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VARIATION AND OSCILLATION OPERATORS
ON WEIGHTED MORREY-CAMPANATO SPACES
IN THE SCHRODINGER SETTING

VICTOR ALMEIDA, JORGE J. BETANCOR, JUAN C. FARINA,
AND LOURDES RODRIGUEZ-MESA

Dedicated to the memory of our friend and colleague Eleonor Harboure

ABSTRACT. We denote by £ the Schrodinger operator with potential V', that
is, L = —A + V, where it is assumed that V satisfies a reverse Holder in-
equality. We consider weighted Morrey—Campanato spaces BMO‘E,M (R%) and
BLO%,w(Rd) in the Schrodinger setting. We prove that the variation operator
Vo ({Tt}t>0), 0 > 2, and the oscillation operator O({Tt}¢>o0, {t;};ez), where

tj <tjt1,j €Z, lim t; = +ocoand lim t; =0, being Ty = t*9Fe~t4 ¢ >
j——+oo j——o0

0, with k € N, are bounded operators from BMOZ  (R?) into BLOZ  (R%).
We also establish the same property for the maximal operators defined by
{thofe "“} 50, k €N,

1. INTRODUCTION

Let {T;}+~0 be a family of bounded operators in LP(R?) for some 1 < p <
oo. Many times we are interested in knowing the behavior of T; when ¢ — 07.
Specifically we want to know if there exists the limit liI(l)’l+ T:(f)(x) for almost

t—

everywhere x € R? when f € LP(R?). A first way to deal with the problem is
to consider the maximal operator T defined by T.f = sup|T;f|. If T defines a
>0

bounded operator from LP(R?) into LP*>°(R%) and lir(gl+ T:(g)(x) exists for almost
t—
all z € R? when g € D, where D is a dense subspace of LP(R%), then tlir(1)1+ T:(t)(x)
—

exists for almost all z € R when f € LP(R?). This procedure is well known and
it is named Banach principle ([23, pp. 27-28]). Another approach to studying this
question is based on the variation operator. Let ¢ > 2. The variation operator
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Vo ({Tt}t>0) is defined by

o

Vo({Ti }i>0)(f)(z) = sup
0<tn<tn_1<---<t1
neN

T, () (@) = T, (f)(@)]°

n
j:

If Vo({T: be=0)(f)(z) < oo, then there exists the limit tli%1+ T:(f)(x).
—

We observe that in this case it is not necessary to have the existence of the
limit when f is in a dense subset of LP(R9). In order to see the measurability of
Vo ({Ti}4=0)(f) when f € LP(R?) we need additional properties for {T}};~¢. For
instance, if for almost all z € R? the function ¢ — T;(f)(x) is continuous in
(0,00), then

o

n—1
VT (D@ = s [T, (@) - T (@)
b €Q=1,m
neN

=1

for almost all * € R? and V,({T}}+~0(f) is measurable in R%. Once the mea-
surability property is assumed to be of interest to studying the boundedness of
the variation operators in function spaces. Note that if V,({T;}¢>0)(f)(x) defines
a bounded operator in LP?, BMO, Lipschitz or Hardy spaces, for instance, then
Vo ({Ti}4=0)(f)(7) < oo for almost all # € R, when f belongs to those function
spaces. Furthermore, the boundedness properties of the variation operator inform
us about the speed of convergence of T;(f)(x) as t — 0%.

Variational inequalities have been extensively studied in the last two decades
in probability, ergodic theory, and harmonic analysis. Lépingle ([33]) established
the first variational inequality involving martingales improving the classical Doob
maximal inequality. Bourgain ([I7]), some years later, proved a variational inequal-
ity for the ergodic average of a dynamic system. Since then many authors have
studied variation operators in harmonic analysis (see, for instance, [1], [20], [21],
[22], [30], [36], [37], [38], [39] and [40]).

In order to obtain LP-variation inequalities it is usual to need o > 2 (see [20]
Remark 1.7] and [41]). When o = 2 a good substitute is the oscillation operator
defined as follows. Suppose that {¢;};ecz is a sequence of positive numbers such
that 0 < t; <t;41 < o0, j € Z, jLirjlootj =0and lim t; = +oo. We define the

Jj—+oo
oscillation operator associated with {t;} ez for {T}}i>0 by

OUT}eso {titie)(N@) = [ swp | (N@) ~ Toppu (@)

jez tj<e;j<ejt1<tjt+1

Note that if the exponent 2 in the last definition is replaced by another one greater
than 2, the new operator is controlled by that with exponent 2.
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Finally we recall the definition of the short variation operator SV ({T}}:~¢). For
every k € 7Z we define

W@ = sw (S50 - T (e

neN

The short variation operator SV ({T;}+>0) is given by

SV({Ti}es0)(f)(x) = (Z(Vk({ﬂ}t>o)(f)(w))2> :

kEZ

Our objective in this paper is to study the variation, oscillation, and short variation
operators when T} = t*9FS,, t > 0, with k € N, where {S;}¢~¢ represents the heat
or Poisson semigroup associated with the Schrédinger operator in R?. We consider
weighted Morrey—Campanato spaces in the Schrodinger setting.

We denote by £ the Schrodinger operator in R, d > 3, defined by

L=-A+V,
d
where A = Z@i represents the Euclidean Laplacian and the potential V' > 0
i=1
is not identically zero and it belongs to g-reverse Holder class (in short, V €
RH,(R?)), that is, there exists C' > 0 such that

<|;|/BV(w)qu>é < g/BV(:c)dx

for every ball B in RY. The class RH,(R?), is defined in this way for 1 < ¢ < oc.
Every nonnegative polynomial is in RH,(R?) for each 1 < ¢ < oo.

Harmonic analysis associated with the operator £ has been developed by several
authors in the last century. Shen’s paper [42] can be considered the starting point of
the most of these studies (see, for instance, [24], [25], [26], [31], [35], [43] and [48]).
Professor Eleonor Harboure, to whose memory this paper is dedicated, studied
several important aspects of the harmonic analysis in the Schrodinger setting ([2],
), @, B, 6], [7], 8, [, [10], [, [12], [13], [14], [15], [16], [18] and [27]).

The following function p, which is named critical radius, plays an important role
and it is defined by

p(x):sup{re(O,oo):le_Z/B( )V(y)dy<1}.

The Schrodinger operator £ becomes a nice perturbation of the Euclidean Lapla-
cian, which means that the harmonic analysis operators (Riesz transforms, multi-
pliers, Littlewood-Paley functions) have the same behaviour close to the diagonal
as the corresponding Euclidean operators. The closeness to the diagonal is de-
fined by the critical radius function, The main properties of the function p were
established in [42] Lemma 1.4].
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By a weight w we understand a measurable and positive function in R?. As
in [I4] we say that a weight w is in Ag’e(Rd), with 1 < p < oo and € > 0, when
there exists C' > 0 such that, for every ball B in R?,

<\I’0 IBI/ dy) (\119 |B|/“’ Ty )dy>p_1§0.

Here, if x € R? and r > 0,

0
r
Uo(B(x,r)) (1 + p(x)) .

We define A5 (R?) = U9>0A5’9(Rd), 1<p<oo.

In [14] and [44] the main properties of the weights in A2>°(R%) were proved.

We now define the Morrey-Campanato spaces BMO% ,,(R?) and BLOZ ,,(R?).

Let w € A2>°(R%) and a € [0,1). A locally integrable function f on R? is said
to be in BMOgZ ,(R%) when there exists C' > 0 such that, for every zo € R? and
0 <7y < p(x0),

1
| B(x0,70)|*w(B(x0,70)) /B(mo,ro) 17) = Ftanro | Ay < ©: (1)

where
1

—_ f(y)dy, andry >0,
|B(I0,T0)| B(zo,r0)

IBo,re) =

and, When Zo S R and To > p(xo),
Zo,To Zo,To /
‘ ( ? )| w( ( ’ )) B(I(J,TO) | ( )|

(1.2)

We define
||f||BMoa, ®ey =inf {C'>0: and (L.2)) hold}.

As it is proved in [45] Lemma 2.1] in (1.2)) it is sufficient to consider ro = p(zp).
We say that a function f € BMO% ,(R?) is in BLO% ,,(R?) when there exists
C > 0 such that, for each 2o € R? and 0 < 79 < p(w9),

1
| B(x0,70)|*w(B(z0,70)) /B@O,ro) (f(y) “osinf f(2 )) dy<C.  (13)

We define

Hf”BLOZw(Rd) = inf {C >0: " and " hOld}

It is clear that BLOZ , (R?) is contained in BMOZ , (R).

