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THE GREEN RING OF A FAMILY OF COPOINTED
HOPF ALGEBRAS

CRISTIAN VAY

ABSTRACT. The copointed liftings of the Fomin—Kirillov algebra FIC3 over
the algebra of functions on the symmetric group S3 were classified by An-
druskiewitsch and the author. We demonstrate here that those associated to
a generic parameter are Morita equivalent to the regular blocks of well-known
Hopf algebras: the Drinfeld doubles of the Taft algebras and the small quan-
tum groups ug(sl2). The indecomposable modules over these were classified
independently by Chen, Chari—-Premet and Suter. Consequently, we obtain
the indocomposable modules over the generic liftings of F/C3. We decompose
the tensor products between them into the direct sum of indecomposable mod-
ules. We then deduce a presentation by generators and relations of the Green
ring.

1. INTRODUCTION

The distinctive feature of a Hopf algebra, and source of its greatest applications,
is that its representations form a tensor category. Therefore it is natural to inves-
tigate the structure of the tensor products between its modules. This information
is encoded in the Green ring, which was first considered in the context of finite
groups by J. A. Green [I8]. This is the ring generated by the isomorphism classes
of modules with sum and product induced by the direct sum and tensor product of
modules. A first problem which arises is to compute the indecomposable summands
of the tensor product of two indecomposable modules.

In the present work, we address the above problem for the generic liftings of
the Fomin—Kirillov algebra FK3 over the algebra on functions of the symmetric
group S3. This is a certain infinite subfamily of the copointed Hopf algebras over
kS classified by Andruskiewitsch and the author in [3]. Moreover, we give a pre-
sentation by generators and relations of the Green ring.

Similar results are found in the literature, for instance, for: the small quantum
groups u,(slz) [20]; the Taft algebras [10], their generalized versions [12} 2] 22] and
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24 CRISTIAN VAY

their Drinfeld doubles [9] (13| 14} 25]; the (twisted) Drinfeld doubles of finite groups
[29, B0]; the non-semisimple Hopf algebras of dimension 8 [28]; the basic Hopf
algebras of finite representation type [19]; the Kac—Paljutkin type algebras [I1];
and the Wu-Liu-Ding algebras [33] B1], [32]. The major obstacles for dealing with
other Hopf algebras are that they usually are of infinite representation type and
the explicit computations of actions are too involved, as we can appreciate in some
partial results, e.g. [17, 23].

Let A be a generic copointed Hopf algebra over k% ; we precisely define it in
Section In order to achieve our goals, we first demonstrate that A is Morita
equivalent to every regular (i.e., non-simple) block of the Drinfeld double D(T},(¢))
of a Taft algebra and also to those of the small quantum groups u,(sly) with ¢* = ¢
a primitive n-th root of unity. As a direct consequence, we obtain the classifica-
tion of the indecomposable A-modules since the respective D(T,,(¢))-modules were
classified in [8], and independently in [5] [26] for u,(sls).

Theorem 1.1. The following list constitutes a complete set of mon-isomorphic
indecomposable A-modules.

(1) The simple modules € and L.

(2) The projective cover and injective hull P. and Py, of € and L, respectively.
(3) The syzygies and cosyzygy modules QF () and Q¥(L), k € Z\ {0}.

(4) The (k, k)-type modules My(e,t) and My(L,t), k € N and 0 #t € A/ ~.

In particular, A is of tame representation type.
We briefly describe the modules on the above list in Figure Some of them

were studied earlier in [4]. Here, € denotes the trivial one-dimensional module given
by the antipode. The reader can think of 2/~ as the projective line P*.

Py, P, M (e, t) L~L*
Lo e kL ex~e”
LE®e L LeL ke Pp =Py
L e P.~P:
sz+1(€) sz(g) Q2k+1(L) QQ"'(L) Q—k(a) ~ Qk(g)*
L20DL @ame L 204De @1l L) = QML)
(2k+1)e ok (2k+1)L ke My (L, t) =~ Mg(e, t)*

FIGURE 1. Loewy layers of some indecomposable modules; kM
denotes the direct sum of k € N copies of M. The remaining ones
can be deduced using the isomorphisms on the right-hand side.

Next, we calculate the indecomposable summands of every tensor product be-
tween indecomposable modules imitating the strategy of [9]. This is a case-by-case
analysis. We employ an inductive argument when tensoring with modules of the
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THE GREEN RING OF A FAMILY OF COPOINTED HOPF ALGEBRAS 25

infinite families. We also need to perform some explicit computations which we
carry out in GAP [I6] as we explain in Appendix These are very long and te-
dious calculations to do by hand; in the worst case we have to compute actions over
the tensor product of two modules of dimension 18. Once we have these decom-
positions, we are ready to present the Green ring of A by generators and relations
using standard arguments. Explicitly, we demonstrate the following.

Theorem 1.2. The Green ring of A is isomorphic to the commutative Z-algebra
generated by the elements A, p, w, @ and pg, for all k € N and t € A/ ~, subject
to the relations in Table [T Moreover, the set

B = {N, XNp, New* N&® N gy | i€ {0,1}, s,k €Nt € A/ ~}
is a Z-basis of the Green ring of A.

TABLE 1. Generators and relations of the Green ring of A

Li=[e] N:=[L] p:=[P] w:=[Q0e)] w:=[Q7e)] prt:=[Mg(e t)]

VkeN, te/~

Rel. 1 N =1+2p
Rel. 2 P2 =2p+2X\p
Rel. 3 wp =p+2Xp
Rel. 4 wp =p+2Xp
ww =14 10p

Pitp = kp + kAp

=
@

=
N

Photw = KAp + st
P, p@ = 3kp + Mg ¢

@D
—
ot
—_ D — DD D DT o —

P tlhjs = —2jkp + jkAp
Rel. 10)  prepje = —2(7 — Dkp+ (G — DEXp + purep + Aret
Vs, teA, stt,VjkeN k<j

~ o~~~ o~~~ o~~~
@
=
(=)

We emphasize that our results provide examples of non-quasitriangular Hopf
algebras [4, Proposition 30] with commutative Green ring, and these form an in-
finite family of non-isomorphic Morita equivalent Hopf algebras with isomorphic
Green ring (this does not necessarily imply that the representation categories are
monoidally equivalenﬂ but we were not able to see whether or not they are). More-
over, the categories of comodules of this family are monoidally equivalent to each

IEven in the semisimple case, see e.g. [27].
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26 CRISTIAN VAY

other [4, Proposition 29], and hence these Hopf algebras are cocycle deformations
of each other by [24, Corollary 5.9]. However, not all cocycle deformations of
these Hopf algebras are Morita equivalent. Indeed, the non-generic liftings of FKs
over k% are also cocycle deformations of the generic liftings but their represen-
tation categories are quite different; for instance, their blocks have three or six
simple modules, cf. [4]. We also observe that 4 is a spherical Hopf algebra and
the corresponding quotient category is monoidally equivalent to the category of
Cs x Z-graded finite-dimensional vector spaces, see Corollary

We conclude this introduction by comparing our work with Chen’s paper [9]
which describes the Green ring of D(T»(—1)). This Drinfeld double has two singu-
lar (i.e., simple) blocks and only one which is regular. The latter turns out to be
the representation category of a book Hopf algebra h [2]. Therefore h is Morita
equivalent to A4 and its indecomposable modules are classified as in Theorem [I.1
The two simple modules of h are one-dimensional, say L and the trivial one &.
Then L®L ~ & and tensoring with L induces an involution on the family of inde-
composable modules. Instead, our non-trivial simple module L is of dimension 5
and LQL ~ ¢ @ 4P;,. This projective summand is then propagated through the
remaining tensor products. This makes the computations more difficult than in [9].
It is like Rep A is a deformation of Rep h over the projective modules. It would be
interesting to develop a method to construct new tensor categories by deforming a
known one as it occurs in the present situation.

The article is organized as follows. In Section [2] we introduce the generic co-
pointed Hopf algebras over k. In Section [3, we prove that they are Morita equiva-
lent to every regular block of D(T,,(¢)) and u,(sl2), and describe their indecompos-
able modules in detail. The bulk of our work is in Section [} where we address the
tensor products of every pair of indecomposable modules and prove Theorem [1.2
In Appendix [A] we explain how we use GAP in our calculations.

