),
then we call (L, [.,.], ®,€) a multiplicative Hom-Lie color algebra. A Hom-Lie color
algebra is called regular if ¢ is an automorphism. We recover a color Lie algebra
when we have ¢ = id; color Lie algebra is a generalization of Lie algebra and Lie
superalgebra (if A = {0}, we have £ = L is a Lie algebra and if A = Zy and
€(1,1) = —1, then £ is a Lie superalgebra). Clearly, Hom-Lie algebras and Lie
color algebras are examples of Hom-Lie color algebras.

Let £ be a Hom-Lie color algebra over the base field F, and let — : F — F be
an involutive automorphism which we call a conjugation on F. An involution is a
conjugate-linear map * : £ — L; (z — %), such that > = %, [z,y]* = [y*, 27|
and (¢(x))* = ¢(a*), for all z,y € L.

Definition 2.3. A regular Hom-Lie color algebra endowed with an involution is
said to be an involutive reqular Hom-Lie color algebra. An involutive subset of an
involutive algebra is a subset globally invariant by the involution.

The usual regularity conditions will be understood in the involutive graded sense.
For instance, a subalgebra A of £ is an involutive graded space A = P, AN of L
such that [A, A] C A and ¢(A) = A. An involutive graded subspace I = @, ., I*
of L is called an ideal if [I,L£] C I and ¢(I) = I. We say that £ is simple if
[£, L] # 0 and its only (involutive graded) ideals are (0) and L.
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From now on, (£, *) denotes an involutive regular Hom-Lie color algebra. We
introduce the concept of split involutive regular Hom-Lie color algebra in an analo-
gous way. We begin by considering a maximal involutive abelian graded subalgebra
H=Dica H» among the involutive abelian graded subalgebras of £. Note that
H is necessarily a maximal involutive abelian subalgebra of L (see [7, Lemma 2.4]).
Let us introduce the class of split algebras in the framework of involutive split reg-
ular Hom-Lie color algebras. We denote by H = ¢, H* a maximal involutive
abelian subalgebra of (£, *). For a linear functional

Q- (HO *) — (F7_)a
that is a(h*) = a(h) for any h € H°, we define the root space of £ (with respect
to H) associated to « as the subspace
Lo:= {10 € L] [ 2,] = a(h®)p(x,) for all B € HO}.
The elements o : (HY, %) — (F, —) satisfying £, # {0} are called roots of £ with
respect to H. We denote by Il := {a € (H \ {0}, %) — (F,—) | L, # {0}}.

Definition 2.4. We say that £ is a split involutive reqular Hom-Lie color algebra,

with respect to H, if
L=Hao (@ L)

a€ell
We also say that II is the root system of L.

Observe that we have H* = H. For convenience, the mappings |4, ¢|7_fl
H — H will be denoted by ¢ and ¢! respectively.

Lemma 2.5. Let L= @, L be a split involutive reqular Hom-Lie color algebra,
with Toot space decomposz'tion L=H& (D, cgLa) Then
(1) £
(2) for any o € ITU {0}, we have Lo = P,y LA, where LY = LN Lq;
(3) H» = L) (in particular, H° = L3);
(4) EO is a split Hom-Lie algebra, with respect to H = LY, with root space
decomposition L° = L & (P e LY)-

a€cll

Proof. It is a consequence of Lemma 2.6 in [7]. O

Note that if £ is a split involutive regular Hom-Lie color algebra, with root space
decomposition £ = H® (P,cp; La), taking into account Lemma we then write

=@ o (D) - che @D
AEA a€ll AEA aell
We denote by II* the set {a € I | £} # 0}, for any A € A.
Lemma 2.6. For any «, 8 € TIU{0} and any A € A, the following assertions hold:
(1) @(L£3) C Ly and ¢~ (L3) C L3y
(2) [£3, £5) € £330
(3) (£3)" = L3
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Proof. (1) By Lemma and the fact that ¢ is an automorphism, we have
$(La) = ¢(LAN La)
= ¢(La) N (LY).
Now taking into account Lemma 2.7 in [7], from we get
G(LY) C Log-1 N L _‘Ca¢ 1.