Note that the spaces BMOZ ,(R?) and BLO% ,,(R?) actually depend on the
critical radius function p but here we prefer to point out the dependence of the
operator L.
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The operator —L generates a semigroup of operators {W/F := e %},50 on
LP(R?), 1 < p < oo, where, for every t > 0,

WE(f)(x) = » Wz, y) f(y)dy, fe€LP(RY), 1<p<oo.
{W§£}is0 is also named the heat semigroup associated with £. For every t > 0,
the kernel WE(-,-) is a positive symmetric function on R? x R? and satisfies that
f]Rd (x,y) dy < 1. The semigroup {W/£};~¢ is not Markovian.
By using subordination formula ([52, pp. 259-268]), for every g € (0,1), the
semigroup of operators {W[ft}bo generated by —£7 is defined by

WE () = / W (WE(f)ds, >0,

where nt is a certain nonnegative continuous function. The special case {IW. /2 >0
is known as Poisson semigroup associated with L.

In [25, Theorem 6] it was proved that the maximal operators WX and Wf/2 .
defined by

WE(f) =sup W) and Wi, (f) = sup Wy, (f)],
t>0 t>0

are bounded from BMO,(R?) into itself, where by BMO,(R) we represent the
space BMO¢Z ,,(R?) when w = 1 and @ = 0. Ma, Stinga, Torrea, and Zhang ([35,
Theorem 1.3]) proved that W/ and Wf/Q,* are bounded from BMO¢ (R?) into itself,
where BMOZ (R?) denotes the space BMO% , (R?) with w = 1. In [51} Proposition
5.2, (i)] it was established that W% and W1/2 are bounded from E$?(R?) into
Eg‘vp(Rd), when 1 < p < 0o, and where these spaces are defined like BMOZ , (R)
and BLOZ ,(R?), but where the L'-norm is replaced by the LP-norm and w = 1.
We now consider, for every k € N, the maximal operators

WER(f) = sup [t* Oy WE(f)]-
>0
Our first result is the following.

Theorem 1.1. Let k € N, ¢ > d/2, and o € [0,1). Suppose that V € RH,(R?)
and that w € Ag’G(Rd) for some 0 > 0 such that 2(d(p+ o — 1) + pf) < min{1,2 —

d/q}. Then, the mazimal operators W™ are bounded from BMOZ ,,(RY) into
BLO%, (RY).

The variation operator V, ({W£ }1=0) was studied in [2] and [3]. In [3, Theorem
2.6] it was proved that V,({W£}io is bounded from BMO,(R?) into itself. This
result was extended by Bui ([19]) when the Schrédinger operator L is replaced by
another operator L such that the kernel of e *X, ¢ > 0, satisfies the same properties
as the kernel of e=** (see [I9, p. 125]). Tang and Zhang ([45]) generalized [3,
Theorem 2.6] proving that Vo ({W{}i50) is bounded from BMOZ ,,(R) into itself
(see [45), Theorem 5]). We extend this last property as follows. The theorem is a
complement of the results given in [53].
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Theorem 1.2. Let k € N, ¢ > d/2, a € [0,1), 0 > 2, and 1 < p < co. Suppose
that V. € RH,(R?) and that w € AZ’Q(Rd), for some 8 > 0, and {t;}jcz is a se-
quence of positive numbers satisfying that t; < tjy1, j € Z, limj_, 4o t; = 400,
limj,_t; = 0. If 2(d(p + a — 1) + pf) < min{l,2 — d/q}, then the oper-
ators V, ({tkafwf}t>0), 0 ({tkafo}bo,{tj}jeZ) and SV ({tkafwf}t>0>
are bounded from BMOZ ,,(R?) into BLOZ ,,(R%).

In the proof of Theorems [I.1] and [I.2] we are inspired by the ideas developed by
Da. Yang, Do. Yang, and Zhou ([49], [50] and [51]) and Tang and Zhang ([45]).

We organize the paper as follows. In section [2] we recall some properties about
the kernels, the weights, and the spaces that will be useful in the proofs of our
results. The proof of Theorem for the variation operator is given in section
We prove Theorem [I.2]for the oscillation operator in section[d] In section [ we give
a proof of Theorem [I.2) for the short variation operator. A sketch of the proof of
Theorem [I.1] is presented in section [6]

Our arguments allow us also to prove the same properties when the semigroup
{WF}iso is replaced by {Wﬁt}bo, with 8 € (0,1). We also remark that the
methods we have used can be applied to establish versions of Theorems|I.1|and
when the operator L is replaced by the following ones:

(a) Generalized Schrodinger operators defined by £ = —A + u on R?, where
@ is a nonnegative Radon measure on RY satisfying certain scale-invariant Kato
condition ([43] and [48]).

(b) Degenerate Schrodinger operators on R? defined as follows. Let w belong
to the Muckenhoupt class Ay(R?) and let {a;;}{;_; be a real symmetric matrix
function satisfying that

d

SIEP < 3 a0l < CIEP, w6 R

i,j=1

The degenerate Schrodinger operator is defined by
1 d
L(f)(x) = “w@ Y 9i(ai; ()9, f)(@) + V (x).
i,j=1

Here V satisfies certain integrability conditions with respect to the measure w(x) dx
(27)).

(¢) Schrodinger operators on (2n + 1)-dimensional Heisenberg group H,, defined
by £ = —Apg» + V, where Agn represents the sublaplacian in H™ ([34]).

(d) Schrodinger operators on connected and simply connected nilpotent Lie
groups G defined by £ = —Ag + V, where Ag denotes the sublaplacian in G
(16)).

Throughout this paper by ¢ and C' we always denote positive constants that can
change in each occurrence.

Rev. Un. Mat. Argentina, Vol. 66, No. 1 (2023)



VARIATION AND OSCILLATION OPERATORS 7

2. SOME AUXILIARY RESULTS

In this section we present some results that will be useful in what follows. We
begin with some properites of the Schrodinger heat kernel.

Proposition 2.1. Let k € N and g > d/2.
(a) For every N € N, there exists C = C(N) such that

le—y|?
el i i
(e
t plz) — p(y)
(b) For every 0 < 6 < min{1,2 — d/q} and N € N, there exists C = C(N,J)
such that, for every x,y,h € R?, t >0 and |h| < V1,

_le—yl? F) —-N
. ) €= h Vit Vit
tRFOPWE (z + hyy) — tFOFWE (2, y)| < O — (') (1 b ) _
‘ W ( Y) W ( y)| > /2 NG 2@ ' o)

(c) For every 0 < § < min{l,2 — d/q} and N € N, there exists C = C(N,9)
such that

-N
’tkathﬁ(x,y)‘ < cc ) . zyeRYandt>0.

[t an] <o (LY (1007 et maeso

(d) There exists C > 0 such that, for each z,y € R and t > 0,

9_4d

_elzwli? d
kakyy L _ kak _ <0t ¢ Vi
[t ORWE (@) = Wil — )| < C— (max{pu),p(y)}) |

Here, Wy represents the classical heat kernel.

Proof. The properties (a), (b) and (c) were proved in [28, Proposition 3.3]. The
property (d) was established in [47, Proposition 1]. O

In what follows we denote dy := min{l,2 — d/q}.
We now list the main properties of the weights in A£-¢(R%).

Proposition 2.2 ([44, Lemma 2.2], [45, Proposition 2.4]). Let 1 < p < oo and
6> 0.
(a) w e AP (R?) if and only if wTET € AZ}G(Rd), where p' = 7.
(b) Ifwe Ag*e(Rd), there exists C' > 0 such that
©) o (w2IBLY
w(E) ~ |E| ’
for every ball B in R* and every measurable set E C B.
(c) Ifwe Ag*e(Rd) for every ¢ > 1, there exists C' > 0 such that
w(2*B)
w(B)
for every k € Z and every ball B = B(z,r) being r < cp(x).