2. THE FAMILY OF COPOINTED HOPF ALGEBRAS

We work over an algebraically closed field k of characteristic zero. Let k%8 be the
algebra of function on the symmetric group S3. We denote by d, the characteristic
function of g € Sg and by e the neutral element of S3. We recall that k5 is a Hopf
algebra where the comultiplication, antipode and counit of each J, are

A(Sg) = Y 0n®p-14, S(8) =041 and () = d,(e).
h€ESs

We define
A = {(a23), a(12), ¢(13)) € k* | a(23) + agi2) + aas) =0} . (2.1)

We will consider in %l the equivalence relation t ~ s < t = As for some \ € k*.
We fix a € 2 and, for each transposition (ij), we set

fij = Z (a(ij) — agq(ij)g)ég € kSs.

gE€S3
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THE GREEN RING OF A FAMILY OF COPOINTED HOPF ALGEBRAS 27

The Hopf algebra Ay defined in [3, Definition 3.4] is generated by z(12y, %(23),
x(13) and &, for all g € S3, subject to the relations
iy = Fijs OaT(i) = ij)0(inyg:  OaOh = dg(h)dg,
T(23)T(12) T T(13)ZT(23) T T(12)Z(13) = 0,
T(12)%(23) T T(23)T(13) + T(13)T(12) = 0

for all (ij),g,h € S3. The comultiplication, the antipode and the counit of each
generator x;;) are

Az ) = 23ij) @1 + Z sgn(h) S @Tp-1 (i),
h€ES3

SC(” Z Sgn ‘Thfl(ij)h (Sh—l(ij) and 5(1’(1])) =0.
heSs

The elements dg4, g € S3, generate a Hopf subalgebra isomorphic to kSs.
The dimension of Ay is 72 and the elements zd,, g € S3 and = € B, with

1, T3), L(13)T(12), L(13)L(12)T(13), L(13)L(12)T(23)T(12)>
B:= T(23), T(12)T(13), T(12)%(23)T(12)> ,
T12), L(23)T(12)s T(13)L(12)L(23)s
Z(12)T(23)

form a basis.
The following elements will play a distinguished role:

Ttop = T(13)T(12)T(23)T(12)> (2.2)
Tsoc 1= (=1 = 2a)(1 — a) — Tiop, (2.3)
Trt = —t12)T3)T(12) T 113)T(12)T(23), (2.4)
Teg 1= —t12)T(12)%(13) T L(13)T(23)T(12), (2.5)

where t = (t(gg),t(lg),t(lg)) e .

It holds that Aa) >~ A if and only if b = A(ag(23), ag(12), as(13)) for a permuta-
tion 6 of the transpositions and a non-zero scalar A, and this gives a classification
of the copointed Hopf algebras over k%, see [3, Theorem 3.5]. The representation
theory of A, depends on the number of scalars a(;;) which are equal, cf. [4]. In
the present work, we will study the generic case, i.e., when the three scalars are
different. Thus, without loss of generality, we will adopt the following convention.

Convention 2.1. We fix a € k\ {1, -5, —2} and set A := Aj(1,q,—1—4)].- From now
on, by ‘module’ we mean left A- module

3. THE CATEGORY OF A-MODULES

Here, we first recall from [4] the simple and projective modules. Using them we
prove the Morita equivalence announced in the introduction. Next, we describe in
detail the remaining indecomposable modules.
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28 CRISTIAN VAY

3.1. S3-degree. We will use the fact that any module M is by restriction a kS3-
module, or equivalently, an Sz-graded module. Explicitly, the homogeneous com-
ponent M[g] of degree g € S is the subspace of M spanned by the elements m € M
such that 5, - m = 85 (g) m. We point out that (M®N)[g] = ®pes, M[R]@N[h~1g].
We denote by k, the one-dimensional k%-module concentrated in degree g € Ss.

3.2. Simple modules. There are only two simple modules [4, Theorem 1]. By
abuse of notation, we denote by € the simple module determined by the counit.

We denote by L the non-trivial simple module. It is five-dimensional with basis
{vg | € # g € Sg}. The action of A is determined by

’ if _1
vg € Llg] and () vy = {U(”)g ifsen(g) =1, (3.1)

fij(9) viijyg  if sgn(g) = —1.
Clearly, the simple modules are self-dual:

e*~¢ and L*~ L.

3.3. Projective modules. Given g € Sz, we consider the induced module

M, := Indid, (k,) = A®ys; Ky
Equivalently, M, is the ideal Ad,. Thus, {zd, | € B} is a basis, dim M, = 12
and any morphism f : My — N is determined by its value on dg.

We can compute easily the Ss-degree of these basis elements. In fact, using
the commutation relations we see that x(;, ;) (,5,)09 € Mg[(i1j1) - - - (if1)g]. It
follows that dim(M[h]) = 2 for all h € Ss.

By [4, Lemma 7], My ~ M, if g # e # h. Moreover, by [4, Theorem 1],

PE = Me and PL = M(132)
are the projective covers and injective hulls of € and L, respectively. In particular,
soc(P.) = A (xopde) =~ € ~ top(P:) and
soc(Pr) = A+ (2s0cdr) ~ L ~ top(PL), where dp := d(132)-
The generators of the socles were given in [4, Lemmas 10 and 13]. It follows that
the projective modules are self-dual:

P*~P, and P;~Pr.
The following lemma will be useful.

Lemma 3.1. Let M be a module and m € M|g].

(1) If g = (132) and Tsoc - m # 0, then A-m =~ Py, is a direct summand of M.
(2) If g=e and xop - m # 0, then A-m ~ P, is a direct summand of M.

Proof. Since Pr, = M(139) is induced from k(;33), there exists a morphism F': Py, —
M such that F(dr) = m. As F(xs01) # 0, F is not zero in soc(Pr) which is
simple. Then F is a monomorphism and (1) follows because Py, is injective. The
proof of (2) is similar. O
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THE GREEN RING OF A FAMILY OF COPOINTED HOPF ALGEBRAS 29

3.4. Morita equivalence. Let D(T,,({)) be the Drinfeld double of a Taft algebra
T,.(¢) where ¢ is a primitive root of unity of order n > 2. Chen showed that
the blocks of D(T,(¢)) are arranged in two Morita equivalence classes: the class
of regular blocks and the class of singular ones [8, Proposition 3.1]. Moreover,
each regular block is Morita equivalent to any regular block of D(7,,(¢")) for any
m > 2 [8, Proposition 3.3]. The blocks of the Frobenius-Lusztig kernel ug(sls),
with ¢ = (, satisfy the same properties; see for instance [26, Section 5]. These
facts are proved in loc. cit. by computing the basic algebra of each block. More
precisely, the basic algebra corresponding to the regular blocks is the following.

Theorem 3.2 ([8 26]). The regular blocks of D(T,,(C)) and u,(slz) are Morita
equivalent to the algebra B generated by e;, u;, w;, with i € {1,2}, subject to the
relations

eiej = 0jje;, UIW1 = UsWa2, Wil = Wally,

€U; = U;€1 = Uqy, Wj€ = EQW; = Wy,

’UJZ2 = ij = UjUy; = W;W5; = UjW; = W;jU; = U;€2 = €1U; = €W; = W ;€1 = 0
for alli,j € {1,2} with i # j. It holds that dim B = 8. O

The case n = 2 has a peculiarity. Explicitly, D(T>(—1)) and u,(slz) has only
one regular block and it is closed under tensor products. This is a consequence of
B being a quotient of D(T5(—1)) and wu,(sl2) by a central group-like element as we
explain next. Instead, we point out that the regular blocks of D(T,,(¢)) and ug(slz)
for n > 2 are not closed under tensor products, cf. [6] [20].

Let h be the book Hopf algebra [2] generated by G, X and Y subject to the
relations G2 =1, X2 =Y2=0,GX = —XG, GY = -YG and XY =Y X, with
comultiplication

A(G) =GoG, AX)=X®G+18X, A(X)=Yel+GaY.

It turns out that B is isomorphic to h as an algebra by letting G = e; — es,
X =wu; —ws and Y = wy — ug. Thus, B inherits a Hopf algebra structure and we
have the following.

Proposition 3.3. Let g be a primitive root of unity of order 2 and Cy the cyclic
group of order 2. Then there exist central extensions of Hopf algebras

k = kCy — D(To(—-1)) > h =k and k= kCy — ug(sly) - h — k.

Moreover, the category of representations of h is monoidally equivalent to the reg-
ular block of both D(T2(—1)) and ug4(slz).

Proof. We recall that D(T5(—1)) is generated by a,b, ¢, d subject to the relations
ba = —ab, bd = —db, ca = —ac, dc = —cd, bc = cb, o> =d> =0, > = =1
and da + ad = 1 — be, where b and ¢ are group-like elements and a and d are
skew-primitive elements; see for instance [9, p. 1460]. Then the Hopf subalgebra
generated by be gives the desired extension.

In the case of u4(slz), this is generated by E, K, F subject to the relations

KY=1 KE = ¢*EK, KF = ¢ 2FK, K> =0 = F2 and EF — FE = K_K-1

q—q=t >
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30 CRISTIAN VAY

where K is a group-like element and E and F' are skew-primitive elements; see for
instance [26]. Then the desired extension is given by considering the element K2.

In consequence, these extensions give rise to monoidal functors from Reph to
Rep D(T2(—1)) and to Repugy(sls), respectively. It is not difficult to realize that
these functors are equivalences with the respective regular blocks. O

We can appreciate from the description of its simple and projective modules
that A has only one block. We next show that the corresponding basic algebra is
isomorphic to B.

Proposition 3.4. A is Morita equivalent to h and to the regular blocks of D(T,,({))
and ugq(sly) for any n > 2. In particular, the indecomposable A-modules are clas-

sified by Theorem [I.1]

Proof. Let P = P. ® Py, and let E := End4(P) be the basic algebra of A. We
denote by
<€1, P91, 92> < Hom 4 (M., M) Hom 4 (M., M(132)) >
fi, f2 e2, p2 HOIDA(M(132), Me) HOHIA(M(132)7 M(132))

the morphisms determined by

e ¢ =idy, and ex = idM(m).

o f1(0r) = z(12)T(13)0c and f2(dr) = 2 (23)7(12)0e-

® g1(0e) = $(13)$(12)5L and ga(de) = $(12)$(23)5L~

® P1 (66) = J. and p2(5L) = TsoclL-
These form a basis of E because

B ( Homys; (ke, M) Homys; (ke, M(132)) )
~ \Homys; (k(139), M) Homyes, (K(132), M(132))
and these Hom spaces are of dimension two, cf. Subsection (3.3
By a computation in GAP, we see that

e1 + ey =idp, e;e; = (5,’71'62‘, 1<4,5 <2,

fiee=ei1fi=fi, giex=e29i=9i, 9fi=0, figi=0, 1<i<2,

g2f1 =p2, q1fo=-p2, fa91=p1, fig2 = —p1;
it is enough to verify these equalities after evaluating in J, and ..

