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THE FIBERING MAP APPROACH FOR A SINGULAR
ELLIPTIC SYSTEM INVOLVING THE p(z)-LAPLACIAN
AND NONLINEAR BOUNDARY CONDITIONS

MOUNA KRATOU AND KAMEL SAOUDI

ABSTRACT. The purpose of this work is to study the existence and multiplicity
of positive solutions for a class of singular elliptic systems involving the p(z)-
Laplace operator and nonlinear boundary conditions.

1. INTRODUCTION

This paper is concerned with the multiplicity of positive solutions for the fol-
lowing singular elliptic system involving the p(x)-Laplace operator and sub-linear
Neumann nonlinearities:

— Apyu+ a9 2u(z) = Aa(a)[ul @ in

_ Ap(;z;)'U + |,U|p(.t)—2v(x) _ Mb(x)lvl—a(m) in Q,

|VU|P(I)—2% = C(x)(muq(m)—2u|v|r(z) on 99, (1.1)
|vv|p(w)*2@ — oz &UQ(ZHUV(I)*QU on 0f).

ov el )q(x) + r(z)

Here Q C RY (N > 2) is a bounded domain with C? boundary; A, u are two
parameters; a, b, ¢ € C(£2) are non-negative weight functions with compact support
in Q. For any continuous and bounded function a we define a™ := esssup a(x) and
a~ :=essinf a(z). We assume the following on p, ¢, r and «:
(A0) a(x) € C(Q) satisfies 0 < o~ < a(z) < ot < 1.
(A1) p(z), q(x), r(z) € C(Q) are such that 0 < 1 —a(z) < p(x) < q(z) +r(z) <
p*(z) (where p*(z) = ]\1/\7_;)1()8) if p(z) < N and p*(z) = oo if p(z) > N),
and p~ <pt <q +r” <gt+rt.
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(A2) a(z), b(z), c(z) >0, a(z) € L@ b(x) € L@ ¢(z) € L™3®), r; € C(Q)
(1=1,2,3), where

L, 1 _,
riz)  pr(@)/1-alz)

L ! =1

ro(z)  pr(@)/(1—afz)

I S R S
ra(z)  p(@)/q(x)  pr(x)/r(x)

The operator A, u = div(|Vu[P(*)=2Vy), where p is a continuous non-constant
function, is called p(z)-Laplace. This differential operator is a natural generaliza-
tion of the p-Laplace operator Ayu := div(|Vu[P~2Vu), where p > 1 is a real
constant. However, the p(x)-Laplace operator possesses more complicated non-
linearity than the p-Laplace operator, due to the fact that A, is not homoge-
neous. This fact implies some difficulties; for example, we can not use the Lagrange
multiplier theorem in many problems involving this operator.

The study of differential and partial differential equations involving variable ex-
ponent is a new topic. The interest in studying such problems was stimulated
by their applications in elastic mechanics, fluid dynamics, electrorheological fluids,
image processing, flow in porous media, calculus of variations, non-linear elastic-
ity theory, heterogeneous porous media models, etc. (see [I, B]). These physical
problems were facilitated by the development of Lebesgue and Sobolev spaces with
variable exponent.

Before giving our main results, let us briefly recall literature concerning related
non-linear equations involving the p(x)-Laplace operator. The existence and mul-
tiplicity of solutions of elliptic equations with variable exponents involving the
p(z)-Laplace operator have been extensively investigated using various methods,
specially variational techniques, and have received much attention. In that context,
we would like to mention [2, 9} [T0} (177, 19} [25] [26], 27) 29] and the references therein.

The fibering map approach for describing the Nehari manifolds and seeking
solutions in an appropriate subset of the Sobolev space is introduced by Drabek
and Pohozaev in [6]. In variable exponent cases this method has some difficulties
in comparison with the Nehari manifolds approach in p-Laplacian problems. This
is due to the non-homogeneity of the variable exponent p. Nevertheless, in recent
years, several authors have used the Nehari manifold and fibering maps to solve
quasilinear problems with variable exponent (see [18] 22] 30]).

Problem has been also studied with different elliptic operators. We refer
the reader to the monograph by Ghergu and Radulescu [14] for a more general pre-
sentation of these results and the survey article of Crandall, Rabinowitz, and Tar-
tar [4]. After this, many authors have considered the problem above for Laplacian
operators, p-Laplacian operators, fractional Laplacian or fractional p-Laplacian,
using the technique used in [4] or a combination of this approach with Nehari’s
and Perron’s methods; we would like to mention [3] [12] [13] [15] 24 28].