< C2kr(0+d)

Concerning Morrey—Campanato spaces BMO} ,, (R?) we will use the following
result.
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Proposition 2.3 ([45, Corollary 2.1]). Let 1 < p < o0, 8 > 0, « € [0,1), v
(1,p'], and w € AZ’O(Rd). For every ¢ > 1, there exist C' > 0 such that, if f €
BMO%M(Rd), then

1/v
|B|O‘ ( / |f(y fB|Vw(y)1de> < C”fHBMOz’w(Rd) (2.1)

for every B = B(x,r) being 0 < r < cp(x), and, for a certain v > 0,

1/v p
|B|* ( / |f(y ) de) <C<1+p(;)> Ifllemog ey (2:2)

for every B = B(x,r) with r > p(x).

3. PROOF OF THEOREM FOR THE VARIATION OPERATOR V, ({tFOFW [} i~0)

We have to see that there exists C' > 0 such that, for every f € BMOZ ,(R%),
(i) for every zg € RY,
[ 1Ve (#0kWEYs0) (7)(@)] da < CIBIw(B) o

2w®9)

where B = B(xo, p(z0));
(ii) for each zp € R and 0 < 7 < p(zq),

[ 0 (0 WEY0) (1)) — B, 1)) o < CIBI (B losiog , s

where a(B, f) = essinfyep V, ({t*0FW£ o) (f)(y) and B = B(xo, 7).

In [45, Theorem 4] it was proved the variation operator V,, ({W/ }¢>¢) is bounded
from LP(R? w) into itself. By Proposition the k-th derivative OFW£ (z,y) of
the heat kernel satisfies all the properties that we need to establish, by proceeding
as in the proof of A5, Theorem 4], that the variation operator V, ({t*OFW£}is0)
is bounded from LP(R¢,w) into itself. Then, by using Proposition [2.1} (a), as in
the proof of [45, Theorem 5, p. 610], we can see that the property (i) holds.

We are going to prove (ii). Let f € BMOZ ,(R?), zp € R and 0 < ro < p(o).
We take 0 < t, < t,_1 < ... < t;. In the case that t;,11 < 83 < t;, for some
ip € {1,...,n—1}, by understanding the sums in the suitable way when ig = n—1,
the Minkowski inequality implies that, for every = € R¢,

i 1/o
(Z ’tkatkWtL(f)(m)H:tHl - tkathL(me) =14 U)

i=1

ip—1 n—1
_ [(z .S ) P OWE ) ) — POWE )
i=1  i—ig+1
+ |(tkatkWtc(f)($)|t:tio+1 - tkathﬁ(f)(x)‘tZSTg)

1/o
T (OFWE () @)y srs t’“afwﬂf)(x)t:t,.o)!”}
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VARIATION AND OSCILLATION OPERATORS 9

i0—1
< [Z EFWEP) @imtrrs — EFOFWE(F) (@) 0, |7
=1
1/o
IOPWEF) @) s — P OWEF) @) e, y“]

n—1
n [ ST EOWE) (@) eersy — OSWE) @) pe |7

1=ip+1
1/o
HEAWE) @himtyor — HWED @ emsp)|

and, if 87 < t,,, we can write
= k kL k kL S\
(D1 WED) @)=t =t RWE (D) @)y, ]7)
i=1

< (I OFWE ) (@) sz — tOEWE) @)=, |7
n—l 1/o0

+ SR OEWE (D) @)=, — P OWE) @)=, |%)

i=1

We thus deduce that

Vo ({tPOF W Y i50) (f) < Vo ({t*OE W e (0.802) (f) + Vo ({*OF W sz 00)) (f)-
On the other hand, it is clear that

Vo({tkathE}bO)(f) 2 V(f({tkafwtﬁ}téwrg,oo))(f)'
Also we have that

Vo0 W E e o0) (@) — ess inf Vo ({0 WELis0)(£)(0)

Vo ({0 WE et o) (F)(w) — 53 0 Vo({FWE el ) (1) 0)

<ess sup Vo ({t"OF W hiersrz 00) (£ (2) = Vo ({t" O, Wi S icisr2,00)) () (W)

2,y€B(z0,T0)

n—1
< ess sup sup (Z |t OFWE(F)(2)je=t, — FOPWE () (2) je=ti1r)

2,y€B(z0,70) 8r§<tn<...<t1 \ j_7

1/0
— (t*FWEN W)=t — tkafwtﬁ(f)(y)|t_ti+l)‘o) , ae. x € B(xo, o).
It follows that
/B< (VO WE o) (1) (w) ~ e it Vol{#OEWE Yo (D) d

y€B(z0,70)

< /B( ) VU({tkathﬁ}te(o,&g])(f)(a:) dz + | B(zo, 7o)
xo,T0
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n—1
s sup sup (Zl[tkafo(f)(z)n—ti—t’“@thL(f)(z)u—tm]

2,y€B(x0,r0) 8r2<tn<...<t1 \ j_

1/o0
R WE) W) s, — tkafwﬂf)(y)ﬁ_tﬁlu“)
=: G1(f) + Ga2(f).

We now estimate G1(f) and Ga(f) separately. Firstly we consider G1(f). The
function f is decomposed as follows:

f = (f - fB(wo,ro))XB(wo72ro) + (f - fB(xg,ro))XB(meTo)C +fB(;E0,7‘0) = fl +f2 +f3

It is clear that G1(f) < Z?:1 G1(f;). Also, by Proposition (a), wTET €

AP (RY). Then, V, ({t*0FW£}i50) is bounded from L (R?,w™7-7) into itself. It
follows that

’ 1 l/p/
G1(1) < w(Blan, ) ( [ Vo OWE ) () ) 07T ) o )

1/p
< Cw(B(wo,70))"/? (/B |f(z) — fB(zo,r0)|p,w7”1j($) dx)

(20,270)
1

, /p’
< Cw(B(wg,70))"/? ((/B |f(2) = [B(zo,2r) " W™ 7T (1) dﬂﬁ)l

(20,270)

1 1/p'
+ [fB(20,2r0) — fB(mo,r0)|(/ w(x) PT d:v) )

B(zo,2r0)

< Cw(B(wo, 70)) /P (w(B(r0, 270) /¥ |B(z0, 270)|° | Flpmtog ey (3:1)

1
_ | d
* ’LU(B(J;O, 2T0))1/p L(wo,2ro) |f(x) fB(95072 0)| x>

< Cw(B(wo,0))"Pw(B(wo, 2ro)/*'| B(xo, 2T0)|a||f||BMOz,w(Rd)

< C|B(xo,70)|*w(B(zo, ro))[| flBmog |, (ve)- (3.2)

In (3.1) we use estimate (2.1)) and that w € Ag’e(Rd). In (3.2) we have taken into
account Proposition (c).
To analyze G1(f2) we write

n—1
G1(f2) =/ sup >
B(wo,r0) 0<t,<...<t1<87% \ ;1

Srg
< / / |0y (t*OFWE (f2)(2))] dtda.
B(zg,r0) 40

tit1

t Y 1/o
/ at(tkafo(fg)(m))dt’> de
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VARIATION AND OSCILLATION OPERATORS 11

According to Proposition [2.1} (a), we have that

ST
Gzcf 50 = Foaornl [ et drdyis
B(wo,r0) JRI\B(z0,270) 0

_C\wfy\2
—z

r

e 0
<c[ () = Frteo o) | e dyda
B(zo,r0) JRIB(zo,2r0) (o.70) |z —y|

2
20—
7C\oyl

e "0
<c| / 1) = Foter| —— dyda
B(zo0,70) Rd\B (20,270) | Blro, 0)| |z — y|d

_C221
<C‘B .’L‘Qﬂ“o |Z ‘f(y)_fB(xo,Toﬂdy

(27r) /B(:Eo 120 1r)\B(z0,2%r0)

_0221

<C - To,T d
Z 22d ~/B(wo,2’+1ro ) fB(-m 0)| Y

76227
(] 15) = T (ans1rm) |
B(ZEO ,2i+17‘0)

+ |B(x0,2"" 7o |Z|fB(xo,2J+1ro fB(zg,2jro)|)'

' M

We now observe that, for every n € N, according to Proposition (c),
/( )If(y) — IB(@o.2nro)| dy < C|B(z0,2"r0)|*w(B(z0,2"r0)) | fllBMOg (R
B(xg,2"rg