(2.1)

In a similar way, one gets the second statement in (1).
2) For any h° € H°, 2 € £}, and y; € £, by denoting ' = ¢(h°), from the
a « B B
e-Hom-Jacobi identity we have

[0, (25, 951 = (1R, 23], 6(y)] + e(h®, 22)[6(2), [°, y5]]
[a( No(z3), oys)] + BhO)[o(z2), 6(y5)]
= (a+B) (") ([za, y5])
= (a+B) (@~ (M)o([z2. y5))-
Therefore, we get [z}, y5] € E/\ (atpyg—1 and so [E;\,E”] E’\:fﬁ =y
(3) From the fact that “x” is an involutive automorphism and Lemma 2.3 in
[21], we conclude the result. O
Lemma 2.7. If a € II then ap™™ €1l for any m € Z.
Proof. 1t is a directly consequence of Lemma 2.8 in [7]. O

Definition 2.8. A root system II of a split involutive regular Hom-Lie color algebra
L is called symmetric if II = —II.

3. CONNECTIONS OF ROOTS AND DECOMPOSITIONS

In the following, £ denotes a split involutive regular Hom-Lie color algebra with
a symmetric root system IT and £ = H® (P, cp; La), the corresponding root space
decomposition. We begin by developing the techniques of connections of roots in
the same setting as [3].

Definition 3.1. Let «, § be two nonzero roots in II. We say that « is connected
to B, denoted by a ~ S, if there exists a family

{aq, 9, a3,...,a} CII,
satisfying the following conditions:
Ifk=1:
(1) a1 € {ap ™™ :neN}N{£Bep~™ : m € N}.
Ifk>2:
(1) a3 € {ap™™:n € N}.
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(2) a1p™ + et €11,
2 +ap i+ azg! €I,
¢ 3+t azd? +agp !t €10,

ay' +agd T +agd M 4 a0t €T,

1 "2 4 F R f g TP a9 €L
(3) a1 fanp Rl 4azp k24 pap M 4 gl € {£BpT™
m € N}.

The family {a1, @z, as,...,ar} C Il is called a connection from « to (3.

Note that the case k = 1 in Definition [3.1]is equivalent to the fact that § = ea¢p®
for some z € Z and € € {£1}.
Lemma 3.2. The following assertions hold:

(1) For any « € II, we have that ag* is connected to a2 for every z1, 2o € Z.
We also have that ap® is connected to —ap*? in case —ap?? € I1.

(2) Let {a1,9,as,...,ax} be a connection from « to §. Suppose that aq =
ap™™, n € N. Then for anyr € N such that r > n, there exists a connection
{@1,aa,...,ax} from a to B such that & = ap™".

(3) Let {a1,a0,as,...,ar} be a connection from « to 5. Suppose that a; =

efp™ ™, m € Nin case k =1 or
a1 " s M g PR 4 g =BT

in case k > 2, with ¢ € {£1}. Then for any r € N such that r > m, there
exists a connection {a1,as,...,a} from a to  such that & = ef¢™" in
case k =1 or

a1 F T 4 G F T g PR g = B0
in case k > 2.

Proof. The assertions are proved in [3, Lemmas 2.2 and 2.3]. (|

Proposition 3.3 ([3]). The relation ~ in Il defined by
A~ u if and only if X is connected to
s an equivalence relation.

Proof. The proof is virtually identical to the proof of [3] Proposition 2.4]. O

By the above proposition, we can consider the equivalence relation in II by the
connection relation ~ in II. So we denote by

II/~:=A{[a] : a € 1T},
where [a] denotes the set of nonzero roots of £ which are connected to a. Clearly,

if 8 € [a] then —f8 € [a] and by Proposition if 8 ¢ [a] then [o] N [3] = 0.
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Our next goal in this section is to associate an adequate ideal I|,) of £ to any
[a]. For a fixed a € II, we define

Iy (o] := spang{[Ls, (Ls)"] : B € [a]} C H.
Then Iy [o) is the direct sum of

> L3LoplcLy and > L3, L0 c @ H (3.