Rev. Un. Mat. Argentina, Vol. 62, No. 1 (2021)



THE FIBERING MAP APPROACH FOR A SINGULAR NEUMANN SYSTEM 173

However, as far as we know, there are few results on p(z)-Laplacian systems
with concave/convex nonlinearities (see [21, 23] and references therein). Motivated
by the above results, in the present paper we are interested in the multiplicity of
solutions for the singular p(z)-Laplacian system by using the Nehari manifold
decomposition.

Here we state our main result.

Theorem 1.1. Assume that (A0)—(A2) hold. Then, there exists a number Ay > 0
defined by

p++a+—1

A G pttat—1 At [ pt—q — ot
O g \g +rt+at—1 g +rt+at—-1)’

where cg, co are positive constants, such that the problem (1.1) has at least two
non-negative solutions for all 0 < A+ u < Ag.

This paper is organized as follows. In Section [2] we will recall some basic facts
about the variable exponent Lebesgue and Sobolev spaces which we will use later.
In Section 3] we analyze the fibering map related to the Euler functional associated
to the problem . Proofs of our results will be presented in Sections |4 and

2. GENERALIZED LEBESGUE—SOBOLEV SPACES SETTING

To deal with the p(z)-Laplacian problem, we need to introduce some functional
spaces LPC)(Q), Wir()(Q), Wol’p(')(Q), and some properties of the p(x)-Laplacian
that we will use later. Denote by S(2) the set of all measurable real-valued func-
tions defined in 2. Note that two measurable functions are considered as the same
element of S(€2) when they are equal almost everywhere. Let

LPOQ) = {u e S(Q) : /Q u(z)|P) da < oo},

with the norm

|U|P(~) = |U|Lp(-)(Q) = inf{A >0: /Q

p(z)

) dxgl}

x
A

and

L) = {u e S@): [ cla)lu@)l® do < oo},

where ¢ is a measurable real-valued function and ¢(xz) > 0 for € Q. The space
(LPO)(Q),] - |p(.)) becomes a Banach space. We call it variable exponent Lebesgue
space. Moreover, this space is a separable, reflexive, and uniform convex Banach
space; see |11, Theorems 1.6, 1.10, 1.14].
The variable exponent Sobolev space
WhrO(Q) = {u e LPY(Q) : |[Vu| € LFO(Q)}
can be equipped with the norm

lull = |ulpey + [Vulpy, forallue whrO(Q).
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174 MOUNA KRATOU AND KAMEL SAOUDI

Note that Wol’p(‘)(Q) is the closure of C§°() in W'P()(Q) under the norm |ju| =

|Vulp(.). The spaces W'P()(Q) and Wol’p(')(ﬂ) are separable, reflexive, and uniform
convex Banach spaces (see [I1, Theorem 2.1]). The inclusion between Lebesgue
spaces also generalizes naturally: if 0 < || < oo and py, ps are variable exponents
so that pi(z) < pa(x) almost everywhere in , then there exists the continuous
embedding LP2(®)(Q) — LP1(*)(Q).

We denote by L(*)(Q) the conjugate space of LP(*)(Q), where ﬁ + A =1.

p(z)
For u € LP®)(Q) and v € LI®)(Q), the Holder type inequality

/Qu(x)fu(x) dx

1 1
< | — 4+ — ) |ulp) Vo 2.1
(p_ q_)||p<>| o) 2.1)

holds true.

An important role in manipulating the generalized Lebesgue spaces is played by
the modular of the LP(*)(Q) space, which is the mapping Pp(z) L@ (Q) - R
defined by

Pp(x) (u) :/ ‘ulp(x) dz.
Q

Lemma 2.1. If (u,),u € LP®)(Q), and p* < oo, then the following relations hold
true:

- +
[ull o > 1 = ([l < o) () < [ullf o (2.2)
+ —
lull oy <1 = [l < o) () < [lullf o) (2.3)
|tn — ul| Lo — 0 if and only if ppg)(un —u) — 0. (2.4)

The following result generalizes the well-known Sobolev embedding theorem.