< C2M AP0 B (g, 10)|“w (B (20, 70)) | f | B7og |, ) (3.3)

and

1
|fB(zo,27+1r0) = fB(z0,2770)| < E |f () = [B(wo,2n+1re) | dy

20,2"10)| J By 27+ 17o)
< CQn(d(p+a71)+p9)|B(an7"0)|a71w(B(x077“0))||f||BMO(Zyw(]Rd)~
(3.4)
Thus,

G1(f2) < C|B(wo, 70)|"w(B(x0,70)) | fBMOg ()

XZ o2 (21( (p+a—1)+p) | 223 (p+a— 1)+p9)>

i=1
< C|B(xo, r0)|"w(B (xO’TO))||f‘|BMOZ,w(Rd)-

Let us deal now with G1(f3). By {W;}+~0 we denote the classical heat semigroup,
that is, for every ¢ > 0,

Wi(f) = y Wiz —y)f(y)dy, xR,
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where

1 —|z|?/4t d
Wt(Z):WB =1/ 5 z € R

By taking into account that 9, (t*0F W;(1)(x)) = 0, x € R% and t > 0, we can write

87"(2)
Gi(f3) < oo /
B(zo,r0) Y0

87‘3
= |fB(:Eo,T0)|/ /
B(zg,r0) /0

87"3
<ol [ [ 01 (FOFWE (2, ) — t*0FWi(w — 1)) dydida
B(zo0,70) /O lz—y|<p(z0)
+ |fB(x0,ro)‘
81“8
X / / / |8t(tkafo(x, y) — tkatkWt(x — )| dydtdx
B(zo,r0) ¥ 0 |z—y|>p(x0)

=: G11(f3) + Gi2(f3).

Ot OFWE (@) dy dida
Rd

Ot OFWE (w,y) — O Wilw — y)) dy dtda
Rd

According to Proposition [2.1(d) we have that

24 ja—y?

STg ﬁ R
Gulf) < Clipnral [ [ [ () dydida
(wo.ro) B(zg,r0) 40 lz—y|<p(z0) p(l‘) t%+1
_olz=ul?

—Y

2 2 |z—y|?
0

e ” 8ry ,—c
< C‘fB(mo,ro)|/ / ﬁ/ ﬁdﬁdydl'
B(wo,r0) J |lz—y|<p(zo) p(x)""a Jo t2t2g

d_
< C1fan.ro)|(0) 2 / /
B(xo,r0) Y |z—y|<p(x0)

2
s_
¢z 1-4

4_q p(zo) 4
< Cli o lplan)2Blaasro)] [ ¢ Fs s
0

¢ dyds
Y

00 s2
d__ —C _d
< Ol fBo,ro)lP(0) 9 ?|B(z0,70)| e "os'Tuds
0
9_4d
q

= Clf (0.0 | Blo, 70) <p<xo>)

In the third inequality we have taken into account that p(z) ~ p(xg) provided that
|z — 20| < p(x0).
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On the other hand, by Proposition (a), and since

C _..p
[t oW, (2)| < w2 ¢ 117/t 2 e R? and ¢ > 0, (3.5)
we have that
87"0 clz tu\
G12(f3) < ClfB(zo,r0)l / / T dydtdx
B(zo,70) lz—y|>p(zo) T2

2
_C\w yl

7C\zréq| 87’0 e 7
< C|fB (z0,0) ‘ / e 0 / I dtdydzx
B(zo,r0) J|z—y|>p(z0) 0 iz

_elzzy 12
2
"o

B(z0,70) /|x y\>P(fL’o |CL‘ - y|d

< ClfB(zo,ro)| dydx

< Clfogro|| B0, 0)] /

p(zo)

B
To
<
< C|fB(wo,re) || B(@o,70)| <p(x0)> ’

provided that 8 > 0.
We deduce that, for 5 > 0,

T 2-4 T A
G1(f3) < ClfB(ag.ro) || Blzo, )] ((p@?o)) + (p(;o)) > (36)

We now choose ig € N such that 27y < p(xq) < 2%0F1r. By (3.4) we get

0
|fB(930,T0)‘ < Z |fB(mo,2i+1ro) - fB(Io,QiT‘())| + |fB(ZL’0,2iO+1T0)|

=0
10+1 4
< C|B(o,0)|" " w(B(ao,70)) | flmuog , ey p_ 21F =470
=0

< 20 Ha49) Bz o) (B0, o)) | flmmtos  rey

plao) \ P :
<C <7“o) | B(z0,70)|%™ w(B(:COa7'0))||f||BMOZw(JRd)-
(3.7)
Since 2 — g > d(p+a—1)+pb and taking 5 = d(p+a—1)+pb in (3.6) we obtain
G1(f3) < C|B(zo,70)|“w(B(z0,70))[fllBMOS

2w (R

By putting together the above estimations we obtain

G1(f) < C|B(zo, r0)[*w(B(x0,70)) | fllBmOg  (RY)- (3.8)

Rev. Un. Mat. Argentina, Vol. 66, No. 1 (2023)
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We now deal with Ga(f). We can write

Ga(f) < |B(zp,70)| ess sup / at(tkathﬁ(x,z) — tkathﬁ(%z))f(z)dz dt
x,yeB(zo,r0) /8r2 ' JRE

8p(zo)
| B(xo,70)|ess sup / /
z,y€B(x0,70) p(x0)? 8

< | [ ot oW () — 1O WE (g, 2)) () dz| db
Rd

=: Ga1(f) + Gaa(f).

We firstly estimate Ga1(f). According to Proposition (b), we deduce that,
for every 0 < § < do, there exists C' > 0 such that, for each z,y € B(zo,ro) and
t> p($0)27

IA

OO WE (,2) = HOFWE (y, 2))f () dz]

’ Rd
|z — yl b e‘“lyzz‘

<o [ (B e

< ¢ ('w*“) (Z —LQZJ/ |f(z)|dz+/ |f(z)|dz)

T el 291 VA<|y—2| <2 Vi ly—z|<2-1vE

S (2 / )
< € 2)|dz + f(2)|dz
poie Z ] e
< & (n 5||fH o dZe*CQﬂB(xo 29/1)|*w(B(wo, 27 V1))

=i \/% BMO%  (R4) s )

=0

t%(p+a71)+%9

C To s
= <\/Z> ‘|f||BMO(Z7w(Rd)w(B(anTO))W

In the last inequality we have used Proposition (b) and (c). For every
T,y € B(-’l?o,’f‘o) and t > 8p($0)27

| [ ORIVE (2. 2) = 4 WE(y, 2 (2)d

— a—1)— 4 _1)_%=p0 _
< Cllflsmog , reyw(B(0,70))| B, mo) @17y 1@+ D7 PopE (rham =252 21
It follows that
Ga(f) < C”fHBMO%’w(Rd)w(B(xmTO))|B(370’TO)‘Q

xrg_d(p+a_1)_p9 > tz(era 1)—
8p(z0)?
To o—d(p+a—1)—pbo
<C|f o wayw(B(xg,10))|B(xo, O‘( )
[flIBmog | ®ayw(B(xo,70))|B(zo,70)] ()

< Cllf lsmos , zayw(Blao, 70))| Blzo, ro) |,
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provided that § > d(p + o — 1) + pf. Note that we can choose this  because
do >d(p+a—1)+pb.
To deal with Gas(f) we write, for every t € (873,8p(x¢)?) and z,y € B(zo,70),

| [ oo WE o 2) = WE 2 )i

O (t*OF W (2, 2) = WE(y, 2)])(F(2) = [Bao,r0) )2

’Rd

+ [ B(zo,ro)] / (PO W (2, 2) — WE(y, )])dZ’ Fi(z,y,t) + Fa(z,y,t).