BE[a], \eA BE[a], X\, n€A, X\+p#0 AeA\{0}
Next, we define
Vi = D L5 =D D £3
Bela] AEA Bela]

Finally, we denote by I, the direct sum of the two graded subspaces above, that

is,
Tia) := Io,[a] © Viay-

Proposition 3.4. For any a € 11, the graded subspace Ijo) is an ivolutive subalgebra

of L.

Proof. First, we are going to check that Ij,) satisfies [I]4], [[o)] C I[o]- By the fact
that £o = H and (3.1), it is clear that [/o (4], [0,[a] = 0, and we have
101 Tia)) = o, o) @ Vo] Lo,a] © Via)]

C [o,jg: Via)] + Vs L0,og] + Via]: Vi]-
Let us consider the first summand in (3.2]). Note that by (3.1) and the fact that

Lo = H we have
[ V[a] @ EB Z ﬁo,ﬁﬁ].
BEla] BEla]

Given S € [a], by Lemma (2) one gets [Io (o], L] C Lgy—1, where S~ € [al.
Hence,

(3.2)

[£0,0]s Via]] € Via)- (3.3)
Similarly, we can also get

Vi) Lo,{)] € Via)- (3.4)
Consider now the third summand in (3.2]). We have

Ve Vil € D [£5,L5)-
Biv€Ele]
Given B, v € [a] such that 0 # [Lg, L£,]. If v = —f, we have
(L5, L] = [Ls, Lp] = [Ls,(Ls)"] C Lo fa)-

Suppose that 0 # 8 + . By Lemma (2)7 one gets (B + )¢~ € II. Therefore,

we get {3,7} a connection from 3 to (3 +7)¢ L. The equivalence relation ~ gives
us (B+7y)p~t e [a] and so [Lg,Ly] C L(g4)s—1 C Vja]- Hence,

o Viall = (€D Lo, @ L5] C Lo fa) © Vi (3.5)
BEla] BEla]
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From (3.3), (3.4), and (3.5)), we conclude that [I[4), [[o)] C I[o)-

Second, we have to verify that ¢(I}4)) = I[o). But this is a direct consequence of

Lemma [2.6}(1) and Lemma [3.2}(1).

Third, we must show that I4) = (I[4])*. It is easy to see that Iy o = ({o,o))"
and Vi) = (V}))", thanks to the given definition. Now taking into account Ij,) =
107[04] D V[a], we get I[a] = (I[a])*.

Proposition 3.5. If [a] # (5], then [Ij4), Ij5)] = 0.
Proof. We have
[1eg: L11] = [o,a) @ Via): Lo, 1) © Vig)]
< o o) Vigr] + Mas Lo,1] + Miat, Visi]-
Let us consider the third summand in (3.6) and suppose there exist n € [a] and
w € [B], such that 0 # [£,,L,]. By the condition [a] # [f], one gets n # —pu,
then (n + p)¢~! € II. Hence, {n, u, —m$~1} is a connection from 7 to u. By the

transitivity of ~, we have a € [f], which is a contradiction. Therefore, [L,,L,] =0
and so

(3.6)

Viap, Vigl] = {0} (3.7)
Consider now the first summand in (3.6 and suppose there exist n € [a] and p € [§]
such that 0 # [[£,, (£,)"], #(L,)]. Then
for some A € A. By the e-Hom-Jacobi identity, we have either [[,f‘,, &(L,)] # 0 or
[LZ),6(L,)] # 0, and so we get Vo), Vgl # 0 in any case, which is a contradiction

to (3.7). Hence,
10,101, V1)) = 0. (3.8)