Theorem 2.2 (See [8,[16]). Let Q@ C RY be an open bounded domain with Lipschitz
boundary and assume that p € C(Q) with p(x) > 1 for each x € Q. If r € C(Q)
and p(z) < r(z) < p*(x) for all x € Q, then there exists a continuous embedding
WLr)(Q) < L7®)(Q). Also, the embedding is compact when r(x) < p*(x) almost
everywhere in Q, where

Np(z) ; .
p* (.’E) — pr(z)’ ’pr(l') < Na
400, if p(z) > N.

The following three theorems play an important role in the present paper.

Theorem 2.3 (See [7]). If |u|?®) ¢ L%(Q), where 1(x), q(x) € LF(), such
that q(z) < r(x), then u € L"®)(Q) and there is a number qo € [q—,q "] such that

||u|q(z) % - (|u|r(m))%'
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1 1 1 x
Theorlem 2.4 (See [1]). {f ot tre = 1, then for any u € LP®)(Q),
ve LP'@(Q), and w € LP"*)(Q), one has
1 1 1
[ aroterude] < (=4 o ) bt i

< 3|u|p(I)|U|p’(:p)‘U|p”($)'

Theorem 2.5 (See [20]). Assume that the boundary of € possesses the cone prop-
erty and p € C(Q). Suppose that b € LV, ¢(z) > 0 for x € Q, v € C(Q), and
(z

7> 1,95 <0(@) <97 (55 + ek = 1) Fa€ C@) and

1 <q(x) < ’Y(;U()x;lpg(x), for all z € Q,
. Ny ()
Ny(x) = r(z)(N = p(x))’

then the embedding from WP (Q) to LZEZZ;(@Q) is compact.

1< y(x) <

3. FIBERING MAP ANALYSIS FOR PROBLEM (|1.1))

In what follows, W will denote the Cartesian product of two Sobolev spaces
WrE)(Q), ie., W = WhP@) (Q) x WHPE)(Q). Let us choose on W the norm || - ||
defined by

Fe]
ol = ([ (I9ar & @) dos [ (190 4 ) ac) ™
Q Q

which is equivalent to the standard one.
Associated to the problem (1.1) we define the functional Ey , : W — R given

by
o= [ (S o5y )aes [ (S + 57 ) o
- /Q(w@ Y o <|W|p<f Y a
LS el
and

Qu, v) / |u|q<m>|v|r<m
o0 q
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Note that using a new cut-off functional (see [29, Lemma A.3]) allows us to ap-
ply the variational method. Precisely, we obtain the C!-differentiability of the
associated cut-off functional.

Definition 3.1. We say that (u,v) € W is a weak solution of the problem (1.1)) if
we have

/ (|vu|P<l’>*2vuv¢ + |u|P<I>*2u¢) de
Q

ZAAM@Wﬂ”m¢M+Z;d@qm))MW*%MWW@u

q(z) +r(x

and
/ (|VU|PW*2WW + |v|P<f>*2mp) da
Q

= z)(vH) @y da c(x 77#(:10) w|?® | y|"#) =24 4 dz
S R ey O e e e

for all (¢, 1) € C°(Q) x C(R), where C°(Q) denotes the space of all C* func-
tions with compact support in 2.

In many problems, such as problem (L.1), £y , is not bounded below on the
whole space W, but is bounded below on the corresponding Nehari manifold, which
is defined by

N = A{(u,0) € WA {(0,0)} : (EX(u,v), (u,v)) = 0}.

It is clear that all critical points of E) ,, must lie on N Au- We will see below that
local minimizers of Ey , on Ny, are usually critical points of E ,. Then, it is
easy to see that u € N, if and only if

I u(u,v) == <E$\7#(u, v), (u,v))

:/Q(|vu|p(:r) +|u‘p(z)> dx+/9 (|Vv\q(””) _|_|U|q(a:)) de

_ )\/ a(x)|u|17a(z) dx — ’u/ b(z)|v|17a(x) dz ,/ C(x)‘u|q(m)‘v‘q(z) da
@ Q o0
=0.

