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ON THE SECOND o0sp(1|2)-RELATIVE COHOMOLOGY OF THE
LIE SUPERALGEBRA OF CONTACT VECTOR FIELDS ON (C!l!

ABDERRAOUF GHALLABI, NIZAR BEN FRAJ, AND SALEM FAIDI

ABSTRACT. Let K(1) be the Lie superalgebra of contact vector fields on the
(1, 1)-dimensional complex superspace; it contains the Mobius superalgebra
0sp(1]2). We classify osp(1|2)-invariant superanti-symmetric binary differen-
tial operators from K(1) A (1) to Dy, vanishing on osp(1|2), where D ,
is the superspace of linear differential operators acting on the superspaces of
weighted densities. This result allows us to compute the second differential
osp(1|2)-relative cohomology of KC(1) with coefficients in Dy ,,.

1. INTRODUCTION

Let vect(1) be the Lie algebra of polynomial vector fields on C. Consider the
1-parameter deformation of the vect(1)-action on C[z]:

Ly (f) = X + X',

where X, f € C[z] and X’ := %X Denote by F the vect(1)-module structure on
C[z] defined by L* for a fixed A. Geometrically, Fx = {fdaz* | f € C[z]} is the
space of polynomial weighted densities of weight A\ € C. The space F) coincides
with the space of vector fields, functions and differential 1-forms for A = —1, 0
and 1, respectively.

Denote by Dy, := Homgig(Fx, F,,) the vect(1)-module of linear differential op-
erators with the natural vect(1)-action denoted Lg\(’” (A). If we restrict ourselves to
the Lie subalgebra of vect(1) generated by {%, x%, 1‘2%}, isomorphic to sl(2), we
get a family of infinite-dimensional s[(2)-modules, still denoted by Fy and Dy ,.
Bouarroud] [6] computed the space

Hiigr (vect(1),50(2); Da ) ,
where H’;; denotes the differential cohomology; that is, only cochains given by

differential operators are considered. These spaces appear naturally in the prob-
lem of describing the sl(2)-trivial deformations of the vect(1)-module S,_) =
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Do Fu-r—k, the space of symbols of differential operators (for example, see
[3, [16]).

The purpose of this paper is to study the simplest super analogue of the problem
solved in [6], namely, we consider the Lie superalgebra (1) of contact vector fields
on the linear supermanifold, i.e., the ringed space C'I' := (C,CJz,d]) associated
with the linear superspace C'I', where x is a coordinate on C and @ is a generator of
the Grassmann algebra, z is supposed to be even and 6 odd. We also consider the
K(1)-module F» of A-densities on C'I' and the K(1)-module of linear differential
operators D , := Homaig (§x, ), which are super analogues of the spaces F and
D), respectively. The Lie superalgebra osp(1]2), a super analogue of s[(2), can
be realized as a subalgebra of (1), see equation below.

It was discovered in [I0] that ©, , has an important refinement to a K(1)-
invariant N/2-filtration:

1 3 i1 .
D},CD;,CD,,CD;,C---CDy 2CDY - (1.1)

The quotient module ’D’)\ i / i);:f is isomorphic to the module of weighted densities
1% (§—r—i) (see, e.g., [10]), where II is the change of parity map. Thus, the
graded K(1)-module gr®, , associated with the filtration is a direct sum of
density modules:

o0
gD = DI (5,04
1=0

Note that this module depends only on the shift, u— A, of the weights and not on
and A independently. We call this K(1)-module the space of symbols of differential
operators and denote it by &,_», a super analogue of S,,_. For generic values of
Aand p, 6,_» and D), are isomorphic as osp(1]|2)-modules (cf. [10]).

In this paper, we classify all 0sp(1]2)-invariant superanti-symmetric binary dif-
ferential operators from C(1) A K(1) to @y ,. We use the result to compute
H2,5 (K(1),08p(1]2); Dy ). We show that the nonzero cohomology H34(K(1),
0sp(1]2); Dy ) only appears for resonant values of weights that satisfy p — X €
%N + 3. These spaces allow us to study the generic formal osp(1]2)-trivial deforma-
tions of the natural action of (1) on the superspace of symbols &,,_ and classify
the nontrivial projectively invariant extensions of the Lie superalgebra k(1) by the
module ® ,. Recall that the same problem was considered in [I] for the case
of (1,2)-dimensional real superspace and was solved for values of the weights that
satisfy p— A < 6 or p— A being a semi-integer, and conjecturally for p— A € N+ 7.
In the case of (1, n)-dimensional complex superspace, n > 3, this problem is related
to the classification of osp(n|2)-invariant bilinear differential operators acting on
the superspaces of weighted densities, where osp(n|2) is the orthosymplectic Lie
superalgebra—superization of Cohen-Rankin operators related with n-extended
superstrings (see [12] [13]), and still out of reach.
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2. DEFINITIONS AND NOTATIONS