In a similar way, we also have
Finally, from (3.7), (3.8), and (3.9)), we conclude that [[}4], [j5] = 0.
Theorem 3.6. The following assertions hold:
(1) For any « € 11, the involutive Hom-Lie color subalgebra
Tja) = 1o,ja) © Via]

of L associated to [a] is an involutive ideal of L.
(2) If L is simple, then there exists a connection from a to B for any o, B € 11

CLTLd H = Zaeﬂ[‘caa (‘Ca)*]
Proof. (1) Since [I}4), H] = [I[o], Lo] C V]q), taking into account Proposition
and Proposition [3.5] we have

T, £] = T He (6D L) & (D £4)] C I
Bel Rzl

As we also have by Propositionthat (o)) = Ijo) and o) = (I[o))*, we conclude
that I, is an involutive ideal of L.

Rev. Un. Mat. Argentina, Vol. 60, No. 1 (2019)



STRUCTURE OF SPLIT INVOLUTIVE HOM-LIE COLOR ALGEBRAS 69

(2) The simplicity of £ implies I,) = L. From here, it is clear that [a] = II and
H= Zaen[ﬁav (ﬁa)*]- O
Theorem 3.7. For a vector space complement U of spang{[La, (La)"] : @ € I} in

H, we have
L=UD Z I[a],
[a]€Il/~

where any (o) is one of the involutive ideals of L described in Theorem @»(1),
satisfying [I1a), I13)] = 0, whenever [a] # [f].

Proof. Each I}, is well defined and by Theorem (1)7 an involutive ideal of L.

It is clear that
L=Ha (P L) =tUs > I
acll la]ell/~

Finally, Proposition gives us [I14], I15)] = {0}, if [a] # [B]. O
Let us denote by Z(L) the center of L, that is, Z(£) = {x € L: [z, L] = 0}.

Definition 3.8. A Hom-Lie color algebra L is called perfect if Z(L£) = 0 and
L, L] =L.

Corollary 3.9. If L is a perfect split involutive regular Hom-Lie color algebra,
then L is the direct sum of the involutive ideals given in Theorem@—(l),

L= P I
[

a)€ll/~
Proof. From [L, L] = L, it is clear that £ =} e/~ I[a]- Now, by Z(L) = 0 and
Proposition [3.5] the direct character of the sum is clear. O

4. THE SIMPLE COMPONENTS

In this section, we focus on the simplicity of split involutive regular Hom-Lie
color algebras £ by centering our attention in those of maximal length.

Lemma 4.1. Let L=H & (P, La) be a split involutive regular Hom-Lie color

algebra. If I is an ideal of L, then I = (INH) D (P en(I N La)).
Proof. Tt is analogous to the proof of Lemma 4.1 in [7]. O

Taking into account the above lemma, observe that the grading of I together
with Lemma [2.5}(2) allow us to assert that

I=Pr=purrnuhe (P T*nL)). (4.1)

AEA AEA acll;
where IT; := {a € [1: "N L) #0, V) € A}.

Lemma 4.2. Let L be a centerless split involutive reqular Hom-Lie color algebra.
If I is an ideal of L such that I C H, then I = (0).

Proof. See [7, Lemma 4.2]. O
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Let us introduce the concepts of root-multiplicativity and maximal length in the
framework of split involutive regular Hom-Lie color algebras, in a similar way to
the ones for split regular Hom-Lie color algebras in [7].

Definition 4.3. We say that a split involutive regular Hom-Lie color algebra L is
root-multiplicative if given o € II* and B € TI*, with A, u € A, such that o+ 3 € 11,
then [£}, L] # 0.

Definition 4.4. We say that a split involutive regular Hom-Lie color algebra L is
of mazimal length if for any o € II* with A € A, we have dim £} = 1 for k € {£1}.

Observe that for a split involutive regular Hom-Lie color algebra £ of maximal
length, (4.1 allows us to assert that given any nonzero graded ideal I of £ we can
write

I=P@n1Me (P L), (4.2)

AEA aEH?
where [T := {a € IT: I* N L) # 0} for each \ € A.