We note that NV ,, contains every solution of problem (1.1)). Then, for (u,v) € Ny,
we have

(I} . (u,0), (u,v)) :/Qp(x)(lvulp(w)Jrlqu(z)) dx—l—/ﬂp(x) (|vv|p(w)+|v‘p(g@)> dr
- /Q(l —a(z)) (Aa(x)\UIl_“(w) da + ub(x)\v|1—a(w>) de

_/ (@) (g(a) + (@) [u]7@ o] da,
o0
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Now, we know that the Nehari manifold is closely related to the behavior of the
functions ®,, , : t = E\ ,(tu,tv) for ¢ > 0 defined by

tP(®) (@)
B, (1) = / = IVl @) e+ / s (190l + o))
§ Q

) p() p(z)
tl—a(w) l1—a(x l1—a(x
— /Q T—a(@ ()\a(x)|u| @ 4 pb(z)|v e )> dz

1a(@)+1()
- / ()l o] @) d,
oa q(x) +r(z)

which gives
B0 = [ 0O (9P + e ) do [ 007 (90 4 ) da
Q Q
= [0 (Ma@ul = + ) of!~) da
Q
= [ ()t o) da
o0
and
Dy, (1) = /(p(m) — 1) p@)=2 (|vu|p(w) + |u|p(r)) da
Q
+ [ (o) = 12 (196 4 o)) da
Q
_|_/ a(x)tfa(z)*l (/\a(x)|u|17a($)+,ub($)|11|170‘(m)) de
Q
_ / (q(x) +r(x) — 1) tq(z)+r(m)72c(z)|u|q(z)|U|r(ac) dz.
oQ
Such maps are called fiber maps and were introduced by Drabek and Pohozaev
in [6].
By (2.1), (2.2), (2.3), and Theorems and we obtain that

P(u,v) = /Q (/\a(x)(u-‘r)l—a(z) +Mb($)(v+)1—a(fc)> dz
< 2\ a(@)l1-ae) | (@)™ e+ 20b(@) e | ()7 ]

T-a(2)
< 2>‘|a(x)|r1(m) (|(u+)‘p*(m)) + 2:u|b(x)‘rz(z) (‘(U+)‘p*(r))

< 2)\cl||u+||11)(;a)° + 2u02||v+||11)(;0)‘°

< el (u, o) 1T+ el (o) TP

< (A )l (u, )T

1—ao 1—ag

(3.1)
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178 MOUNA KRATOU AND KAMEL SAOUDI

and

Qu,v) = /aQ c(@)[u)@ o] dz < 3Je ()] ()| [ul 1)
< 31e(@) | () (1l () * (0] )™ (3.2)
|qo |7‘0

o) 191y

v |[0]7®)] pr oy
o) )

< cgllul
< erll () |7
Lemma 3.2. Let (u,v) € W\{(0,0)}. Then (tu,tv) € Ny, if and only if @, () =
0 for all t > 0.
Proof. The result is a consequence of the fact that
@, () = (I}, (tu, tv), (u,v)). O

From Lemma [3.2) we have that the elements in N} , correspond to stationary
points of the maps @, ,(t) and, in particular, (u,v) € Ny, if and only if ®;, (1) =
0. Hence, it is natural to split Ny ,, into three parts corresponding to local minima,
local maxima, and points of inflection ®,,,(¢) defined as follows:

—{(u v) € Nay s @y (1) > 0}
= {(tu,tv) € W\ {0,0} : @, ,(t) = 0,9, (t) > 0},

o = {(w,0) €Ny @y, (1 )<0}
= {(tu,tv) € W\ {0,0} : ®;, ,(t) = 0,9 (t) <0},

N = {(w,v) € Ny 2,1 )—0}
= {(tu,tv) € W'\ {0,0} (9, (t) =0,% ,(t) =0}

Our first result is the following.
Lemma 3.3. E) , is coercive and bounded below on N ,,.

Proof. Suppose that (u,v) € Ny, and ||(u,v)| > 1. Without loss of generality, we

may assume that ||u|p), [[llqm) > 1. Therefore, using (2.2)-(2.4) and (3.1) we
estimate E ,(u,v) as follows:

E)\,[L(ua U)

L) e

1 1
> L </ a4 |u|p<m>) Ao 4 & (/ o + |U|p<m>> e
pT \Ja pt o

1
- lioﬁ/Q()\a(;v)|u\1_a(x)+ub(m)\v|1_°‘(”))dx
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1
e [l el o
g +77 Jaq

1 1
> (- - - p(x) p(z) p(z) p(z)
> <p+ qﬂ) (/Q (1IVu® + Ju] )dx—k/@ (IVel@ + ol )dx)