Thus,

8p(wo)?
G22(f) < C|B($0,7”0)| sup / (Fl(xay)t) +F2(x7y?t))dt
8

z,y€B(zo0,r0) /813

By using again Proposition (b), for every 0 < § < &y, and proceeding as above
we have that, for every =,y € B(xo,70) and 878 < t < 8p(z0)?,

ly—=|
lz—y|\ e
Fl(-%'af%t) <C o ( \/g PERS] |f(Z) - fB(Io,To)ldz

O ( ) _ 22] 2/

S € ¢ f z _.f xo,T0 dZ
1L (Z 2jToS\y*Z\<2j+1To| ()= Iteoro)l
+f £) = Fpear) dz>

ly—z|<2~1rg

C 7o tfE 227§ d
< —_ e T Z)— 0,7 z
T et (ﬁ) z_: /B(zo,zwrlro) 17(2) = Joten o

< C (ro )5 o0 _02273 / () - f d
— E (& b zZ)— j+1 z
t%-‘rl \/E — B(z0,291rq) B(wo,27¥1r0)

+ [B(x0,2" 7o |Z\f3(m0 2i+170) fB(zg,2iro)|]

+/ |f(2) = fB(o,ro)] dz)-
B(zo0,70)
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16 V. ALMEIDA, J. J. BETANCOR, J. C. FARINA, AND L. RODRIGUEZ-MESA

Now, according to (3.3)) and (3.4) we obtain, for every =,y € B(xg,ro) and
8r¢ <t < 8p(wp)?,

C To g o
Fi(e,y,0) < — (42 ) 1B(@o, ro)l*w(B(wo,m0) | fllsog cae)
; ,

+
o
X Z i (7 + 1)2j(d(P+a)+p0) +1

It follows that

8p(zo)
[, Fileutde < CrilBlao, o) "w(Blao. o) |l
i |

T3
25,2
>0 8p(20)* p—eZ0 8p(20)”
S+ 12 (p+a>+p0>/ ’ de/ o _at
4o Lo LS|
= Srg t 2 8rg t 2

(j + 1)27(dlp+a)+po) 1
+

(2970 )4T0 rd+s

( 0
gB(xO:TO )*w B(x07TO))”JC”BMO%W(R‘I)

< C| (0,70)[* 1w w(B(zo, ro))[l fllmog |, we), 2,y € Blwo, 7o),

provided that § > d(p + o — 1) + pb.
Finally, let m € N. By Proposition (c), there exists C' > 0 such that

do

/ tmOmTIWE (2, y) dy‘ < ¢ <\/E> . t<8p(z)? and z € RY,
R t \px)

and by, [5I, p. 98], for every 0 < § < g, there exists C' > 0 such that, for every
2,y € B(zo,70) and t > 83,

m am-+1 C o g
O WE) @) - WE ()] < <ﬁ) |

By using these estimates we have, for every x,y € B(xg,ro) and ¢ € [87#8, 8p(x0)2],

k
Fy(@,y,) < Clfagr| Y 7T WED) (@) = WED)())]'?

m=k—1
>< {

6/2
1 To
< O‘fB(acn,ro)‘g (p(l’o)) ’
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with 0 < 0 < dg. By taking into account (3.7) it follows that, for each z,y €
B(xoﬂ"o),

8p(z0)?
[ Blotdt < 1B o) w(Blo, ) lssiog )
i |

u
y p(xo) d(p+a—1)+po—$ /8p(z0)2 ﬂ
TO 87,8 t

< Cw(B(xo’TO))\B($077“0)|d(a_1)Hf”BMogw(Rd),

provided that dg > ¢ > 2(d(p + o — 1) + pb).
We conclude that

Gaa(f) < ClB(zo,70)|*w(B(x0,70)) |l flB7mOg |, (RY)-
We get

G2(f) < C|B(zo, r0)[*w(B(x0,70)) | fllBmOg  (Re)- (3.9)
Thus, by considering and the proof can be finished.

4. PROOF OF THEOREM [L.2] FOR THE OSCILLATION OPERATOR
O({t*OF W biso,{t;}jez)

In order to prove that the operator O({t*OFW§£ }iso, {t;};ez) is bounded from
LP(R?,w) into itself for every 1 < p < oo and w € A5>(R?), we can proceed as in
the proof of [45, Theorem 4] and in [2, Theorem 1.1]. We sketch the main steps of
the proof.

We firstly establish the result in the unweighted case, that is, we prove that
O({t*OFWE Y50, {t;}jez) is bounded from LP(R?) into itself for every 1 < p < oo.
As far as we know a LP-boundedness result for oscillation operators like the one
established in [32] Corollary 4.5] has not been proved. Since {Wf}io is not
Markovian, the LP-boundedness of O({W{};>0,{t;};ez) can not be deduced from
[29, Theorem 3.3, (2)].

Suppose that F': (0,00) — C is a differentiable function. We have that

—+oo

i=—00

+oo

1/2
OUF (O} 0, {t;}sez) = ( > sw |F<si>—F<ei+1>2>
i SE<Ei+15Ti41
. ) 1/2
= Z sup / F'(t) dt‘
= oo tiSEi<eip1<tiyy €;

+oo €it1 2 1/2
Z sup ( / |F'(1)] dt)
. ti<e;i<eit1<tit1 €i

<
i+1
<02/ F'(t) |dt<0/ F)|de (41)
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18 V. ALMEIDA, J. J. BETANCOR, J. C. FARINA, AND L. RODRIGUEZ-MESA

This inequality plays an important role in our proof for the boundedness properties
for O({t*OF W }iso, {t5}jen)-

It is easy to see that if F' is a complex function defined in (0, c0) and satisfies that
O({F(t)}+>0,{tj}jez) = 0, then F is constant. The oscillation operator associated
with {t;};ez defines a seminorm in the space F of complex functions defined in
(0, 00) such that O({F(t) }+>0, {tj}jez) < 0.

We consider the quotient space F/ ~, where ~ is the binary relation defined
as follows: if Fy,Fy € F we say that F; ~ Fy when F; — Fy is constant. The
oscillation defines a norm on F/ ~ and (F/ ~,0(-,{t;};ez)) is a Banach space.
To see the oscillation as a norm allows us to simplify our arguments. We can also
understand our oscillation operators O({t*0FW{}i=0,{t;};jez) as Banach valued
singular integral operators.

In order to prove that O({t*0FW£ Y=o, {t;}jez) defines a bounded operator
from LP(RY) into itself, 1 < p < oo, we exploit that the Schrédinger operator £ is
a nice (in some sense) perturbation of the Euclidean Laplacian.

We now explain the procedure (see [2]).

We split the region R? x R? in two parts:

L={(z,y) eR*xR*: |z —y| < p(z)}

and G = (RY x R?) \ L. L and G mean local and global regions, respectively. To
simplify we write Tz = O({t*OFWE}iso, {t;}jez)-

We decompose the operator T in two parts: the local part Tr10c(f)(z) =
TL(fXB(I’p(m)))(x), x € Rd, and the global one, Tﬁ,glob =T, — TL,loc-

We define the operators T_a, T_A loc and T_a gl as above by replacing the
Schrodinger operator by the Euclidean Laplacian.

We decompose the operator T as follows:

Ty = (TE,IOC - T—A,loc) + T—A,loc + Tﬁ,glob'

Our objective is to establish that the operators Tz 10c — T A 1ocs T—A 1oc and T glob
are bounded from LP(R?) into itself for every 1 < p < oo.

We first study T_a joc. We consider the function ¢(z) = e ?, z € (0,00). The
Euclidean heat kernel in R? is defined by

R e | |22 d
Wt(z)—we 4 (4mf)d/2¢<4t), z€R%and t > 0.

By using the Faa di Bruno formula we obtain, for each z € R and t > 0,
k d —2_(k—j) a7 Els
OWi) = et 0000 5
i=

‘Z|2(m1++mj)

k 2
= 45— (k=3) j |27 [oPtm )
=Yt 3 dml,...,mm(% e
=0

mi1+2mo+...+jm;=j

B k dj 1 |Z|2 ‘Z|2 mi+...+m;
= Z Z cj ml,...7mjt%+k¢ )\ ;

J=0mi+2mo+...+jm;=j
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VARIATION AND OSCILLATION OPERATORS 19

where ¢;, d{nh___7m] €R,j=0,...,kand mi+2ma+... +jm; = j, my,...,m; € N.
Then,

tk ok 1 2] d
POy Wi(2) = td/2w i) z€R%and t >0, (4.2)

Y(u) = Z Z cjdfnl m_¢(u2)u2(m1+"'+mj), u € R.

..... j
j=0mi+2mo+...+jm;=j

Note that ¢ is in the Schwartz class S(R). According to [20, Lemma 2.4, (1)] the
operator T_A is bounded from LP(R9) into itself for every 1 < p < oc.