These are the same relations defining the basic algebra of D(T5(—1)) and hence

E ~ B, see [8, p. 2818]; notice that our convention for the composition of mor-
phisms is opposite to that in loc. cit. This proves the first part of the proposition.

Therefore the indecomposable modules over A are given by translating [8, Theo-
rem 3.12]. This is Theorem O

We will describe in detail the non-simple non-projective indecomposable mod-
ules listed on Theorem in the following subsections. We notice that every
indecomposable module M satisfies top(M) ~ M/soc(M). According to Chen,
we say that M is of (m,n)-type if soc(M) is the direct sum of n simple modules
and M/soc(M) is the direct sum of m simple modules. Given a module M and
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k € N, we will denote by kM the direct sum of k copies of M. We recall that a
Morita equivalence also preserves simple, indecomposable, injective and projective
modules, exact sequences, injective and projective resolutions.

3.5. The syzygy modules. We recall that the syzygy  is an endofunctor of
the stable category of modules. It is computed by taking the kernels of projective
covers. Here, 2%(g) and QF(L) shall denote certain representatives of the syzygy
applied iteratively to the simple modules € and L. They are defined inductively
using the minimal projective resolutions in [7, p. 772] as follows.

We set Q0(g) :=e. For k > 1, QF+1(¢) is determined by the exact sequence

0— Q1 (e) — (k+1)P. — Q¥(e) — 0 forkeven,  (3.2)
0 — Q" (e) — (k+1)Pp, — QF(e) — 0 for k odd. (3.3)
Equally, Q°(L) := L and, for k > 1, Q*¥*1(L) is determined by the exact sequence
0 — QML) — (k+ )P, — O5(L) — 0 for keven,  (3.4)
0— QL) — (k+1)P. — Q"(L) — 0 for k odd. (3.5)

Notice that Q(Q%(g)) ~ QF*1(e) and Q(QF(L)) ~ QF+1(L). These are the unique
(k4 1, k)-type modules. Moreover, the modules Q¥ (¢) and QF(L) are characterized
as the unique (up to isomorphism) indecomposable modules fitting in the exact
sequences

0— ke — Qe) — (k+1)L — 0 for k odd, (3.6)
0—kL— QFe) — (k+1)e — 0 for k even, (3.7)
0— kL — Q¥L) — (k+ 1) — 0 for k odd, (3.8)
0— ke — Q¥L) — (k+ 1)L — 0 for k even (3.9)

(see [7, Theorem 3.14]). We remark that the modules on the left- and right-hand
sides of the above sequences coincide with the socle and the top of the middle terms
by [7, Corollary 3.16].

3.6. The cosyzygy modules. The cosyzygy Q7! is also an endofunctor of the
stable category but it is calculated by taking the cokernels of injective hulls. By
[7, Theorem 3.14], Q= %(¢) and Q%(L) are the unique (k,k + 1)-type modules.
Moreover, by dualizing the exact sequences 7, we have that

O Fe) > (Q*(e))" and Q7F(L) =~ (Q*(L))"

for all k € N. We point out that Q27%(g) and Q7*(L) can be constructed using the

dual exact sequences of (3.2)—(3.5).
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32 CRISTIAN VAY

3.7. The (k,k)-type indecomposable modules. Let k € Nand 0 #t € 2[. We
choose t € 2 such that (tA(12)7tA(13)) and (t(12),t(13)) are linearly independent. In-
spired in [4, Definition 11] and [9, Lemmas 3.29-30], we define the module My (e, t)
as the vector space with basis {wf; | g €S3,1<¢<Ek} and action given by

wh € My(e,t)g] and (3.10)
0 if g=e,
£ wfi i) if g # e and sgn(g) = 1,
Tag) "W = " ¢ . -
Fia) (9) w(ijg if g # (ij) and sgn(g) = —1,

boif g = (ig)

for all g € Sg and 1 < ¢ < k. It is an straightforward computation to verify that
this definition respects the defining relations of A.

tigy wE A+ T(ijy wET

Proposition 3.5. The following statements hold:
(1) My(e,t) is a (k, k)-type indecomposable module fitting in the exact sequence
0 — ke — My(e,t) — kL — 0 (3.11)

forallk e N and 0 #t € 2.
(2) Any (k,k)-type indecomposable module with ke as socle is isomorphic to
My (e, t) for some 0 #t € .

(3) My(e,t) ~ My(e,t) if and only if t ~ t.
(4) The definition of My(e,t) does not depend on the election of t.
For all k € N and 0 £ t € 2, there exists an exact sequence
0 — M(e,t) — Myy1(e,t) — Mi(e,t) — 0. (3.12)

Moreover, any module fitting in such an exact sequence is isomorphic to
either My11(e,t) or My(e,t) @ My(e,t).

—
(9
~~

Proof. The modules M;(e,t) are exactly the modules introduced in [4, Defini-
tion 11] and hence, for k = 1, this proposition is [4, Lemmas 12 and 21].

We now consider the case k > 1. We begin by proving that My(e, t) is of (k, k)-
type. We can see from the very definition that ke is a submodule of soc M(e, t)
and [My(e,t) : ] = [My(e,t) : L] = k. Suppose there is a copy of L in the socle.
Thus, there would exist 0 # w € My(e,t)[(132)] such that (1) (23) - w = 0 by the
definition of L. Let us say w = Zif:l ayp wflSQ) with ay € k. Then

k k—1
ZT(12)%(23) - W = t(12) Z agwt + ;5\(12) Z py1 WS
=1 =1
k—1
= t(lg)akwf + Z (t(m)ag + t(lg)a5+1) U)ﬁ.
=1
If t(12) # 0, we see that ap = 0 and then deduce inductively that a; = 0 for all
1 < ¢ < k. Hence w = 0, a contradiction. If #(;5) = 0, then t(;3) should be non-zero
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and we get the same conclusion by considering (13)2(12) - w. Therefore My (e, t) is
of (k, k)-type.

We continue by showing that My(e, t) is indecomposable by induction on k. Let
us assume the contrary, i.e. that My(g,t) = N @ N is a direct sum of submodules.
We claim that w(1132) belongs to either N or N. In fact, let us assume that w(lm) =

n +n. Thus, there are scalars aq,...,a; such that
k
n = Zae w(132) €N and =(1-a) w(132 Zaz w(132
(=1
Hence
k k—1
T(12)T(23) - M = t(12) Zaz w, + t(12 ZW“ w, € N and
=1
k —
T(13)T(12) "N = t(ld) Z ay wﬁ + t(ld) Z api1 wﬁ € N.
=1 (=1

If le;ll apr1wt # 0, then 25:1 agw’ and Z;:ll ag+1 wt are linearly independent.
Since (tA(u),tA(lg)) and (t(12),t(13)) are also linearly independent, we deduce that
T(12)Z(23) - 1 and T(13)Z(12) - n are linearly independent as well. In particular, we
can infer that le;ll agr1wt € N. However, if we follow the same reasoning with
7 instead of m, we would also conclude that Zif:_ll arprwt € N As NN N =0,
it follows that Zf;ll ary1wt = 0 and hence either n = w(llgz) orm = w(1132), as
claimed. This completes the proof of our claim.

Without loss of generality we can assume that w(1132) € N. Hence the submodule
generated by w(1132) is contained in N, i.e., w; € N for all g € S3. In consequence,
we have the following isomorphisms:

My (e,t) /(A wii39)) = My_1(e,t) = N/(A- wfy39)) ® N.

By induction, it should hold either N =0 or N = A - w(1132). If N = 0, the proof
is complete. If N = A - w(1132), there is b € k such that w(2132) - bw(1132) € N. Then

T(12)%(23) * (w(2132) - bw(1132)) = tm)wi + (?(12) — t(12)b) w! € N and
T(13)T(12) * (w<2132> - bw<1132>) = tasyw? + (fas) —tasb) we € N.
Thus, the same reasoning of the above paragraph allows us to infer that w} . € N.
Therefore w! € N N N which contradicts our assumption My(e,t) = N & N. In
conclusion, Mj(e,t) is indecomposable and this finishes the proof of item (1) of the
proposition.