Theorem 4.5. Let L be a perfect split involutive regular Hom-Lie color algebra of
mazximal length and root-multiplicative. If L has all of its nonzero roots connected,
then any ideal I of L satisfies I* = 1.

Proof. Consider any nonzero ideal I of £. By (4.2) and Lemma we have
I =@ A((PnHY @ (Daem L)), with II} € I* for any A € A and some

1} # ¢. Let us fix some g € I}, so that
0#L), CI.
The fact that ¢(I) = I together with Lemma [2.6}(2) allows us to assert that
If o € Iy then {a¢® : z € Z} C 11,

that is,
{Lo,4-:2€LYCI. (4.3)

Taking into account the facts that [£,£] = L and Corollary imply H =
> penlLs: (Ls)*], the grading of L gives us

Ho= > (LLIy) (4.4)
AEA, Bell

From here, since ag # 0, there exist 3 € II and p € A such that ag([£3, ﬁ:g]) #0.
If e {*tapp®:2€Zyas0#[L) ,., L) ] C I, then

ag@®? aop*
Loy = —ao([Lh s £22 5D)THIEY gos £70 o) L2 00 C 1.

So in this case, we obtain £L_,, = (L4,)* C I.
Now, let us take any 8 € II such that g ¢ {*ag¢® : z € Z}. Since o and S are
connected, we have a connection {ay, as,...,ar}, k > 2, from ag to 8 satisfying
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the following conditions:
a1 = ap¢~ " for some n € N, and
19 +age ! €I,
192+ agp? +agp ! €I,
0197 + 20 +azg T + g~ €11,

a;i + Ozg(ﬁ_i + Oég(lj)_“_l + -+ Oli+1(b_1 e 1l,

12 £z b agg T P b g TM  faggT E L

a1¢7k+1 + a2¢77€+1 + a3¢77€+2 RS aiqskarifl T ak¢71 _ Eﬂ¢7m,
for some m € N and ¢ € {£1}.

Consider aq,ay € IT and a; + as € II. Since as € II, there exists Ay € A such

that Eg\é = 0. From here, the root-multiplicativity and maximal length of £ allow

us to get
AHA
0# £, £22] = Lo ysr

Since 0 # £, C I as consequence of (4.3)), we have

A+
0 +# E(alfa2)¢,1 clI.

We can argue in a similar way from ay¢~! + a0, az and (a1 1 +agp t)d~ 1 +
az¢ = 1072+ a2 + azp~! €11 to get

0Ly, s C 1, forsome A3 € A.

If we follow this process with the connection {aq, aa, ..., ax}, then we obtain that

0#LF

016~ F bz R agg—RH2 b dagh -l fag-r C 1) for some p € A,

and so either 0 # Dﬁtaﬁ—m Cclor0+# L:g(ﬁ_m C I, for some p € A. That is,

O#ﬁzg¢,m C I, forsome €A, ee{£1} and any § €Il

By Lemma [2.6}(1), we can get
0# LYy C 1, forsomep€ A, ee {+1},

and for any 8 € II. Now taking into account (4.4)), there exist o € Il and n € A
such that

[£8, L0), ¢(LL5)] # 0. (4.5)
By the e-Hom-Jacobi identity either [L7, #(LL5)] # 0] or [LZ7, #(LE;)] # 0 and so
+ —n+ ;
0 # £Z¢fl+sﬁ¢,2 or 0 # ['ag*ﬁsﬁw% That is,

0# Lt gy C 1L, (4.6)

Rev. Un. Mat. Argentina, Vol. 60, No. 1 (2019)



72 VALIOLLAH KHALILI

for some k € {£1}. Since ¢ € II*, we have by the maximal length of £ that
—ef € II™*. From (4.6), the root-multiplicativity and maximal length of £, we
obtain

~14p —n _ R
0# ['Cm¢71+55¢727£7513¢72] =L, C1L (4.7
By Lemma [2.6}(1), we can get
L c 1. (4.8)
Taking into account (4.7) and (4.5) gives us
B~ ([Lh, LZR]) #0.