According to [25, Proposition 5] we choose a sequence {z;};en C R such that
by defining Q; = B(x]7 p(z;)) the following two properties hold:

(i) UJEN Qj =
(ii) For every m € N, there exist v, 8 € N such that, for every j € N, the set

{€€ N: QmQKQQmQj #* 0}

has at most 2™ elements.
Let j e N. If x € Q; and z € B(z, p(zx)), then

|2 = aj| <[z =@ + o —a;] < p(x) + p(z;) < Cip(z)),

because p(x) ~ p(z;). Here Cy does not depend on j.
We consider, for every t > 0, the operator

HI(f)(z) = Xo, () / OF W, (2 — y)f(y) dy, = € R
B(xj,C1p(x;))\B(z,p(x))

By using (#.1)) and (#.2) we deduce that, for every z € R%\ {0},
O({t* oy Wi(2)}is0, {t;}jez)

|2
< (W ()]
|2
<C/ 1541 (’w( )’Jr
It follows that

O({H] }150,{t; }iez)(f) (@)

< Xo,(a) [ O({t 0 Wila = )} oo, {t5}se2)| )] dy
B(z;,Cip(z;))\B(@,p(x))

< CXg, (w)/

B(a;,Crp(a;)\B(a.p()) 1T — y|d
c

< ——5 &g, (x / fy)ldy
p(z)d ™ (=) B(wj,clpm))' W)

. a
@@ [ )]y s O, @M (1)), € B

)+

[f(y)l dy

IN
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Here My, represents the classical Hardy-Littlewood maximal operator. We have
that

T-A(XB ;o)) ) = T-aoc(F) (@) +T-A(XB(2;,C1p(a)\Bap) [) (@), @ € Q.
Then,

T ajoc(f)(@) S T-A(XB(a;,01p@))f) + CMuL(f)(z), z€Q;.
Let 1 < p < co. We can write

/d |T7A,loc \pda: = Z/ ‘T A, loc )|p dx
R

jeN
<C Z/ T-a(XB(a;.Crpa) (@ |pd$+/ (M (H(@)F do
JjeEN
<c(x/ f@Pde+ [ |f@pds) <¢ [ (f@Pd
jen” B(@;,Cip(z;)) R R4

Thus we have proved that 7_a joc is bounded from LP(R?) into itself.
By using (4.1 and Proposition[2.1](a), proceeding as in [2} p. 506] we can deduce
that
Tz giob(f) < CMur(f).
Then, T7 giob is bounded from L? (R?) into itself.

The arguments in [2, pp. 507-509] by using again and now Proposition
(d), allow us to prove that

‘Tﬁ,loc(f) - T—A,loc(.f)| < CMHL(f)

We conclude that Tz joc — T A loc is bounded from L? (R?) into itself.

By putting together all the above estimates we deduce that the oscillation op-
erator O({tFOFW£}i~0,{t;}jez) is bounded from LP(R?) into itself.

After proving that O({t*OFW{ V=0, {t;};ecz) is bounded from LP(RY) into itself
for every 1 < p < oo, by using the properties established in Proposition 2.1} we
can proceed as in [45, pp. 605-609] to establish that O({t*OFW£i~o, {t;}jez) is
bounded from LP(R?, w) into itself, for every 1 < p < co and w € A9 (R?).

We are going to see that the oscillation operator O({t*OFW£}i~o, {t;}jez) is
bounded from BMO¢ ,,(R?) into BLOZ ,,(R?).

By using the weighted LP-boundedness properties of O({t*0FW£}i~o, {t;}jez)
that we have just proved and Proposition 2:2] we can prove by proceeding as in
[45, pp. 610611 and Lemma 2.1] that there exists C' > 0 for which, for every
f € BMOZ ,,(R?), and each zo € R and ro > p(z0),

/B< _0U#AWE b0, () (@) da

< C|B(xo,70)|*w(B(zo, ro))[| flemog |, (ve)-
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Note that the last inequality implies that, for every f € BMO%,W(Rd), we have
that

O({t"OF WY w0, {tj}jez)(f)(x) < 0o for almost all x € RY.

To finish the proof we need to see that there exists C' > 0 such that, for every
f € BMOZ ,(R?), zo € R and 0 < 7o < p(0),

/ (OO WE o, (15} 5e2) () ()
B(zo,70)

— essinf O({tké‘fo}wo,{tj}jez)(f)(y)> dx

yEB(zo,70)
< C||B(wo,70)|*w(B(xo,70))| flB7MOS

z:,w(Rd)'

Let f € BMO%yw(Rd), zo € R and 0 < g < p(xg). We choose ip € Z such that
ti, < 87‘3 < tio+1-
We define the following sets:

D, = {y € B(.To,’f‘o) :

sup
tig<€ig<€ig+1<tig+1

ROHEWE )W) ji=esy — L OEWE )W) =1y 1

= sup
tig<eip<€ig+1<8r2

D2 = {y S B(Cﬂo,ro) :

tkafwtﬁ(f)(y)\t:sio - tkafwtﬁ(f)(y)\t:EiOJrl

b

sup
tig <€ig<€ig+1<tig+1

tkatkWtL(f)(y)\t:sio - tkathL(f)(y)\t:smH

_ sup [ OEWED W) p=esy — COWED) Wjiery o

8r2<e;;<e€ig+1<tig+1

|

and

D3 = {y € B(zg,ro) :

sup FHEWE) W ji=ery = PHFWED) W) jt=e1p 1
tig<€ig<€ip+1<tig+1
= s ERWED W), — COEWE e,
tio Ss,;o <8’r‘§ <€ig+1 SST’%

We consider the following decomposition:

/ (OUt OEWE s, {15} e2) () ()
B(zo,70)

—essinf O({t*OFW£ Y0, {tj}jeZ)(f)(y)) dr = ZH“

y€B(z0,70)

Rev. Un. Mat. Argentina, Vol. 66, No. 1 (2023)



22 V. ALMEIDA, J. J. BETANCOR, J. C. FARINA, AND L. RODRIGUEZ-MESA

where, for every i = 1,2, 3,

= [ (OU DLW E o 13 je) (@)
D;

—essinl O({t"OfWE} s, {t;}562) () (v) ) do.
y€B(zo,m0)

We have, for every y € B(xo,79),
O({t* oW Y im0, {t5}je2)(F)(y)

+o0 1/2
><Z sup |t’€afwf<f><y>|t_5i—tkafwﬂf)(y)”_sm) .

ti<e;<eit1<tit1

i=ip+1
Then,
> k ak L k ok L 2 1/2
me [ (Y sw o WA @, — FAWE D @e,P) dr
D, iziootiSEi<€i+1§ti+1
cit1<8rg
by k ak L k k L 2 1/2
- / (> s EOWEN W)=, — ROWE) Wyie. )
D, i=io+1 ti<e;<e€it1<tit1
+oo
— | essinf ( su tkorwE —e,
(yeB(a:O,rU) 1::%:.,.1’5155i<61f1$ti+1‘ t Ve (f)(y)\t i
RRWE P WD mer?) ] da
t Ve Y)lt=ei11
W k ok L k ak L 2 1/2
< (Y s EORWED @, — CRWED @mer, )
B(zo,r0) izfooti§51<€i+1§ti+l
£ip1<8r]
+oo
+ |B(2o,70)| ess sup > sup (WL (f)(2) 1=,

z,y€B(x0,70) i—io+1 ti<e;<eit1<tit1
1/2
— CORWE(F) (N p=errs ) = (FHWED W)z, — POEWE) We=er D)
On the other hand, we can write, for every y € B(zg,19),

Ot W Ym0, {t}jez) (f)(y)

—+oo
k akyx L k akyx L
> Z sup | W ()W) t=e, — t"OF W (f)(y)lt:5i+1|2
i—ig ti<e;<eir1<tit1
61-287‘3

1/2
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It follows that

i0—1 1/2
H S/B( )( > sup (O WE(F)(W)e=z, —tkafo(f)(y)n:EHlF) dy

= oo tiSEi<€it1<tit1

+ |B(.Z'o,7’0)‘

“+o0
X ess sup (Z sup [ OFWE(f)(2)je=e, — *OFWE(F)(2) jt=ers)
z,y€B(x0,70) i=io ti<e;<eit1<tiy1
51,287'(2)

1/2
~ COWED )~ CAWE D D))
Finally, in order to estimate Hs, we observe that, when y € Ds,
O{t* oW im0, {t;}jez) () (y)