In order to prove the remaining items we first observe that the existence of the
exact sequence is immediate from the very definition. On the other hand,
we know by [7, p. 783] that there is a unique (up to isomorphism) indecomposable
module fitting in such an exact sequence. Moreover, [7, Theorem 4.16] states that
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any (k + 1,k + 1)-type indecomposable module with socle (k + 1)e is constructed
in this way. Thus, we see by induction that item (2) holds for all k£ > 1. Equally,
as item (3) holds for k£ =1, it does for k > 1 as well as item (4) by loc. cit. O

We now study the dual module My (L,t) := My(e,t)*. Let {@é | g €8s, 1<
¢ < k} be the basis of My (L,t) such that

(@, wh) = (=1)°9 5, (") 141 Yg,h€S3, 1 <1<k
The action of A on this basis is given by

w) € My(L.t)[g] and (3.13)
o o1
7j(ij)wfij) + 75(ij)w(z‘j)1 ifg=e,
PRV 7114 fai(9) mgij)g if g # e and sgn(g) = 1,
(i) Wy =1 . :
’ wfij)g if g # (i¢j) and sgn(g) = —1,
0 if g = (if)

for all g € S3 and 1 < ¢ < k. In fact, we have that
(i) - Wy wh) = (@, (i) - wh) = (@, — Y 580(0) T-1(ij)0 Fo-1 (i) - Wh)
o€ES3
= (W, sgn(h)Pn (1) Wheij) + SEn(h)an (i) Wiy
for certain scalars p(;;), and g, given by (3.10). This is not zero only for
(ij)g = h~! and either f =k — 1+ 1 or £ =k — (I — 1) + 1. Thus, (3.13) follows by
a case-by-case analysis which we leave to the reader.
We notice that My (L, t) is the module Wy (ke, L) of [4, Definition 14], although
there is a typo in loc. cit.
Proposition 3.6. The following statements hold:
(1) My(L,t) is a (k, k)-type indecomposable module fitting in the exact sequence
0 — kL — My(L,t) — ke — 0 (3.14)

forallk e N and 0 #t € 2.
(2) Any (k, k)-type indecomposable module with kL as socle is isomorphic to
My (L,t) for some 0 #t € 2.

(3) My(L,t) ~ My(L,t) if and only if t ~ t.
(4) The definition of My(L,t) does not depend on the election of t.
(5) For allk € N and 0 # t € 2, there exists an exact sequence
0 — My(L,t) — My41(L,t) — My (L,t) — 0. (3.15)
Moreover, any module fitting in such an exact sequence is isomorphic to
either My 1(L,t) or My(L,t) ® My(L,t).
Proof. Tt follows from Proposition by taking duals. O

We can infer the projective covers, the injective hulls, the syzygies and the
cosyzygies of the (k, k)-type indecomposable modules from the next result.
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Proposition 3.7. For allk € N and 0 # t € 2, we have the exact sequences

0 — My(L,t) — kP, — Mi(e,t) — 0 and (3.16)
0 — Mg(e,t) — kP. — My(L,t) — 0. (3.17)

Moreover, for k = 1, the image of the inclusions in the above exact sequences satisfy
Mi(L,t) ~ A (zp46r) C P, and Mi(e,t) ~ A- (z:40.) C P.

Proof. The first part is proved in [9], p. 1462]. We next prove the claims for k = 1.
By a computation in GAP, we see that the morphism P;, — M;(g,t) induced
by the assignment 07, — w(132) is an epimorphism and the element xy, 407, belongs
to the kernel. By the proof of [4, Lemma 15], we know that x ¢d; generates a
submodule isomorphic to M;(L,t). This proves My(L,t) ~ A- (z+6r) C Pr.
Similarly, one can show the other claim. We only note that the kernel of the
epimorphism P, — M;(L,t) induced by d. — W, contains z. +J. and this element
generates a submodule isomorphic to Mj (e, t) by the proof of [4, Lemma 12]. O

4. TENSOR PRODUCTS BETWEEN INDECOMPOSABLE MODULES

In the following subsections, we decompose the tensor product of every pair of
indecomposable modules into the direct sum of indecomposable modules. We then
prove our main result over the Green ring of A.

4.1. Preliminaries. We recall some well-known facts which are useful in the cal-
culus of tensor products. We will use them without an explicit mention.

First, tensoring and dualizing are exact functors. The tensor product with a
projective module is projective; see for instance [15].

Second, let M, N, P, @ be modules with P and @ projective, and hence injective,
forming the exact sequence

0—Med»P—F—N®Q—0.

Then, using the Krull-Schmidt theorem, it follows that E' ~ E®oPo @ for some
module F fitting in the exact sequence

0—M-—E—sN—0.

Lemma 4.1 ([9, Lemma 3.12]). Let {S1,S2} = {&, L} and M be an indecomposable
module such that M/soc M ~ kSy for some k > 1. If f : sPs, ®tPs, — M is an
epimorphism with s,t > 1, then s > k and Ker(f) ~ Q(M) & (s — k)Ps, ® tPs,.

Proof. Tt is exactly [9, Lemma 3.12] except for the claim that s > k, which follows
using that kPs, is the projective cover of M. O

In Appendix [A] we explain how we implemented our computations in GAP.
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4.2. The tensor product of L with itself. We have the following isomorphism:
LRL ~¢e® 2P, (4.1)

Indeed, the projective direct summand is generated by ni := v(13)®v(23) and
ng 1= v(12)®v(13). To prove this, according to Lemma we must calculate the
action of xg,. on them. By a computation in GAP, we see that

Tsoc -M1 = (2a° —a — 1) (v23)@V(12) — V12)@V(13) — (@ + 2)v(123)@V(123)) and
Tsoe - N2 = (20° + a — 2) (v(23)@V(12) — V(13)OV(23) — (2a + 1)v(125)@V(123)) -

These elements are non-zero as a # 1, —%, —2. Then Ny := A-ny and Ny := A-ny
are direct summands of L&®L isomorphic to P, by Lemma [3.1] Also, zgo - n1 and
Tsoc - Mo are clearly linearly independent and hence Ny N Ny = 0 because they
generate the socle of N7 and Ny. Therefore LAL = N1 & No ® N ~ 2P;, & N for
some submodule N. Since dim(L®L) = dim(2Pf,) + 1, N must be isomorphic to e
and is proved. We point out that IV is spanned by

a+2

U(23)®V(23) — V(12)®V(12) — V(13)®V(13)

20+ 1 a—1

— V(123)@V(132) T V(132) ®V(123)-
4.3. Tensoring by projectives. We will prove that
PrQL ~4P;, ® P. ~ LP;, and P.QL ~5P; ~ LRQP.. (4.2)

We begin by proving the first isomorphism. Let us apply —®L to the exact

sequence for k =1:
0— L®L e@®2P, — QUL)®L — 2e®L ~ 2L — 0.
Then Q(L)®L ~ 2P, & N for some module N of dimension 11. On the other hand,
we apply —®L to the exact sequence for k =0:
0— QUL)®L ~2P, & N — PL®L —>L®L5€B2PL — 0.
Then PL,®L ~ 4P, ® @ for some projective module @ such that
0—N—Q—¢—0.

Therefore Q ~ P. and the first isomorphism of (4.2)) follows. Notice that the same
proof runs for L®Pry,.

The proof of the third isomorphism of (4.2) is similar. We first apply —®L to
the exact sequence (3.6) for k£ = 1:

A1)
0 —e®L~L— Qe)®L ~2LRL = 2¢®4P, — 0.

Then Q(e)®L ~ 4P;, & N for some module N of dimension 7. Second, we apply
—®L to the exact sequence (3.2)) for k = 0:

0 — Qe)®L 24P, ® N — P.®L — e®L ~ L — 0.
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Then P.QL ~ 4Py, & @ for some projective module ) such that
0—N—Q—L—0.

Therefore @@ ~ Py, which proves the third isomorphism of (4.2)). Notice that the
same proof runs for L& P..

Remark 4.2. Let [M : L] and [M : ¢] denote the number of composition factors
isomorphic to L and e, respectively, of a module M. By induction on the length
of M, it is easy to see that

M@P, ~ PL@M ~ [M : LIP. ® (4{M : L]+ [M : ¢])P, and
M®P, ~ P.QM ~ [M : €]|P- ®5[M : L] Py.
4.4. Tensor products between syzygy modules. Let s,t € Z>o. Then

QO (L)@ (L) ~ QY(L)®Q5(L)

s(3t+2)Pr

stP. @ 2stPy,

stP. & 2(s+1)(t +1)Pp
(3s +2)tPyr,

~ Qs+t(€) D

Q*(L)2Q (e) ~ Q' (L)2Q5(¢)

stP, @ 2stPy,

s(3t +2)Pp,

(3s+2)tPy,

stP. ®2(t+1)(s+1)PL

~ QL) @

Q5 ()@ (e) ~ Q' (e)@0(e)

(35 + 2)tPy

stP. & 2(s+1)(t +1)Pp
stP, @ 2stPr,

(3t + 2)sPy,

~ QO (e) @

(4.3)
for s odd and t even,
for s odd and ¢ odd,
for s even and t even,

for s even and ¢ odd;

(4.4)
for s odd and t even,
for s odd and ¢ odd,
for s even and t even,

for s even and ¢ odd;

(4.5)
for s odd and t even,
for s odd and ¢ odd,
for s even and t even,

for s even and ¢ odd.

The demonstrations of these isomorphisms are by induction on s and t. We only

prove ({4.3)) since the remaining proofs are similar. We will compute Q*(L)®Q!(L).
We observe that our reasoning will rely on the isomorphisms in and therefore
Q5 (L)®OHL) ~ QYL)®Q*(L).

For s =t =0, this is . Next, we show the isomorphism for s+ 1 and ¢ = 0.
If s is even, we apply —®L to with £k = s. We obtain the exact sequence

@,

0—)Qs+1(L)®L—>(S+1)PL®L (s+1)PLEB(S+1)P5—>

L)L E Q%) B 2(s + 1)P, — 0.
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Then, by Lemma QY L)®RL ~ Q*Tl(e) @ 2(s + 1) Pp, as claimed. If s is odd,
we apply —®L to (3.5) with k = s and obtain the exact sequence

IH
0— QTN L)®L —(s +1)P.®L 5(s +1)Pp — Q¥ (L)®L ~ Q°() ® s2P, — 0.