_< : : >/Q(M<x>lull“<I>+ub<m)|v1“(“>dx

l—at ¢ +r—

1 1 - 1 1 -
> (- - - P _ _ l1—a .
> (o - o Mol = er (s = =) ol
Hence, since p~ > 1 — ™, we have Ej ,(u,v) = 00 as ||(u,v)|| = co. This implies
that E) , is coercive and bounded below. O

Lemma 3.4. Let (u,v) be a local minimizer for Ey , on subsets N;u or Ny, of
N such that (u,v) %Nﬁu. Then (u,v) is a critical point of Ey .

Proof. Since (u,v) is a local minimizer for Ey , under the constraint
Iy u(u) := (B} ,(u,v), (u,v)) =0, (3.3)

applying the theory of Lagrange multipliers we get the existence of ¢ € R such
that

B\ (u,v) = oI} ,(u,v).
So we have
(EA u(u,0), (u,0)) = o(I} |, (u,0), (u,0)) = 0@, (1) = 0.
Yet (u,v) & NQ’“ and so @ (1) # 0. Hence o = 0, and this completes the
proof. O

Now, we prove the following crucial lemma.

Lemma 3.5. There exists
pt4at—1

_— pTrat -1 i [ pt g ot
T o \g +rtFat—1 ¢ +rt+at -1

such that for 0 < A+ u < Ay we have Nki,u # 0 and Nﬁu = {0}.

Proof. Firstly, using Lemma we conclude that N, Ai,u are non-empty for all (A, u)
with 0 < A+ < Ag. Now, we proceed by contradiction to prove that Ny . =10}
for all (A, p) with 0 < A+ pu < Ag. Let us suppose that there exists (u,v) € Ng,u
such that ||(u,v)|| > 1. Then, from the definition of N/(\),u’ it follows that

/ <|VU|P(1:) + |u‘P(m)> dz _|_/ (|VU‘P(1) + |U|P(m)) dr — )\/ a(l‘)|u|170‘(1) de
Q Q Q

_u/ bz)|v) — @) da:—/ () |u| @@ dz = 0. (3.4)
Q o0
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So, using (3.4)) combined with (3.3)), we obtain
0= <If\,u(u7 ’U), (ua U)>
= [ 5(a) (74P + @) do+ [ pla) (|90 + o) da
Q Q

[ o)t - a@)lul @ do — u [ o)1 - alelel = da
Q Q
~ [ e@ate) + @)l o)
o0
> p_/ (\VUV’('T) + \u|p(£)> dz +p~ / (|Vv|p($) + |v|p(z)) dx
Q Q
- a—)/ (ha(a) = 4 pb(a) o] @) da
Q
~q" ) [ el da
o0
> = (= a) ([ (9ar s+ o) a [ (18P 4 op) ao)
Q o0
+(l-a —q" - r+)/ ()| ul1®|o]"@ dz.
o0

Using (3.2]) we obtain that
(p~ +a” = Dlw,v)|" +es(l—a” =gt —rH)|(u,v)|7 T <o,

which implies that

1
1 p+a —1 \atrro
)| > — . 35

Similarly, since (u,v) € N ., we have
/ (1vup® +IUV’(””’)dx+/ (IVe@ + o)) da:—/\/ a(@)|u] =@ da
Q Q Q
- M/ b(x)[v[' =) da _/ o) u| "o dz = 0,
Q o9
and since (u,v) € N ,, we get
p*/ (\vuw + |u|p<w>) dw +p+/ (Wv|p<x> n ‘v|p<x>) d
Q2 Q
—a- a+)/ (M)l =) 4 ub(a) o) da
Q

S+ 7~+)/ (@) |7 @ dz > 0.
o0
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Therefore,

== ([ (9P ) o [ (9024 o) ao)
Q Q
+(qg +rt+at 1) </ Aa(z)|ul*~@) dg +/ pb(x)|v| @) dx) > 0.
Q Q