10—1
< ( > sup G WEP) W)ji=e, — " HWE )W) p=ern

e —oo tiSEi<€it1<tit1

+ (s EOWED W)=, — OWE) W)=z

tig <eig <873

2
+ s OWED Wiy — P OEWED W)=t
8r2<e;g+1<tigt+1
oo 1/2
S s OWEDWee, — POWE) W) e,
i=io+1 t;<ei<€it1<tit1

ti<e;<eir1<tit1

io—1
< ( > sup (O WE(F) (W) je=e, — *OFWE(S) (W)t |

1=—00

1/2
+  sup  FOFWE(S) W)=, — "OFWE ()W) =2 |2>

tig<ein <812

+ ( sup |tkath£(f)(y)\t=8rg - tkathL(f) (y)lt:€i0+1 |2

8ri<eiy+1<tig+1

+o00 1/2
+ Yy sup  |POFWE() (W) ji=e, — OFWE ()W) ji=crs |2>

imigt1 tiSEi<€it1<tiva

io—1
< ( > sup (O WE(F) (W) je=e, — *OFWE(S) (W)t |

e —oo tiSEi<€it1<tit1

1/2
+ sup OEWE ()W) =esy — t"OFWE ()W) 1=y 11 |2>

tigési() <Ei0+1 §8T8
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+ ( sup (O WE )W) ji=srz — L OEWE ) W) 1=esyr |

8r2<eigt1<tig4+1

+o0 1/2
£y sw |t’“afwf<f><y>|t_ﬁ—tkafwﬂf)(y)n_eHlP) -

i=ig+1 ti<e;<ei+1<tit1
Thus, we deduce that, for every y € Ds,

O({t*OF W }eso, {t}sez) (F)(y)

20 1/2
(Y s EEWED W, ~ COWED e
e oo tifEi<€it1<tit1
€141 <872

s ( Wb EOWE W s — COWEP) W) e

8r2<eiy+1<tig+1

+oo 1/2
+ Z sup |tkath£(f)(y)|t:Ei - tkathE(f)(y)u:aHl |2> .

i=ig+1 t;<e;<eir1<tit1
On the other hand we have that, for each y € B(xg,70),

O({tkafo}t>0, {tj }jeZ)(f)(y)

> ( > sup [ WEP) W) i=e, — " HWE) W) jp=en

imig 1 tiS€i<€it1<tity

1/2
+ sup [ OEWE ()W) je=e,, — OEWE) W)=y 1 |2>

tig<ein<8r2<eig+1<tig+1

> < Z sup |(tkathL(f)(y)\t:ei - tkathL(f)(y)\t:eiﬂ |2

imig+1 t;i<ei<eit+1<tit1

1/2
+ sup |tkathL<f)<y)|t:8rg - tkafwtﬁ(f) (y)|t:si0+1 |2> :

8ra<eig+1<tig+1
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It follows that

1/2
0
ms [ AW @en — PAWED @ e | o
D3 \ ;= — ti<ei<eit1<tit1
61+1§87‘(2)
+ |B(IO, TO)‘
+oo
X eSS sup Z sup | (tkathL (f)(z)lt::si - tkathL(f) (Z)lt:ErHJ)
2,9€B(@0,m0) \ j—j, 41 tiSei<€i+1<tiva
— (t*OFWE() W) je=e, — HEWEF) W) jt=2,) I
+ s | (FAWEN B sy — FOWES) ()=, )
8T8<5i0+1gti0+1
1/2
— (P OWED W)t~ POWE D D—er ) |2>
1/2
= / > sup [POEWE () (@) jime, = OWE () (@) jpmer | | d
D3 \ \—— ti<e;i<eit1<tit1
€i41<8r5
+ |B($07 TO)‘
+oo
X ess sup > sup ((*OFWE () (2)j1=e, — OEWE(F)(2) =z, 1)
2,y€B(x0,70) i—ig+1 ti<ei<eir1<tit1
— (" FWE) W) p=e, — W) W)=z, )
+ sup (OFEWE(F) (2 jt=ery — OWE(S)(2)jt=esy 1)
8r3<eiy<€ig+1<tigt1
1/2
- (tkafwtﬁ(f) (y)|t:87‘[2) - tkathL (f)(y)‘t:810+1) |2> .
Thus,
‘ 1/2
H;3 < / Z sup (O WE(F)(@) =z, — POFWE () (@) 1=e, dzx
B(x0,m0) \ j= _oo tiS€i<€it1<tit1
cip1 <812
+ |B(.7}0,7"())|
“+oo
X ess sup (Z sup | (tkathL(f)(z)‘t:& — tk(?tkWtﬁ(f)(z)H:Ei“)
,2,y€B(z0,70) i—io ti<ei<eit1<tit1
EiZST?)

1/2
ERWED Wme, — FFWEE) e |2) |

Rev. Un. Mat. Argentina, Vol. 66, No. 1 (2023)



26 V. ALMEIDA, J. J. BETANCOR, J. C. FARINA, AND L. RODRIGUEZ-MESA

In order to get our objective it is sufficient to prove that

10 1/2
[ s W@, - AW @ P)
B(x0,m0) " j—_ oo tiS€i<eip1<tip1
cit1<877
< C1B(wo, 1) w(Bo,ro)) | lmios . o (43)
and
“+o0
ess sup (Y sup [ OFWE(F) (@) j1=e, — t*OFWE () (@) j1=c, )
z,y€EB(z0,70) i—io t;<e;<ejy1<tit1
Ei287"3
kakyr L k akyr L 2 1/2
— (P FWE) Wjime, — CORWE )W) jpz0,) )
< C\B($07To)|a71w(3(l’o, TO)Hf”BMOZw(Rd)' (4.4)

By using (4.1) we can get (4.3) and (4.4) by proceeding as in the proof of ({3.8)
and ([3.9)), respectively.

5. PROOF OF THEOREM [1.2| FOR THE OPERATOR SV ({t*OFW£}i~0)

In order to prove Theoremfor the short variation operator SV ({t*0FW£ }i0)
we can proceed in the same way to the previous section for the oscillation operator

O({t* Oy W }is0. {t;}je2)-
Note firstly that if F' is a differentiable function in (0, 00) we have that

SV({F()}is0) < C / TP o) . (5.1)

By taking into account and according to [20, Lemma 2.4, (3)] it follows
that the operator SV ({t*0fW;}¢~¢) is bounded from LP(R?) into itself, for every
1<p<oo.

We now define the local and global operators as in section [} We have that

SV{t oW Y i>0)(f) < SViec({t" 0 (WE = W) bis0) (f) + SViee ({t*0F Wik i>0) (f)
+ SVaiob ({*OF W L i0) (f).

Then, by proceeding as in the study of the oscillation operator in the previous

section we can see that SV ({t*0FW£}i~¢) is bounded from LP(R?) into itself, for

every 1 < p < oco. By using (5.1) the arguments in [45, pp. 605-609] allow us to

see that the operator SV {t*0rW£};~0) is bounded from LP(R? w) into itself, for

every 1 <p < oo and w € A5>°(R).

Let now o € R? and ro > 0 such that 79 < p(z¢). We choose ko € N such that
2 ko < 8r2 < 27ko+l We have that

Vi ({t"0F W }ez0) () (@)

1/2
n—1
kgky1/L kgky17L
- Sup S IFOFWE(F)(@)ji=r, — FOFWE () (@)1=t 1, )P
27k0<tn<~.‘<t1S27k0+1 i—1
neN
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1/2
-1
< sup Z |tk8tkaC (f) (I)|t:sj — tkatkWtﬁ (f)(z)lt:3j+1 |2
2= ko <Sg<...<31§87«§ =1
LeN
1/2
+ sup S HFFWE(F) (@) 1=s; — POFWE(F) (@) s, |
8ri<sp<...<sp<2 ko tt 7
LeN

=: Vio.- ({0 W }e50) () (@) + Vieg 4 (O W 50) (f) (@), @ € RY,

and

Vi ({(E*OFWE Hs0) (F) (@) 2 Vieg 4 (" 0F W b is0) (f) (), @ € RY
It follows that

/B( )(SV({tkafo}»o)(f)( z) = essinf SV({t*0; W }is0)(f)(v)) do

yEB(zo,70)
[ 1/2
g/ ( b (‘G({tkafwf}t>o)(f)($))2+(Vko,({tkafo}wo)(f)(@)Q) dx
B(IU’TO) j=ko+1

+ |B(z9,70)| ess sup
z,yE€B(z0,70)

(Vo (EOFWE }20) (1)(2)?

ko1 1/2
Y 05w (E))
ko1 1/2
(P AWE ) (D + Y VAW o) (D))

We have all the ingredients to finish the proof by proceeding as in section

6. PROOF OF THEOREM [ 1]

We firstly establish that the maximal operator W* is bounded from L? (R4, w)
into itself. In order to do this, it is sufficient to proceed as in the proof of [14],
Theorem 2] by using Proposition (a).