Let C'I' := (C, Clx, 0]) be the ringed space associated with the linear superspace
C'", where z is a coordinate on C and 6 is a generator of the Grassmann algebra;
x is assumed to be even, and @ odd. Here §? = 0, so C[z, 6] has a basis {1,6} over
C[z]. On the space C|x, 6], we consider the contact bracket

{F.G) = FG' ~ F'G — L (-1)IFIn(F) -7(),

where the superscript ’ stands for %, |F'| is the parity of F and 7] = % —9%. Note
that the derivation 7 is the generator of 1-extended supersymmetry and generates
the kernel of the contact 1-form

a=dz+0do

as a module over the ring of polynomial functions. Let vect(1]|1) be the superspace
of polynomial vector fields on C!':
t)ect(1|1) = {Foal + 10y | Fy, Fy € C[l‘,e}},

where Jy = % and 0, = %, and consider the superspace K(1) of contact polyno-

mial vector fields on C'!'. That is, K(1) is the superspace of vector fields on C*I!
preserving the distribution singled out by the 1-form «:

K(1) = {X € vect(1]1) | there exists F' € C[z, 0] such that Lx(a) = Fa},

where Ly is the Lie derivative along the vector field X. The Lie superalgebra /C(1)
is spanned by the fields of the form

1
Xp=Fd, — 5(_1)\Flﬁ(F)ﬁ, where F € C[z, 6].
Of course, (1) is a subalgebra of vect(1]1), and K(1) acts on C[z, 0] through

£x,(G) = FG' — L(-1)I5(F) -7(G)

The bracket in (1) can be written as [Xr, X¢] = X(pq)-
The orthosymplectic Lie superalgebra osp(1]2) can be realized as a subalgebra
of KC(1):
05p(1|2) = Span(XhXI,sz,Xmeg). (2.1)

The space of even elements is isomorphic to s[(2), while the space of odd elements
is two-dimensional:

(0sp(1]1))1 = Span(Xy, Xz0).
We define the space of A-densities as
S = {F(x,&)a)‘ | F(z,0) € Clz,6]} .

As a vector space, § is isomorphic to Clz, 6], but the Lie derivative of the density
Ga* along the vector field Xp in K(1) is now

Lx,.(Gat) = %, (G)a*, with £, (G) = £x,(G) + A\F'G.
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A differential operator on C!!! is an operator on C[z, 8] of the form

M
A:ZZak,g(Jc,Q)Gfag; e=0,1; MeN.
k=0 ¢

Of course, any differential operator defines a linear mapping Fa + (AF)a* from
$x to §, for any A, u € C, thus the space of differential operators becomes a family
of K(1)-modules ®) ,, for the natural action

LY (A) =& o A— (1)l 40 e}

2.1. Lie superalgebra cohomology. Let us first recall some fundamental con-
cepts from cohomology theory (see, e.g., [8 @]). Let g = g5 @© g7 be a Lie super-
algebra acting on a superspace V = V5 @ V7 and let h be a subalgebra of g. (If b
is omitted it is assumed to be {0}.) The space of h-relative n-cochains of g with
values in V is the g-module

C"(g,h; V) := Homg (A" (g/b); V).
The coboundary operator &, : C™(g,h;V) — C"T1(g,h;V) is an even map
satisfying d,, 0 d,—1 = 0 (see for instance, [14]): for ¢ € C"(g,h; V),

n

(5TL¢)(907 e agn) = Z(_l)z(_ )‘97’,‘(‘¢|+‘90|+'“+|g1‘,—1|)gi¢(go, s ,jL:, ] 7971)

+ Z 1) ( ‘gt‘(‘90‘+"'+|gi71|)(71)|9j‘(‘90|+"'+%+'”+‘gj*1‘)
0<i<j<n
X ¢([glag]]5905a€7757ag77)

The kernel of d,,, denoted by Z™(g, ; V'), is the space of h-relative n-cocycles; among
them, the elements in the range of §,,_; are called h-relative n-coboundaries. We
denote by B™(g,h; V) the space of n-coboundaries.