We have for any v € A such that L5 # 0 necessarily

0 # [Lh, LZ8], (L25)] = L2541 C 1,

and so L g4-1 C I. That is, we can get L3 C I for any § € II and some ¢ € {£1}.
In both cases we have

0+#[L3,(L£3)] C I

Hence,
(Lay)" =Lg, = _O‘O([‘C/ﬁ\ﬂ‘C:QD_I[[‘C&‘C:EL‘C*ao] clr.
Finally, the fact that H = 5 ;[Lg, (£5)*] implies that
HCI
In particular, as H* = H, we get (H*NI*)* = H*NI*. From here and taking into
account (D, rea L) = Docm, rea L), [£2) gives us I = I*. O

Theorem 4.6. Let L be a perfect split involutive regular Hom-Lie color algebra of
maximal length and root-multiplicative. Then L is simple if and only if it has all
its nonzero roots connected.

Proof. The first implication is Theorem [3.61(2). To prove the converse, consider
I a nonzero ideal of L = H ® (P, La)- By (7)), we have H C I. Given any
a € 11, by the fact that o # 0 and the maximal length of £ we have

[/H07£a¢*1] =Ly C 1,
and so @,y Lo C I. From here and H C I, we conclude that I = £. Therefore,
L is simple. O

Theorem 4.7. Let L be a perfect split involutive reqular Hom-Lie color algebra of
mazimal length and root-multiplicative. Then

L= D Iy
[e] €T/~

where any 1[4 is a minimal involutive ideal of L, and each one being a simple split
involutive reqular Hom-Lie color algebra having all its nonzero roots connected.
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Proof. By Corollary we can write £ = ®[a]EH Jm Ijo) as direct sum of the
family of ideals

Top = To o] @ Vi) = Y [L5,(Ls) ] @ (D Ls),
fefal belal

where each I, is a split involutive regular Hom-Lie color algebra having as root
system Iy, = [@]. In order to apply Theorem 0 each I,), we have to observe
that the root-multiplicativity of £ and Lemma show that II T has all of its
elements Iy -connected, that is, connected through connections contained in Iy
We also get that any of the I, is root-multiplicative as consequence of the root-
multiplicativity of L. Clearly, /|, is of maximal length, and finally Z;, (/) = 0,
as consequence of Lemma [3.5, Theorem [4.6] and Z(£) = 0. We can therefore apply
Theorem @ to any Ij,) so as to conclude that I[,) is simple. It is clear that the
decomposition £ = @[a]en o I satisfies the assertions of the theorem. O

5. EXAMPLE

In this section, an example is provided to clarify the results in Sections 3 and 4.
The process of the example is described in four steps as follows.

Step 1 (Lie color algebra pso(2m + 1,2n)). Let A = Zy X Zy and the skew-
symmetric bi-character on A is defined as

e: Ax A —K\{0}; e(a,bd)= (_1)a<b7
where a = (a1,a2) and b = (by, b2) are elements of Zs X Zso such that
a+b:(a1+blva2+b2); a.b = a1by + asbs.

As a linear space, the A-graded Lie superalgebra £ is a direct sum of four graded
components:

r— @ﬁ,\ = £0.0) g £O1) gy £(1,0) gy £(11),
AEA

If £ admits a e-bracket denoted by [.,.], satisfying the identities A-grading,
e-symmetry and e-Jacobi, then L is referred to as a Zs X Zs-graded Lie super-
algebra (for more details see [I3]). By the e-symmetry identity, the e-bracket for
homogeneous elements is either a commutator or an anticommutator which we will
denote by [.,.] and {.,.}, respectively. Note that £(%9 is a Lie superalgebra and
that £09 @ £O1 and £09 @ £1.0) are Lie-subsuperalgebras of the Zo x Zo-
graded Lie superalgebra £. However, we will say that £ is a Lie color algebra. Let
us now construct the Zs x Zo-graded Lie color algebra £ = pso(2m + 1,2n). Its
matrix form is closely related to, but diffrent from, that of the orthosymplectic Lie
superalgebra osp(2m + 1,2n). The Lie color algebra £ = pso(2m + 1,2n) can be
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defined as the set of all block matrices of the form