Let f € BMOZ ,(R?) and z, € R?. Taking ro = p(zo), we decompose [ as
follows:

f = fXB(mo,Qro) + fXB(xOQTO)“
=: fl + fQ.

Since w € Af?(R?), we have that w‘l/(p D e A%"(R?) (Proposition (a)).
Holder’s inequality and Proposmons 2 ) and |2 -rlead to
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/ WER(f) (@) de
B(zo,r0)

1/p’
< w(B(xg,70))"? </B( ) (WEE(f1) ()P w7 (2) dx)

1/p’
< Cw(B(wo, o))" (/ |f (@) w7 () dz)
B(zo,270)
< C[B(zo, r0)|*w(B(zo, 70)) [ fllB7mOg , (Re)-

On the other hand, by using Proposition [2.1] for every N € N we can find C' =
C(N) > 0 such that, for each z € B(xo,ro),

AR
WEFR(fa)(z)| < Csup < —/ e ¢ y)|dy
| (f2)(@)] t>0 \ p() t4/2 Jpa B(wo,2r0) )l
/()]
com [ M,
( ) Rd\B(’Eo,Qro) |$0 ‘N+d| )|
< Cpla)™ / 7)) dy
,]:Zl N+d B(w072j+17'0)
C - 1 j+1 @ j+1
8l||f||BMo (R%me(%,? 70)|*w(B (20,2 10))
j=1
< C|lfllsmos , rey|B(xo,m0)|* M w(B(wo, m9)) Y 27+ EFDp=d=N),
j=1

In the last inequality we have used Proposition (b). By taking N € N, N >
d(p+ a — 1) + pf we obtain

WE(f2)(@)] < CLB (o, 70)|* w(Blzo ro) I Ipmiog, eys = € Blao,ro).
Then,

[ WEM )@ do < ClBlao, o) " w (B0, ) muiog o)
B(zo,r0) '
and we conclude that

/( : (WEE(f) (@) de < C|B(xo,70)|*w(B(x0,70))l| fllBpos  @ey-  (6.1)
B ZXo,To ’

From (6.1)) we deduce that WX*(f)(z) < oo for almost all z € R,
Let now zp € R? and 0 < ro < p(xg). We are going to see that

/ (WER(f)(@) — ess inf WEF(f)(y)) de
B(zg,r0)

yE€B(zo,m0)
< C|B(x0,70)|*w(B(zo,m0))l flBmog |, (R9)-
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In order to do this we adapt the ideas developed in section [3] We have that

/ (WER(f)(x) — ess inf WEK(f)(y)) da
B(xzo,r0)

yEB(zo,70)
St/‘ sup  [FOFWE(f) ()] da
B(zo,r0) 0<t<8r2
| B(zo, ro)fess sup  sup [FFOFWE(F)(2) — t*FWE(f) ()|

2,y€B(x0,r0) t>8r3
=: My(f) + Mz(f).
We decompose f as follows:
f = (f - fB(zo,To))XB(a:o,2r0) + (f - fB(xo,ro))XB(a:O,2r0)C + fB(CEo,To)
= fi+ fot [3
Since W is bounded from L¥' (R, w1/ (P=1)) into itself we get
My (f1) < C|B(xo,70)|"w(B(zo, ro) | flBmog , (me)-

According to Proposition (a), we obtain

lo—

1 _c yl?
Mi(f2) <C / / W) = FBorn)| sup —ame ™ 7 dyda
B(zo,ro) YR\ B(zg,2r0) 0 2 1

<t<8r2

2
P
_Cloy\
7‘

e 0
<C |£(Y) = fBo.ro) | 777 dydx
R4\ B(z0,270) Blo,ro) |zo —y|d

(Re)-

< C|B(z0,70)|*w(B(x0,70)) fllBMOA

Low

Suppose now k € N, k > 1. Since 9FW;(1) = 0, it follows that

My(f5) < | ftanmo| sup t/’tkafnwf%x7y>——wa<zgfyndy da
B(:L’(),’l‘[)) 0<t<8’l”g R4

< fseom] m)/ tOEWE (2,y) — Wil — y))| dyda
B(zo,r0) 0<t<8r2 J |z—y|<p(zo)

Hmmmwf wp/’ FOEWE (2, y) — Wil — )] dyda
B(xo, |lz—y|>p(z0)

70) O<t<8r§
=: My11(f3) + Mi2(f3).
According to Proposition (d), since 2 — g > d(p+ o — 1) + pf, we obtain

2
_clz=ul

My (fs) < CIf I/ sup / ( vt )27%6 — dyda
11(f3) < Bl(xo,r — —Qam
(wo.ro) B(zo,ro) 0<t<8rZJ|z—y|<p(zo) p(l’o) td/2
_ele—yl?

<c L
> |fB(x0,r0)| p(mo)q d+2_9 yax
B(zo,r0) Jle—y|<p(zo) |z —y[“a

< C[B(zo, ro)|*w(B(zo, 70)) [ fllB7moOg , (me)-
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By using again Proposition (a), and (3.5), for every 5 > 0, we get

/ sup /' OFWE (2, ) — Wiz — )| dyde
B(zo,r0) lz—y|>p(xo0)

0<t<8rg

To B
< C|B(zq,r —_—) .
= | ( 0 0)|<p(1'0))
By taking 8 = d(a+ p — 1) + pf it follows that
M (f3) < C|B(xo,70)|"w(B(zo, ro)) [l fllBmosg
We conclude that

My (fs) < C|B(xo,70)|"w(B(zo, m0)) |l Bmog , (R)-

(Re)-

We can write

My(f) < |B(xg,70)|ess sup sup
z,y€B(z0,r0) t>8p(x0)?

[ oW, 2) — o WE (. 2) ey
Rd

+ |B(zo,70)|ess sup sup
z,y€B(wo,70) 872 <t<8p(z0)?

=t Ma1(f) + M2a(f).
By using Proposition (b), for every 0 < & < dp, there exists C' > 0 such that

| [0 WE . 2) — W E () ()i
Rd

[ o wE (a,2) = ol WE () ()

§

r—y w(B(xg,r d(pta_1)1L20

<C <| \/i |> Hf”BMO(Zw(]Rd) ( p((eg_d)O))tz(er 1)+5 ,
. r?

for each t > 8p(x¢)? and z,y € B(wg,r0). Then,
Ma1(f) < C|B(xo,70)|*w(B(x0,70)) [ fllB7MOG |, (Re),

provided that 6 > d(p + o — 1) + p6.
On the other hand, we have that

’ / [tkéf” t (JJ, Z) tkaf”t (y, Z)]f(Z)dZ‘
R4
< ‘ /Rd [tkaf” t (Z‘v Z) - tkéf” t (y; Z)}(J (Z) - fB($07r0))dz

+] [ PO WE . 2) = O WE (1,21 )
=: Hy(2,y,t) + Hao(2,y,t), x,y € B(zo,70) and t € (8rF,8p(x0)?).
We get

sup  (Hi(z,y,t) + Ha(x,y,1)) < Cw(B(zo,70)re V|| f Iaios o)
r8<t§8p(m0)2 ,

We conclude that
Mas(f) < C|B(xo,70)|*w(B(x0,70)) fllBMOZ , (RY)-
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Thus,
Ms(f) < C|B(z0,70)|*w(B(z0,70)) I flBMOS (R4,

Low
and the proof is finished when k € N, k > 1.

In order to establish the result for £k = 0, that is, to see that the maximal
operator W£ is bounded from BMO?Z ,,(R%) into BLOg ,(R?), we can proceed as
in the proof of [51, Theorem 3.1]. We remark that the arguments in the proof of [51,
Theorem 3.1] can be adapted to establish that the maximal operator wE ’k, k e N,
k > 1, is bounded from BMO¢ ,(R?) into BLOZ ,,(R%) but we have preferred to

show that the procedure in section [3| also works for Wf’k, keN k>1.
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