Again, by Lemma QTHL)QL ~ Q5T () @ 2(s + 2) P, as claimed.

Now, with a similar strategy, we show the isomorphism for s € Z>o and ¢ + 1.
We apply Q°(L)®— to the exact sequences or , depending on the parity
of k =t, and use Lemma We must analyze four cases. First, if s is odd and ¢
is even, we have the exact sequence

0 — Q°(L)®Q" (L) —

o meit+)p " EED 5o )P e st +1)P —

IH
— Q¥(L)@O(L) ~ Q5 (e) @ s(3t +2) P, — 0.
Then Q°(L)@QH(L) ~ Q5T+ (e) @ s(t + 1) P. @ 2s(t + 1) Pr, as claimed. Second,

if s is even and t is even, we have
0 — Q (L)@ (L) —

o+ )p, R g i P @ (s - D+ )P —

L QND)RQ(L) Z Qo) @ stP. @ 2(s + 1)(t + 1) P — 0.
Then QF(L)@QTH(L) ~ Q*TtH1(e) & (35 + 2)(t + 1) Py, as claimed. Third, if s is

odd and t is odd, we have
0 — Q(L)QTHL) —

Remarkand 5 (
~ S

— QO (L)®(t + 1) P t+1)PL & (s+ 1)(t+1)P. —

— Q°(L)®0O(L) B Q5T (e) @ stP. @ 2stP, — 0.

Then Q°(L)@QVT(L) ~ Qs+t 1(e) @ s(3(t + 1) + 2) Py, as claimed. Finally, the
fourth case which we must consider is with s even and ¢ odd. We have
0 — Q(L)QTHL) —

— QS(L)®(t + 1)P5 Remark and 5(

s+ 1)(t+1)Pp @ s(t +1)P. —
L (D)D) R Q5 e) & (35 + 2)tP, — 0.

Then Q% (L)@QTH(L) ~ QT (e)@s(t+1)P-®2(s+1)((t+1) +1) Py, as claimed.
This concludes the double induction and hence (4.3) holds.

4.5. Tensor products between syzygies and cosyzygy modules. Let s,t €
Z>o. The next isomorphisms can be demonstrated by a double induction procedure
and following a strategy analogous to that used for showing (4.3)).
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Q*(L)eQ (L) ~ Q" (L)@ (L)

~ Q) @

(s+ 1)tP. & 2s(t+ 1)Py,
s(t+1)P. ®2s(t+1)PL
(3s+ 1)tPy,

s(3t+1)Pp

(s+1)(3t +2)Pp
(B3s+2)(t+1)Pg

(s+ 1)tP.-®2(s+ 1)tPy
s(t+1)P. ®2(s+ 1)tPL

(L)@ "(e) = QL)@ (e)

~ QL) @

(t+1)(3s+2)PL
Bt+2)(s+1)Pg
(t+1)sP.-®2(t+ 1)sPp,
t(s+1)P. ®2(t+1)sPL
(t+1)sP. ®2t(s +1)Pp
t(s+1)P. ®2(t+1)sPL
(3t +1)sPp

t(3s+1)Pr

()@ () ~ Q7 ()20 (e)

~ Qo) @

(
( 2
(s+1)
( 1
(

s
s(t+1)P. @ 2s

(s+1)tP.-®2(s+ 1)tPg,
s(t+1)P. ®2(s+ 1)ty

s+1)(3t +2)Py
)(t+1)Pp
(3t + 1)1y
)(t+1)Pp
)P @ 2s(t+ 1) Py,
1 (t+1)Pp

(4.6)
for s odd > t even,
for s odd < t even,
for s odd >t odd,
for s odd < t odd,
for s even >t even,
for s even < t even,
for s even >t odd,

for s even < t odd;

(4.7)
for t odd > s even,
for ¢t odd < s even,
for t odd > s odd,
for ¢t odd < s odd,
for t even > s even,
for ¢t even < s even,
for t even > s odd,

for ¢t even < s odd;

(4.8)

for s odd > t even,
for s odd < t even,
for s odd >t odd,

for s odd < t odd,

for s even >t even,
for s even < t even,
for s even > t odd,

for s even < t odd.

4.6. Tensor products between (k, k)-types modules and syzygies. The fol-
lowing isomorphisms hold for all s € Z>g, k € Nand t € 2:
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My (L, t)@Q°(L) ~ Q°(L)@My (L, t) (4.9)
My (e, t) @ (3s + 2)k Py for s even,
- {Mk(L, t) @ skP. ®2skPp  for s odd;

My (L, t)@0Q°(e) ~ Q°(e) @M (L, t) (4.10)
{Mk(L ,t) ® skP. @ 2skP;, for s even,

My (e,t) @ (3s + 2)k Py, for s odd;
My (e,£)@Q°(L) ~ Q°(L)@Mj (e, t) (4.11)
k(L,t) ® skP. ®2(s+ 1)kP, for s even,
- {Mk(s,t) ® 3skPr, for s odd;
My (g,£)0Q%(e) =~ Q°(e)@My (e, t) (4.12)
My (e,t) ® 3sk Py, for s even,
- {Mk(s,t) ® skP. ®2(s+ 1)kPr, for s odd.

We will prove (4.9) and (4.11)). The proof of (4.10) and (4.12) is analogous. We

begin by computing the indecomposable summands of My (L, t)®L and My (e, t)®L
by induction on k; recall that Q°(L) = L. For k = 1, we claim that the submodule
N=A -wc M(L,t)®L, where

t
W = WeQV(132) — W(23)QV(12) + ﬁ@(m)@v(m),

13
a+2
is isomorphic to M (e, t). Indeed, the morphism f : P, — M;(L, t)®L, induced by
0z, — w, satisfies that dimIm(f) = 6 and x ¢d; € Ker(f); we verify this through
a computation in GAP. Hence N ~ M (e, t) as a consequence of Proposition
On the other hand, by applying —®L to , we deduce that 2Py, is a direct
summand of M;(L,t)®L. Since soc(2P) = 2L and soc(N) = ¢, we conclude that

Ml(L7t>®L ~ Ml(E,t) D 2PL

by a dimensional argument. Now, if we apply —®L to this isomorphism, we obtain

4.2
(M1 (L, t)®L) ®L ~ M (e,t)®L & 2PL®L M (e, t)®L @ 8P, & 2P.

~ My (L, t)® (L®L) =

14.2)
Mi(L,t) ® 10P;, & 2P.

Ml(L t) ® 2My (L, )Py

and hence the Krull-Schmidt theorem implies that
M1(€,t)®L ~ Ml(L,t) D 2PL
We have proved (4.9) and (4.11)) for Kk = 1 and s = 0.
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Let us continue with the inductive step. We assume that the decompositions of

My (L, t)®L and My (e,t)®L in (4.9) and (4.11)) hold for k. Then, tensoring (3.15))

with L, we get the exact sequence
0 — Mi(e,t) ® 2P, — M1 (L, t)QL — My(e,t) ® 2kPr, — 0.
Hence My1(L,t)®L ~ N @ 2(k + 1)Py, with N fitting in the exact sequence
0 — Mi(e,t) — N — Mi(e,t) — 0.

By Proposition N >~ Mpi1(g,t) or N >~ M(e,t) ® My(e,t). Suppose that the
second isomorphism holds. We compute M1 (L, t)QL®L in two ways:

IH
(Miy1(L,t)®L) ®L = My (L,t) ® My(L,t) ® Py

~ Myt (L, )@ (LOL) = Mysr (L, t) @ Po;

here P, and P, denote certain projective modules. By the Krull-Schmidt theorem,
the above isomorphisms cannot be possible. Therefore N ~ Mj11(e,t) and hence
M1 (L, t)QL ~ My11(e,t) ® 2(k + 1) P,. Now, by applying —®L to this isomor-
phism, we can deduce that My1(g,t)QL ~ My1(L,t) @ 2(k + 1) P, by arguing
as in the case k = 1. This completes the proof of the inductive step.

Summarizing, we have computed the indecomposable summands of the tensor
products My (L, t)®@Q°(L) and My (e, t)®Q°(L) for all Kk € N and s = 0. The
indecomposable summands for s > 0 can be found by induction on s, in a similar
way to the proof of . We leave it for the reader.

In order to finish the proof of and we must calculate the indecom-
posable summand of Q°*(L)@My(L,t) and Q°(L)®@Mj(e,t). This can be made as
we have proceed above. We leave it for the reader. We only observe that

t13 _ t12
SRR R —

generates a direct summand of Q°(L)®M;(L,t) isomorphic to M (e, t).

V(132) QWe — a V(13) QW (23)

4.7. Tensor products between (k,k)-types modules. The following isomor-
phisms hold for all k,j € N and t,s € 2. Let us set ¢ := min{j, k}:

My, (L, t)®M;(L,s) ~ M;(L,s)©Mj(L,t) (4.13)
2jkPp, & jkP. ift s,
- {Mi(s,t)@Mi(L,t)@ijPLEB(jk—i)PE if t ~s;
Mi(L,s)®M,(e,t) ~ M;(e, t)@My(L,s) (4.14)
3k Py, ift s,
- {Mi(at) & M;(L,t) ® (3jk —i)Pp ift ~s;
M (e, t)®@M;(e,8) ~ Mj(e,s)@My(e, t) (4.15)
2jkPr, ® jkP- if t s,
- {Mi(g,t) & Mi(L,t) @ 2jkPy @ (jk —i)P. if t ~s.
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4.7.1. Proof for the case t 4 s. We demonstrate first by double induction.
For k =1 = j, we see that M;(L,t)®@M;(L,s) has 2P, as a direct summand, by
tensoring with M (L,s) and using for s = 0. On the other hand, a
computation in GAP allows us to verify that

Tiop - (We@We) = (ta12)5(13) — t13)5(12)) (W(123) OW(132) — W(132) OW(123)
(20 + 1)W(23) QW (23) — (a + 2)W(12)@W(12) — (@ — 1)W(13)QW(13)),
where t = (t(23), t(12), t(13)) and s = (5(23), S(12), S(13)). Thus Tep - (We@We) # 0 as

t % s. Then P is a direct summand of M (L, t)®M;(L,s) by Lemma [3.1] Putting
all together and by a dimensional argument, we get (4.13)) for k = 1 = j. Explicitly,

Ml(L,t)®M1(L,S) =~ 2PL D PE.