Now using (3.1) we get
(Pt = =) + oA+ p)g +rt +at =1l v)| " >0,

and hence
1
q_+T++Oé+—1 pTtat—1
< A . 3.6
O e (30
From (3.5) and (3.6)),
\ ¢ +rt+at -1 S pt+at -1 LiEsk
¢o(A+ 1) pt —q= —rt =8 g +rt4+at -1 ’
and so

pt+at—1

it 1 P + g — gt
App> B (P ta p_—4 —r — Ao.
co \¢g~+rt+at -1 g +rt4+at -1

Therefore A + 1 > Ag, which is impossible. Thus, /\/’)(\)M = {0} for all A\, u with
0 < A+ p < Ap, and the proof is complete. O

By Lemmasand for 0 < A+ p < Ag we can write Ny , = N UN;
and define

+ _
Cx

= inf  FEy,(u,v) and ¢, ,= inf E),(u,v).
W (u,U)EJ\/';CM ,,LL( ) At (u,v)ENT #( )

A

4. EXISTENCE OF MINIMIZER ON N},

In this section, we will show that the minimum of E) ,, is achieved in N - Also,
we show that this minimizer is also the first solution of problem (1.1)).

Lemma 4.1. If0 < A+ u < Ag, then c;“ < 0 for all (u,v) GNIH.

Proof. Let (uf,vd) € NIM. Then we have (bi:g,v;(l) > 0, which gives

p+/ (\Vu\P<w>+|u|P<w>)dx+p+ </ |W|P<w>+|vp<w>> dz
Q Q
—(1-at) ()\/ a(z)|u) ~o® der,u/ b(z)|v| @ dx> (4.1)
Q Q

— (gt +rh) /89 c(x)|u|q(x)\v|7'($) dx > 0.
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On the other hand, from the definition of E) ,, we can write

1
Ey i (u,v) < — (/ (|Vu|p(m) + |u|p(x)> dx + </ |VolP@ 4 |v”(z)> da:)
p Q Q

_ (A/Qa(x)w—a(f) dx+u/ﬂb(x)|vll“*(“”) df) (4.2)

1—at
_ #/ c(x)|u|‘I($)|v|’“(I) dez.
at +717F Jag

Now, we multiply (3.3) by —(1 — a™) and obtain
—(1-a%) (/ (|vu|p(x) n |u|p(x)) da + (/ IVolP@ + |U|p(x)) dx)
Q Q
+ (1 — a+)/ a(z)|ul* @) dz 4+ p(1 — oﬁ)/ b(z) o'~ da
Q Q
+(1— a+)/ () |ul?®|o]"@ dz = 0.
o0
Adding the above equality with (4.1]), we get
| el oy s
00

< prtat -1 / (|vu|p(x) n |u|p(x)) da + / IVoP@ 1 [pP@ ) dz

(4.3)

Moreover, using ({3.3) with (4.2]), we have

E/\nlt(uﬂ v)

1 1
= () (z) () ()
< (p_ 1_a+) (/Q (1VuP + ) da + (/Qwuv’ + Jo? >dx>

1 1
(@) |, |7(®) 4
<q+ T a+> /39 c(x)|u] ) |v| x.

Hence, using (4.3) and (4.4), we obtain

(p~+at =1)(¢" +r" —p7)
p~(1—a*)(gt +7%)

(4.4)

B p(u,v) < — 1w, v)IP <0

+

Therefore, ¢y 4

< 0 follows from the definition of c}t w and the proof is complete. [
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Theorem 4.2. If A\, ;1 are such that 0 < A+ p < Ao, then the functional I, has
a minimizer (ug ,vy ) € N;fu satisfying

Ey, (uf,vf)= inf  E\ ,(u,v).
W)= | B

Proof. Since E} , is bounded below on Ny ,,, and so on N, ;r w0 there exists a sequence
{(uf,v0)} € Ny, such that Ex ,(uf, o) — inf(u,v)eN;fH Ey u(u,v) as n — oo.

n»-n

Since E) , is coercive, {(un,v,)} is bounded in W. Thus, we may assume that,

without loss of generality, (u;,v;) — (uf,vd) weakly in W, and by the compact

embedding we have

uwl —wuf  in L(ll(_;)‘(m)(ﬂ) and in LZE;HT@) (09),

(z)+r(x) (09).

. rl-a .
v ol inL (’(m)(ﬂ) and in LZ( )

a(z)
This implies that

P(uf,vb) — P(ud,vf) asn — oo,

n»-'n

Quf,vt) — Qud,vd) asn — oo.