a b u |r oy
c al v |z w
vt —t| 0 |r s |, (5.1)
—wt —yt | st |d e
Zt I‘t 77”t f 7dt

where a is any (m xn)-matrix, b and ¢ are skew-symmetric (m x m)-matrices, u and
v are (m X 1)-matrices, x,y, z, w are m x n-matrices, r and s are (1 x n)-matrices,
d is any (n x n)-matrix and finally, e and f are symmetric (n X n)-matrices. The
7o x 7o grading for matrices of £ of the form is determined by

£0,0) | £(1,1) | £(0,1)
c=|can] o |00, (5.2)
£0,1) | £(1,0) | £(0,0)

Denote by e; ; the matrix with zero everywhere except a 1 on position (3, j),
where the row and the column indices run from 1 to 2m 4+ 2n + 1. Similar to the
osp(2m + 1, 2n) algebra, we introduce the following elements:

C;r = \/i(ej,2m+1 — €2mt1,mtj)

¢ = \/§(€2m+1,j - €m+j,2m+1),
for j=1,2,3,...,m, and

+
Congj = V2(e2mt1.2mr14nts + €2mit1i2mi1),

Cn+j = \/§(€2m+1,2m+1+j - €2m+1+n+j,2m+1),
for j=1,2,3,....n

In [1I3], Tolstoy proved that the Zg X Zo- graded Lie superalgebra L is defined by
2m + 2n generators c (j=1,2,3,...,m) and ckJr (k=1,2,3,...,n), subject to
the relations

([}, i), Cz] = |v = nlducy — v — pldjicy,
ch Crmdjs m.t,.ka Crpt] = (v — l‘)(sjlcyn.ug + (v - )5klcm+]a
[Cét’cm+k]’ m—+l — ‘V_M|5]lcm+k;a [657 m+k? m+l] ( —77)5le?7

where j,k € {1,2,3,...,m} and pu,n,v € {£} is isomorphic to pso(2m + 1, 2n).

Step 2 (Involutive Hom-Lie color algebra osp(2m + 1,2n)). By using Theo-
rem 3.14 in [20], we construct an involutive Hom-Lie color algebra from the Lie
color algebra pso(2m+1,2n). For this purpose, we consider an even automorphism
¢ : pso(2m + 1,2n) — pso(2m + 1, 2n) such that ¢? = id. More precisely, ¢ is an
involution given by

¢)(€2m+1+j,k) = —€2m+1+j,k;> j = 1, 2, 3, ey 2n and k = 1, 2, 3, ceey 2m,

¢ =id, otherwise.
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Notice that the image of the algebra pso(2m + 1,2n) under the even linear map ¢
is exactly £ = osp(2m + 1,2n), which can be defined as a set of all block matrices
of the form and the Zs x Zs grading of £ for matrices of the form .
One can easily check that the tuple (£ = osp(2m + 1,2n),[.,.]¢ = ¢ o [,,.],0,¢€)
is an involutive Hom-Lie color algebra exactly related to the orthosymplectic Lie
superalgebra osp(2m + 1, 2n).

Step 3 (Root space decomposition). As a basis in the maximal involutive abelian
subalgebra H of (L, ¢), consider

1. _ .
hi:ei,i*em-ﬁ-i,m—ki:g[ci70;‘"_]3 1=1,2,3,....m

hm+j,m+j = €2m+1+44,2m+14+j — €2m414n+j,2m+1+n+j
1

= 2[c;+j’m+j,c;;+j’m+j}, j=1,2,3,...,n,
which belong to E(()O’O). They span the space ‘H of diagonal matrices in £. That is,
H =spang{hi, hmy;:1=1,2,3,...,m;j=1,2,3,...,n}.