We continue by proving (4.13]) for £+ 1 and j = 1 assuming that it holds for &k
and j = 1. Tensoring the exact sequence (3.15) by M;(L,s), we get

0— 2P, ® P. — My1(L,t)@M;(L,s) — 2kP;, ® kP. — 0

thanks to the inductive hypothesis. Therefore the middle term must obey (4.13).
Finally, we prove (4.13) for k£ and j + 1 assuming that it holds for k£ and j. We
apply My (L,t)®— to the exact sequence (3.15]), with j instead of k, and obtain

0 — 2kPp & kP. — My(L,t)@M;1(L,s) — 2kjPr & kjP. — 0.
As above, the middle term must obey (4.13)). This completes the double induction
proof for (4.13); we notice that My, (L, t)@M;(L,s) ~ M;(L,s)®My(L,t) because

our arguments hold for all k,j7 € N and t,s € 2.
Now, we demonstrate (4.14]) for t % s. We apply —®@My(L,s) to the exact

sequence (3.17) and get

0 — M;(e,t)®My(L,s) — 5jkPr & jkP. — 2jkPr, & jkP. — 0;
the middle term is due to Remark [£:2]and the term on the right-hand side is due to
(4.13). Therefore M;(e,t)®@My(L,s) decomposes as in (4.14) and the same holds
for My, (L,s)®@M;(e,t) because the tensor products in Remark and (4.13]) are
commutative.

Finally, we note that the isomorphism (4.15)) for t % s follows by dualizing
@ 13). O

4.7.2. Proof for the case t ~ s. We can assume t = s. We prove first the decom-
position of My (L,t)®@M;(e,t) for j > k given in (4.14]).
By the Morita equivalence and [9] Lemma 3.28], there exists an exact sequence

0 — Mp(L,t) — N —e—0
with N ~ QF(L) for k odd, N ~ Q¥ (e) otherwise. Tensoring by M;(e,t), we get
0 — My (L, t)®M;(s,t) —

-
EDED 1r (e, 6)

— N@M;(e, t) ® 3jkPr, — M;(e,t) — 0.
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Let N be a submodule of My (L,t)®M;(e,t) isomorphic to M;(e,t), which exists
by Lemma see below. As ¢ is a monomorphism, ((N) ~ N ~ M;(e,t). By
observing the socles, we conclude that «(N) N (3jkPr) = 0 and hence the above
exact sequence looks as follows:
0 — My(L,t)@M;(e,t) — 1(N) @ 3jkPr, — M;(e,t) — 0.
Since 7ot = 0, the restriction m3;1p, : 3jkPL — M;(e,t) is an epimorphism. By
Lemmaand Proposition we have that ker(m3;,p, ) ~ My(L,t)®(3j—1)kPy.
Therefore
Mk(L,t)®Mj(€,t) ~ Mj(&,t) ] Mj(E,t) 5> (3] - ].)kPL

as we wanted.

The proof for k > j is analogous but it starts with an exact sequence involving
M;(e,t) to which we apply My (L,t)®—.

Now, we can deduce (4.15) from (4.14)) by applying L®—. In fact, by the for-
mulas of the above subsections we have

L& (M (L, t)@M;(e,t)) ~ M;(e,t) & M;(L,t) ® 12jkPr, & (3jk — i) P.
and, on the other hand, we get
(L&My (L, t))@M;(e,t) ~ My(e, t)@M;(e, ) ® 10jkP & 2jkP-.

By the associative property, the right-hand side of both isomorphisms are iso-
morphic and hence holds due to the Krull-Schmidt theorem; notice that
k and j do not play any role in our reasoning and then Mj(e,t)@My(e,t) ~
Mk(é,t)(@Mj(&‘,t).

The isomorphism in (4.14]) follows by applying —®L to (4.15]) and arguing as in
the above paragraph.

Finally, the isomorphism (4.13]) for t ~ s follows by dualizing (4.15]). O

Lemma 4.3. If | < j, k, then My(L,t)®M;j(e,t) has a submodule isomorphic to
Ml(é,t).

Proof. We introduce the following elements in My (L, t)®M, (e, t):
A ¢ —i ‘ i ‘
Qip *= W QW + W (93)@W(a3) + W(12)BW(19) + W(13)OW(13)
—i ‘ —i ‘
— W(123)@W(139) — W(132)@W(123),
tas) f(m) -

i o 0
bie = WeRW(139) — o+ 2w(23)®w(12) 1w(12)®w(13)

tas) t12)
+2w<23>®“’<12> P02y

for all 1 <4,/ < j,k. By a computation in GAPEL we see that

Tolip = t( ®’LU —w ®w€ 1)7

Cie = —

2We compute in GAP the action of z, on ay,2, a3 and a1 in M3(L,t)®Ms(e,t). This is
enough to deduce the action for all ¢ and ¢ because the action of z, on !, and wﬁ depends only

g
on the elements Eg, Eéfl, wf; and wgfl, We do the same for b; , and ¢; 4.
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Ta2)T(23)bie = taz)aie + a2) (@i@wﬁ*l + @1&1—21)®wf12)>
A at—1 14 —i—1 0
~tes) (w(23)®w(23) - w(123)®w(132))’
Ta3Tazbie = tas e +ias (Eé@w?l + w§;31)®w513)>

I S —— ¢
—t12) (wz12)®w(12) - w(123)®w(132)>,

T(12)%(23)Ci¢ = t(12) (ﬁf13)®w€13) - w%132)®w€123))

- %\(13) (@223)@)11}?23) - @2123)@’"‘“{132))7
T(13)T(12)¢0e = t13) <@%23)®w€23) - @2132)®wf123))

—tas) (wél2)®w€12) - w§123)®wf132))

for all 1 <1¢,¢ < j,k and transposition o; the summands corresponding to i — 1 =
0 = ¢ — 1 must be omitted.
Finally, for £ <1 < j, k, we set

¢ ¢ -1
0._ -
W= @i, Wligg) = O bicii+ D i,
=1 i=1 =1

mf%) = “7(13)‘”%132)7 mfu) = x(gg)mf132), m€13) = $(12)m€132)a
¢ 1 ¢
W(123) = 7 T g L (12)(13)0(132)-

Using the above formulas and the defining relations of A, we can see that the action
of z, on the elements mg obeys the recipe ((3.10]). Therefore {m_f; lgeSs, 1 <<}
spans a submodule isomorphic to M;(e, t). O

4.8. Tensor products between cosyzygy modules. These tensor products can
be calculated by dualizing the isomorphism of Subsection [£.4]

4.9. Tensor products between (k, k)-types modules and cosyzygies. These
tensor products can be calculated by dualizing the isomorphisms of Subsection [£.6]

4.10. The Green ring of A. By definition, this ring is generated by the isomor-
phism classes of modules with operations [M] + [N] = [M @& N] and [M] - [N] =
[M®N], where [M] and [N] denote the respective isomorphism classes of the mod-
ules M and N. For k € N and t € 2/ ~, we recall that

1:=], A:=][L], p:=[P], w:=[Q%e)], w:= [Q_1<8)], pit = [My(e, t)].

Proof of Theorem [I.2] In the previous subsections we have seen that the tensor
products between indecomposable modules satisfy M®N ~ N®M. Then the
Green ring of A is commutative. Let Z[\, p] denote the Z-subalgebra generated by
A and p. The following facts are also deduced from those subsections:
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[P]=Ap—4p by [@2),
[Q%(e)] € w* @2y Z[A, plw’ by and induction in s,
[Q%(L)] € \w® @523 Z[\, plw’ by and the above one,
07 (e)
[Q7%(L)] € \&® @5=3 Z[\, pJ@’ by dual arguments to the above ones,
[My(L,t)] = —2kp + Ak by

for all s,k € N and t € 2. These imply that B forms a Z-basis of the Green ring
of A since the classes of the indecomposable modules do so. In particular, the
elements A, p, w, @, and p ¢ generate the Green ring of A as a Z-algebra.