Now, we shall prove that u} — ug strongly in Wl’p(””)(Q) and v,;” — var strongly
in WP(@)(Q). Suppose otherwise; then either

o by < timin [ ftll, or it < it [ ol

By the compact embeddings and using (3.3), we can write

1 1
+ 7t =
EA,M(U,”,’U,”) Z (p q+ +'f’+>

([ (7 ) ao ([ 19059 4 ) ao)
Q Q

n 1 1
gt +rt  1—at

X ()\/ a(z)|ut [Fmo@ deru/ bz)|vt @ d:c>.
Q Q
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Letting n tend to oo, we get

lim By, (ub, )

n» n
n—oo

1 1
> (- - -
- (p q++r+)
« lim ( / (IVat ) + [P de + ( / w,t|z><w>+|v;|?<x>> dx)
(o
gt +rt 1—at

X lim (A/a(z)mmla(w) dx+,u/ b(z)|vt @ da:).
Q Q

n—oo

Therefore, using (3.1]) we obtain

+ _ .
= (u)J?gN+E>\,,LL(U7U)
1 1 + (P~ 1 1 + o Fyl-a’t
> (o e ) M) = (s~ o) M)
> 0,

since p~ > 1—at and ||(ug, vy )| > 1, which gives a contradiction. Thus, u; — ug
strongly in WP (Q), v — vf strongly in WP (Q), u,, — wug strongly in
Wr@)(Q), and By ,(ug,vd) = inf(u,v)eN;H E) ,.(u,v), which completes the proof
of the theorem. O

5. EXISTENCE OF MINIMIZER ON N,

In this section, we shall show the existence of a second solution of problem (1.1])
by proving the existence of a minimizer of E) ,, on N, e

Lemma 5.1. If0 < A+ < Ao, then ¢y, > 0 for all (u,v) € Ny

Ape

Proof. Let (ug vy ) € Ny ,. Then we have, from (3.3),

/ <|Vu|p(x) + |u|p(r)> dz + </ |vv|p(r) + |U|p(r)) dz
Q Q
- )\/ a(z)|ul* @) dz + ,u/ b(z) ||t =@ dz (5.1)
Q Q

—/ (@) |l o] dg = 0.
o0
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On the other hand, from the definition of the F), we can write

1
By p(u,0) > — (/ (17 + uf@) do + (/ VP 1 |vp<x>> dx)
p Q Q

A 1—a(x)
l_oﬁ/ﬂa(az)|u| dz
1
[ el @1 da
o0

(z)|v|t =@ dz (5.2)

gt 4t
Therefore, using (5.1)), (5.2), and (3.1)) we get
E/\,,u(u7 U)

1 1
- - (z) (z) (z) (z)
> <p— ey 7“+) (/Q (|Vu|p + |ul? ) dz + </Q [VoPt) 4 |ulP > d:c)
1 _ 1 1—a(x) / 1—a(z)
+<q++r+ 1—a+> (/Q)\a(z)|u| dz + Q,ub(x)|v| dz

> (o o ) ol 4 (s~ o) Ol o)

P gt +rt gt +rt

1 1 1 -

R _ - - P >0
K - ) “ (q+ 2&*5*)] I o) 7

since p~ > 1 — at. Consequently, inf (u,0) ENT E,\,M(u v) > 0. Indeed, if this

(5.3)

infimum is zero, then from (5.3), the mlmmlzlng sequence {(ug,vx)} converges
strongly in W to (0,0) and (O 0) ¢ Ny . a contradiction. Therefore c, , > 0

follows from the definition of ¢, e and the proof is complete. O

Theorem 5.2. If A, i1 are such that 0 < XA+ p < Ao, then the functional I, has
a minimizer (ug ,vy ) € Ny, satisfying Ex ,(ug,vy ) = inf  Ex ,(u,v).
H (u,v)E./\/;)“
Proof. Since E} , is bounded below on Ny ,,, and so on N, I there exists a sequence
{(u,,;,v,,)} C N;# such that Ey ,(u;,,v,) — inf(u VENT E\ u(u,v) as n — oo.
3 ? N

Since E) ,, is coercive, {(un,v,)} is bounded in W. Thus, we may assume that,
without loss of generality, (u,,, v, ) = (ug, vy ) weakly in W, and by the compact
embedding we have