In terms of dual basis, let {e;,6; : ¢ = 1,2,3,...,m; j = 1,2,3,...,n} be the
dual basis of H* given by

51(hk) = 51'1@, Ei(herj) = 0, (5]'(51') = O, (Sj(hz) = 5ji7 and E2m+2n+1 = O
Then, the root vectors and the corresponding root spaces are given by:

€jk — Em+tkm+j € ‘6(070) ] 7é k= ]-7 27 33 s, M

Ej—E€k’
(0,0) ; _
€ m+k — €k,m+j Eﬁaﬁ_sk, i <k=123,....m
Cmiik — € e 00 i <k=1,2,3 m
m+j,k m-k,j —(gj+er)’ J 9 Ly Dy ey
1,1 .
€j,2m+1 — €2m+1,m+j € ﬂéj ) j=1,2,3,...,m
21 — el =123
€m+j,2m+1 €am+1,5 € —&5 J=54L49...,Mm
(0,1) :
€2mt 144, 2m+14+k — €2m4ltntk2m+14ng; € L5 5, J#FE=1,23,...,n
(an) .
€am+14j,2m+14ntk + €2mittk2miiints € Lslis, J#FE=123,....n
(0,0) : _
62m+1+n+j,2m+l+k + 62m+1+n+k,2m+1+j S 'C,((;J.Jrgk)y J 7& k - 13 27 3, e, n
(0,1) o L
€5 2m+14+k — €2m+l4n+k,m+j € EEj—tSk’ J = 1a 27 ceey MY k= 17 2a 37 sy
(0,1) . e —
Em+j,2m+1+k — €2mi14ntk,j € ‘C*(€j+5k)’ J = ]-7 27 sy T k= ]-a 27 37 sy
(1,0)
€2m+1,2m+1+k — €2m+1+n+k,2m+1 € E_gk , k=1,23,...,n
(0,1) s .
€j2mtlntk + €myitkms € Loy, J=1,2,...,m; k=1,23,....n
(0,1) - o —
Em+j,2m4+1+ntk — €2m41+k,j € £—5j+5k7 J = ]-7 27 ceey T k= ]-7 27 37 BERER L
(1,0
€2m+1,2m+1+n+k — €2m+1+k2m+1 € L5, k=1,2,3,...,n.
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The set of roots is given by

II= {:l:&‘j, ﬂ:(&jﬂ:&‘k), ﬂ:5k, :|:(5j:|:5k), :|:(€j:|:5k) : ] = 1, 2, e, Mg k= 1, 2, 3, ce ,n}.
(5.3)

So, we have a split involutive Hom-Lie color algebra with respect to H, given by

L=Ho(@PPcL)

AEA a€ll

Step 4 (Inner structure). By the root system of the split involutive Hom-Lie
color algebra (£ = osp(2m +1,2n),[., ¢, ¢, €) which is presented in , we have
just the case k = 1 in Definition which is equivalent to the fact that f = ea¢?,
for some z € Z and ¢ € {£1}. Then, we have the equivalent classes on the set of
nonzero roots by

o] ={a,—a}, Vaell
Now, for any « € IT we have

BEla], \eA Belal, \,nEA, M\ p#0
(0,0 0 ,0) £t (1,1)
ZL" +Ek7 —(ej+ek) @Z ) ‘C—EJ ]

(00) ;0.0 (10) 0.0
® Z L5 0 L5460 @ Z (L5, £25,]
0.1)  A(0,1) (©1) 0D
® Z £5j+5k’ﬁ—(€ +0r) @ Z LE'—5k’ —(s_j—5k)]’

and (0,0 0,1)
~@ @ -2 ol o T
AEA Be[a]
Finally, we have I},) the direct sum of the two graded subspaces above, that is,

o) = Io,[a] D Vq]

This is the same involutive ideal of the split involutive Hom-Lie color algebra
(L =o0sp(2m+1,2n),[.,.]s, ¢, €) which credits to Theorem Since L is perfect,

we have
@ I,

al€ll/~
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