Let us prove that the relations in Table [[ hold. Relations (Rel. 1) and (Rel. 5)
follow from and (4.8] . By . ) and Remark [4.2] we know that P.]l=Xp—4p
and p? [P] + 10p. These imply (Rel. 2); Rel Rel. 3)) and ( are deduced
similarly. (Rel. 6)—(Rel. 10) follow from the isomorphisms in Subsections

Now, we have an epimorphism from the commutative Z-algebra R presented
by generators and relations as in the statement over the Green ring of A. In
order to show the isomorphism it is enough to prove that R is the Z-span of the
corresponding elements of B; notice that this set is linearly independent over Z
because it projects over a Z-basis. We leave it for the reader to verify that every
element

=
]
]
| €@ @525 Z[\, p]@’ by dual arguments to the above ones,
]
I =

niy N2, N3-—N4 ng
AT PP Mk5t5 MkeyteeR

can be expressed as a linear combination of elements in B using the relations. O

4.11. Semisimplification of Rep.A. The element y = desa
lutory pivot of A [4, Proposition 30]. Therefore A is a spherical Hopf algebra and
we can form the quotient category Rep.A which is a semisimple tensor category.
We refer to [I] for details on this matter.

sgn(g)dy is an invo-

Corollary 4.4. Let I" denote the group Co X Z. Then Rep A is monoidally equiv-
alent to the category of I'-graded finite-dimensional vector spaces.

Proof. The simple objects in Rep A are the classes of indecomposable modules with
non-zero quantum dimension. The quantum dimension of a module is the trace of
the action of the pivot x. Therefore only the simple and the (co)syzygies modules
survive in Rep A. Let ¢ and z be generators of Cy and Z, respectively. The functor
F : RepA — vect! induced by F(L) = k., F(Q(¢e)) = k., F(Q7(e)) = k.1,
F(Q(L)) = ke, and F(Q (L)) = k.1 gives the desired equivalence thanks to
Theorem O

APPENDIX A. ON THE COMPUTATIONS IN GAP

We set as underlying field F = Q(a, t12,t13,s12,513), the function field over
the rationals in 5 indeterminates. The first indeterminate represents the scalar
involved in the definition of A = A 4,—1,—a). Thus, the computations hold for
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any scalar a except for 1, f%, —2. The remaining indeterminates stand for the
parameters defining the (k, k)-types modules.

Let M be an A-module of dimension m with matrix representation gp; : A —
Mat,,xm (F). In order to calculate the action of x € A over m € M in GAP, we
construct the matrices ons((;;)) and oar(dy) of all the generators of A in a suitable
basis of M. Then the image of gps is constructed in GAP using the command
AlgebraWithOne and the above matrices. The elements of M are represented by
m-uples and the command LeftAlgebraModule allows us to calculate z - m. We
next explain how we have constructed the matrix representation of the generators.

A.1. Matrix representation of L. We use the basis and formula in (3.1).

A.2. Matrix representation of tensor products. We use the formulas of the
comultiplication given in Section [2| since onprgn () = onm(z(1))®on (7(2)). We re-
call that the command KroneckerProduct builds up the tensor product of vector
spaces.

A.3. Matrix representation of Pj. By Subsection f.2] we know that P, is
isomorphic to the submodule generated by n; € L®L. Thus, the command
SubAlgebraModule allows us to work with P, as a submodule of L&L. In particu-
lar, we can consider the basis {x-ny | € B} of P. Then, we construct the matrix
representation of the generators using the command MatrixOfAction. Of course,
one can construct these matrices by hand using the formulas [4, (19)-(52)] but it
is more tedious.

A.4. Matrix representation of P.. We proceed as for Pr,. We use that P. is
a submodule of L&P;, by Subsection [I.3] A computation in GAP shows that
V(123)®01, € LOPL generates such a submodule.

A.5. Matrix representation of the (k,k)-types modules. We use the bases
and formulas in and . The elements (t(23),t(12),t(13)) and (%\(23)71?(12),
tA(lg)) € 2 are represented by (—t12 — t13,t12,t13) and (—s12 — 513,512, 513),
respectively. For our purposes, it is enough to make calculations for k£ € {1,2,3}

because the action of x(;;) on the basis elements Eﬁ and wg depends only on the

elements Eg, Effl, w and w_f;’l.

In Subsection we carry out computations in M (L,t)®@M;(L,s) with
t o4 s. Then we use (—t12 — t13,t12,t13) in the representation of M;(L,t)
and (—s12 — s13,s12,s13) in the representation of M;(L,s) since, for k = 1, the

element (tA(gg) , %\(12) , %\(13)) does not play any role in the definitions of these modules.

Acknowledgments. I thank Nicoldas Andruskiewitsch for the stimulating discus-
sions; Corollary [£.4] answers a question asked by him. I am grateful to the referee
for his/her interesting comments and suggestions. I thank Martin Mombelli for
pointing out the reference [27].

Rev. Un. Mat. Argentina, Vol. 68, No. 1 (2025)



(1]

2]

(3]

4]
5]
]
)
)
9

[10]

[11]

[12]

(13]

(14]

(15]

(16]
(17]
(18]

(19]

THE GREEN RING OF A FAMILY OF COPOINTED HOPF ALGEBRAS 47

REFERENCES

N. ANDRUSKIEWITSCH, I. ANGIONO, A. GARCIA IGLESIAS, B. TORRECILLAS, and C. VAY, From
Hopf algebras to tensor categories, in Conformal field theories and tensor categories, Math.
Lect. Peking Univ., Springer, Heidelberg, 2014, pp. 1-31. DOI| MR || Zbl

N. ANDRUSKIEWITSCH and H.-J. SCHNEIDER, Hopf algebras of order p? and braided Hopf
algebras of order p, J. Algebra 199 no. 2 (1998), 430-454. DOI| MR | Zbl

N. ANDRUSKIEWITSCH and C. VAy, Finite dimensional Hopf algebras over the dual group
algebra of the symmetric group in three letters, Comm. Algebra 39 no. 12 (2011), 4507—
4517.[DOII IMR/ [Zbl

N. ANDRUSKIEWITSCH and C. VAY, On a family of Hopf algebras of dimension 72, Bull. Belg.
Math. Soc. Simon Stevin 19 no. 3 (2012), 415-443.| DOI| MR/||Zbl

V. CHARI and A. PREMET, Indecomposable restricted representations of quantum sla, Publ.
Res. Inst. Math. Sci. 30 no. 2 (1994), 335-352. DOI MR | Zbl

H.-X. CHEN, Irreducible representations of a class of quantum doubles, J. Algebra 225 no. 1
(2000), 391-409. DOI|| MR Zbl

H.-X. CHEN, Finite-dimensional representations of a quantum double, J. Algebra 251 no. 2
(2002), 751-789. DOI| MR | Zbl

H.-X. CHEN, Representations of a class of Drinfeld’s doubles, Comm. Algebra 33 no. 8 (2005),
2809-2825. [DOIL! IMR.! [ Zbl

H.-X. CHEN, The Green ring of Drinfeld double D(Hy), Algebr. Represent. Theory 17 no. 5
(2014), 1457-1483. /[DOI| [MR| | Zbl

H. CHEN, F. VAN OYSTAEYEN, and Y. ZHANG, The Green rings of Taft algebras, Proc. Amer.
Math. Soc. 142 no. 3 (2014), 765-775. | DOI| MR /||Zbl

J. CHEN, S. YANG, and D. WANG, Grothendieck rings of a class of Hopf algebras of Kac—
Paljutkin type, Front. Math. China 16 no. 1 (2021), 29-47. DOI MR/ | Zbl

C. CIBILS, A quiver quantum group, Comm. Math. Phys. 157 no. 3 (1993), 459-477. MR
Zbl| Available at http://projecteuclid.org/euclid.cmp/1104254018|

K. ErpMANN, E. L. GREEN, N. SNASHALL, and R. TAILLEFER, Representation theory of
the Drinfeld doubles of a family of Hopf algebras, J. Pure Appl. Algebra 204 no. 2 (2006),
413-454.DOI! IMR/ [Zbl

K. ERDMANN, E. L. GREEN, N. SNASHALL, and R. TAILLEFER, Stable green ring of the Drin-
feld doubles of the generalised Taft algebras (corrections and new results), Algebr. Represent.
Theory 22 no. 4 (2019), 757-783.|DOI| MR/ | Zbl

P. ETINGOF, S. GELAKI, D. NIKSHYCH, and V. OSTRIK, Tensor categories, Mathematical
Surveys and Monographs 205, American Mathematical Society, Providence, RI, 2015. DOI
MR, [ Zbl

The GAP Group, GAP - Groups, Algorithms, and Programming, Version 4.12.0, 2022.
Available at https://www.gap-system.org,

A. GARCiA IGLESIAS, Representations of finite dimensional pointed Hopf algebras over Ss,
Rev. Un. Mat. Argentina 51 no. 1 (2010), 51-77. MR| Zbl

J. A. GREEN, The modular representation algebra of a finite group, Iilinois J. Math. 6 (1962),
607-619.  DOI! IMR/|[Zbl

H.-L. HuaNG, F. VAN OYSTAEYEN, Y. YANG, and Y. ZHANG, The Green rings of pointed
tensor categories of finite type, J. Pure Appl. Algebra 218 no. 2 (2014), 333-342. DOI MR
Zbl