_ _ l1—a(x x)+r(x
u, = uy in La(m)( )(Q) and in Lg((m; ( )(Q),

v, —=v, in Li(;;(z)(Q) and in LZ§§;+T(E)(Q).
This implies that
P(u,, ,v,) = Plug,vy) asn— oo,

Qu, v, ) = Quy,vy) asn — oo.
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Moreover, since ./\//\f“ NNy, = 0 and inf(u,v)eN;“ Ey(u,v) < 0, we obtain
(u,v) € Ny ,. On the other hand, if (uy,vy) € Ny ,, there exists o such that
(toug ,tovy ) € N)\_’M and so Ey(toug ,tovy ) < Ex(ug ,vy ). In fact, since

B0 = [ o) (90P@ 41 @) do+ [ i) (19070 + 0P da
—)\/ )(1 = a(@)|ul =@ dz — /b (1 — a(2)|o] =@ dg
~ [ cla)at@) +r@)ul i g
using we get
Bltous tog) = [ pta) ([t P+l ) o
+ [ @) (1915 1) + oy ) da
—/\/ )(1 = afa)ltoug [ da — /b (1 — (@) tovg [~ da
- /800(96)(41(33) +r(@))|toug |9 |tovg ™) dz

<ty v’ < [ (Vus P+ g @) do o+ [ (Va1 + g ) dx)
Q Q
_ et (1 —at) (/\/ a()|ug |~ dx+u/ b()|og |1 dx)
Q Q

g+ [ )l da
o0
< (@'t -1 @ )
([ (70 4t ) ot [ (1905 1)+ o o) o
Q Q
(T ) — (-t
« <)\/ a()ug |1~ dx+u/ b(a)og |1~ dx)
Q Q
+ 4 _ _ _ _ -
<2t pt =t 7 (g +)) (g )P
q +r /- — +ypl—at — —\|l-at
s (87 (@ +r7) = (1= ah) ) (v wll(ug )0

Since 1 —a™ < pt < ¢~ +r7, it follows that I3 (toug ,tovy ) < 0. Hence, by
the definition of NV ,, we have that (tou, ,tovy ) € Ny ,. Now, we shall prove that
u, — ugy strongly in WHP®)(Q) and v;; — vy strongly in WP()(Q). Suppose

Rev. Un. Mat. Argentina, Vol. 62, No. 1 (2021)



THE FIBERING MAP APPROACH FOR A SINGULAR NEUMANN SYSTEM 187

otherwise; then either

luglly <lminfluzl,  or gl < liminfllug
Then we have
i ghoet T
B u(toug , tovy ) < ?L(Uo g ) — ﬁP(uawa) - WQ(U&”E)
tp* tl—a* tg*+r’
< lim. piL( notn) = 7 o Pl v) - WQ(UYL7UTL)
< lim E) ,(tou, ,tov,, ) < hmE>\ v ) = inf  Ey,(u,v) =cy ,
00 IJ«( 0 0 n) M( Uy, n) (u,U)EN;H ;M( ) A

which contradicts the fact that (toug ,tovg ) € N;#. Thus,
u; — ug strongly in WP@)(Q)
and
v, — vy strongly in W1P@(Q).
This implies that Ex . (ug,vy ) = inf(, yep~ Exu(u,v). The proof is now com-
WENT,

plete. O

Proof of Theorem[I.1 To prove Theorem[I.1] let us start by proving the existence
of non- negative solutions. First, by Theorems [£:2] and [5.2] we conclude that there
exist (ug,vy) € Ny, and (ug,v5) € Ny, satisfying

E)\ ,(ul, o) = inf  Ey ,(u,v
W)= |t B
and
By u(ug,vy) = inf  Ej ,(u,v).
(u,v)EN’;L

Moreover, since Ey ,(ug,vq) = Exu(lug], [og|) and (Jug], Jvg|) € ./\/';' , and sim-
ilarly Ex(ug,vg) = Expu(lug | [vg ) and (Jug |, [vg [) € Ny, we may assume that
(ug,vE) > 0. By Lemma (uét, vE) are critical points of Ej , on W, and hence
are weak solutions of problem (|1 . Finally, by the Harnack inequality due to [31],
we obtain that (uT,vT) are positive solutions of problem (L3). It remains to show
that the solutions found in Theoremsandaare distinct. Since N, N Nﬂ/\/' ;r W= 0,

(ug,vi) are distinct. The proof is now complete. 0
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