Rev. Un. Mat. Argentina, Vol. 68, No. 1 (2025)


https://doi.org/10.1007/978-3-642-39383-9_1
http://www.ams.org/mathscinet-getitem?mr=3585364
https://zbmath.org/?q=an:1319.16024
https://doi.org/10.1006/jabr.1997.7175
http://www.ams.org/mathscinet-getitem?mr=1489920
https://zbmath.org/?q=an:0899.16019
https://doi.org/10.1080/00927872.2011.616429
http://www.ams.org/mathscinet-getitem?mr=2863448
https://zbmath.org/?q=an:1247.16022
https://doi.org/10.36045/bbms/1347642374
http://www.ams.org/mathscinet-getitem?mr=3027352
https://zbmath.org/?q=an:1282.16036
https://doi.org/10.2977/prims/1195166137
http://www.ams.org/mathscinet-getitem?mr=1265478
https://zbmath.org/?q=an:0816.17007
https://doi.org/10.1006/jabr.1999.8135
http://www.ams.org/mathscinet-getitem?mr=1743667
https://zbmath.org/?q=an:0952.16032
https://doi.org/10.1006/jabr.2002.9144
http://www.ams.org/mathscinet-getitem?mr=1919152
https://zbmath.org/?q=an:1019.16025
https://doi.org/10.1081/AGB-200065383
http://www.ams.org/mathscinet-getitem?mr=2159507
https://zbmath.org/?q=an:1081.16039
https://doi.org/10.1007/s10468-013-9456-5
http://www.ams.org/mathscinet-getitem?mr=3260906
https://zbmath.org/?q=an:1309.16020
https://doi.org/10.1090/S0002-9939-2013-11823-X
http://www.ams.org/mathscinet-getitem?mr=3148512
https://zbmath.org/?q=an:1309.16021
https://doi.org/10.1007/s11464-021-0893-x
http://www.ams.org/mathscinet-getitem?mr=4227177
https://zbmath.org/?q=an:1482.16049
http://www.ams.org/mathscinet-getitem?mr=1243707
https://zbmath.org/?q=an:0806.16039
http://projecteuclid.org/euclid.cmp/1104254018
https://doi.org/10.1016/j.jpaa.2005.05.003
http://www.ams.org/mathscinet-getitem?mr=2184820
https://zbmath.org/?q=an:1090.16015
https://doi.org/10.1007/s10468-018-9797-1
http://www.ams.org/mathscinet-getitem?mr=3985139
https://zbmath.org/?q=an:1464.17019
https://doi.org/10.1090/surv/205
http://www.ams.org/mathscinet-getitem?mr=3242743
https://zbmath.org/?q=an:1365.18001
https://www.gap-system.org
http://www.ams.org/mathscinet-getitem?mr=2681259
https://zbmath.org/?q=an:1218.16019
https://doi.org/10.1215/ijm/1255632708
http://www.ams.org/mathscinet-getitem?mr=141709
https://zbmath.org/?q=an:0131.26401
https://doi.org/10.1016/j.jpaa.2013.06.005
http://www.ams.org/mathscinet-getitem?mr=3120634
https://zbmath.org/?q=an:1286.19001

48

(20]

(21]

(22]

(23]

[24]
[25]
[26]
[27]

28]

[29]
[30]
[31]
[32]

(33]

CRISTIAN VAY

H. KonDO and Y. SAITO, Indecomposable decomposition of tensor products of modules over
the restricted quantum universal enveloping algebra associated to sla, J. Algebra 330 (2011),
103-129. DOI! /MR [Zbl

L. Ltand Y. ZHANG, The Green rings of the generalized Taft Hopf algebras, in Hopf algebras
and tensor categories, Contemp. Math. 585, American Mathematical Society, Providence,
RI, 2013, pp. 275-288.|DOI| MR | | Zbl

Y. L1 and N. Hu, The Green rings of the 2-rank Taft algebra and its two relatives twisted,
J. Algebra 410 (2014), 1-35. DOI| MR | Zbl

B. POGORELSKY and C. VAY, On the representation theory of the Drinfeld double of the
Fomin—Kirillov algebra FK3, Algebr. Represent. Theory 22 no. 6 (2019), 1399-1426. DOI
MR Zbl

P. SCHAUENBURG, Hopf bi-Galois extensions, Comm. Algebra 24 no. 12 (1996), 3797-3825.
DOI! IMR/ | Zbl

H. Sun, H. S. E. MoHAMMED, W. LIN, and H.-X. CHEN, Green rings of Drinfeld doubles of
Taft algebras, Comm. Algebra 48 no. 9 (2020), 3933-3947. DOI| MR/ Zbl

R. SUTER, Modules over U4 (sl2), Comm. Math. Phys. 163 no. 2 (1994), 359-393. MR ||Zbl
Available at http://projecteuclid.org/euclid.cmp/1104270468.

D. TAMBARA and S. YAMAGAMI, Tensor categories with fusion rules of self-duality for finite
abelian groups, J. Algebra 209 no. 2 (1998), 692-707. DOI| MR /||Zbl

M. Wakul, On representation rings of non-semisimple Hopf algebras of low dimension (Japan-
ese), in Proceedings of the 35th Symposium on Ring Theory and Representation Theory
(Okayama, 2002), Organization Committee of the Conference, Okayama, 2003, pp. 9-14.
MR

S. J. WITHERSPOON, The representation ring of the quantum double of a finite group, J. Al-
gebra 179 no. 1 (1996), 305-329. DOI| MR Zbl

S. J. WITHERSPOON, The representation ring of the twisted quantum double of a finite group,
Canad. J. Math. 48 no. 6 (1996), 1324-1338. DOI MR | Zbl

R. YANG and S. YANG, The Grothendieck rings of Wu—Liu-Ding algebras and their Casimir
numbers (II), Comm. Algebra 49 no. 5 (2021), 2041-2073. | DOI| MR/| Zbl

R. YANG and S. YANG, Representations of a non-pointed Hopf algebra, AIMS Math. 6 no. 10
(2021), 10523-10539. | DOI' 'MR/| | Zbl

R. YANG and S. YANG, The Grothendieck rings of Wu-Liu-Ding algebras and their Casimir
numbers (I), J. Algebra Appl. 21 no. 9 (2022), article no. 2250178, 28 pp. DOI |MR || Zbl

Cristian Vay

Facultad de Matemadtica, Astronomia, Fisica y Computacién, Universidad Nacional de Cérdoba.
CIEM — CONICET. Medina Allende s/n, Ciudad Universitaria, 5000 Cérdoba, Argentina
cristian.vay@unc.edu.ar

Received: October 10, 2022
Accepted: March 7, 2023
Early view: August 22, 202/

Rev. Un. Mat. Argentina, Vol. 68, No. 1 (2025)


https://doi.org/10.1016/j.jalgebra.2011.01.010
http://www.ams.org/mathscinet-getitem?mr=2774620
https://zbmath.org/?q=an:1273.17019
https://doi.org/10.1090/conm/585/11618
http://www.ams.org/mathscinet-getitem?mr=3077243
https://zbmath.org/?q=an:1309.19001
https://doi.org/10.1016/j.jalgebra.2014.04.006
http://www.ams.org/mathscinet-getitem?mr=3201046
https://zbmath.org/?q=an:1342.16028
https://doi.org/10.1007/s10468-018-9826-0
http://www.ams.org/mathscinet-getitem?mr=4034789
https://zbmath.org/?q=an:1498.16040
https://doi.org/10.1080/00927879608825788
http://www.ams.org/mathscinet-getitem?mr=1408508
https://zbmath.org/?q=an:0878.16020
https://doi.org/10.1080/00927872.2020.1752225
http://www.ams.org/mathscinet-getitem?mr=4124671
https://zbmath.org/?q=an:1469.16009
http://www.ams.org/mathscinet-getitem?mr=1284788
https://zbmath.org/?q=an:0851.17015
http://projecteuclid.org/euclid.cmp/1104270468
https://doi.org/10.1006/jabr.1998.7558
http://www.ams.org/mathscinet-getitem?mr=1659954
https://zbmath.org/?q=an:0923.46052
http://www.ams.org/mathscinet-getitem?mr=1969453
https://doi.org/10.1006/jabr.1996.0014
http://www.ams.org/mathscinet-getitem?mr=1367852
https://zbmath.org/?q=an:0840.19001
https://doi.org/10.4153/CJM-1996-070-6
http://www.ams.org/mathscinet-getitem?mr=1426907
https://zbmath.org/?q=an:0876.16027
https://doi.org/10.1080/00927872.2020.1862139
http://www.ams.org/mathscinet-getitem?mr=4232485
https://zbmath.org/?q=an:1486.16042
https://doi.org/10.3934/math.2021611
http://www.ams.org/mathscinet-getitem?mr=4294599
https://zbmath.org/?q=an:1525.16030
https://doi.org/10.1142/S021949882250178X
http://www.ams.org/mathscinet-getitem?mr=4474718
https://zbmath.org/?q=an:1514.16031

	1. Introduction
	2. The family of copointed Hopf algebras
	3. The category of A-modules
	3.1. S3-degree
	3.2. Simple modules
	3.3. Projective modules
	3.4. Morita equivalence
	3.5. The syzygy modules
	3.6. The cosyzygy modules
	3.7. The (k,k)-type indecomposable modules

	4. Tensor products between indecomposable modules
	4.1. Preliminaries
	4.2. The tensor product of L with itself
	4.3. Tensoring by projectives
	4.4. Tensor products between syzygy modules
	4.5. Tensor products between syzygies and cosyzygy modules
	4.6. Tensor products between (k,k)-types modules and syzygies
	4.7. Tensor products between (k,k)-types modules
	4.8. Tensor products between cosyzygy modules
	4.9. Tensor products between (k,k)-types modules and cosyzygies
	4.10. The Green ring of A
	4.11. Semisimplification of Rep(A)

	Appendix A. On the computations in GAP
	A.1. Matrix representation of L
	A.2. Matrix representation of tensor products
	A.3. Matrix representation of PL
	A.4. Matrix representation of P epsilon
	A.5. Matrix representation of the (k,k)-types modules
	Acknowledgments

	References