By definition, the n-th h-relative cohomology space is the quotient space

H"(g,b; V) =Z2"(g,b;V)/B"(g,h; V).
We can also define a g-action 7 on C™(g, V') by setting, for any g € g,

(m(9)0) (915 -, 9n)

g¢ gla"'agn Z |g|(|¢‘+|g1|+ Floi- 1D¢( a[g7gi]a"'7gn)7

=1
and a contraction operator ¢(g) from C™ to C"~! by
(L(g)¢)(gl7 B agn—l) = (_l)lgll(b‘qs(gagla v 7gn—1)'
A direct computation gives the classical formula
7(9)¢ = (6n-10t(g) + t(g) © )¢,

and thus 6, (7(g)¢) = m(g)(0n¢); that is, d,, is a g-map. Note that C"(g, h; V) may
be viewed as the subspace of C™(g, V') annihilated by both «(h) and w(h). We will
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only need the formula of 4,, (which will be simply denoted by §) in degrees 0, 1
and 2: for v € C%(g, b; V) =V, dv(g) := (-=1)l9ll?lg . v, where

VY ={veV|h-v=0forall h€h}.

3. THE 0sp(1]|2)-RELATIVE COHOMOLOGY OF k(1) ACTING ON D) ,

3.1. osp(1]2)-invariant binary differential operators. The following steps to
compute the relative cohomology have been used extensively in [I8] [17] [l [5] [7),
0, 15]. First, we classify osp(1|2)-invariant differential operators, then we isolate
among them those that are 2-cocycles. To do that, we need the following lemma.

Lemma 3.1. Any 2-cocycle vanishing on the subalgebra osp(1|2) of KC(1) is osp(1]2)-
mvariant.

Proof. The 2-cocycle condition reads as follows:

(—1)|X‘|C|£3\5“0(Y, Z) — (_1)IY\(IX\+IC\)£;\;MC(X7 Z)
+ (_1)\ZI(IX\+\Y|+\CI)£?/LC(X) Y) - ([X,Y],2)
+ (—=)MIZle([X, Z],Y) + e(X,[Y, Z]) = 0
for every XY, Z € K(1). Now, if X € osp(1]2), then the equation above becomes
(XY, 2) = ()M Ple((x, 2], Y) = (-)H I gyre(v, 2).

This relation is nothing but the o0sp(1]2)-invariance property of the bilinear map c.
U

As our 2-cocycles vanish on 0sp(1|2), we will investigate osp(1]2)-invariant super-
anti-symmetric binary differential operators that vanish on 0sp(1]2). The following
proposition is known and it is a corollary of the results by Gieres and Theisen,
see [12].

Proposition 3.2. The space of superanti-symmetric bilinear differential operators
K()AK(1) = Dy, which are 0sp(1]2)-invariant and vanish on osp(1|2), is purely
even if p— A is integer and it is purely odd if . — X\ is semi-integer; moreover, it is
as follows:
(i) It is (2p — 5)-dimensional if (u —A) =2p—2 and p > 3.

(ii) It is (2p —3)-dimensional if (n—A) =2p—1 or (u—A) =2p— % and p > 2.

(i) It is (2p — 4)-dimensional if (1 —A) =2p— 3 and p > 3.

(iv) It is 0-dimensional otherwise.

Proof. The general form of any such differential operator is

(Xp, Xo)= 3 k(a0 P, G 7 (F®0)e (G0 ol

e=(c1.e2.¢3)
0<k1 ko k3 <M
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where e;, =0or 1, M € N,e; + k1 > 3 and &3 + ko > 3. The invariance property
of ¢ with respect to X; and X, implies that

3
@c’gh’%’% =0, 7(cFhs)=0 and Y (e +2k) =2(n— ) +4
i=1
Therefore, the coefficients c1:%2:%3 are functions of |F| and |G| and the parameters
A and p must satisfy 2(p — )\) + 4 = n, where n € N. The corresponding operator
can be expressed as

o(Xr Xg)= Y cban(|F| |G (P (GO pesgl () e
e,k1,k2
(3.1)
The superanti-symmetric condition ¢(Xp, Xg) = —(=1)FI¢le(Xg, Xr) leads to
the following relation:
cELR L (|FL,|G)) = —(-1)elFlrelCiereada i (G| | F)). (3.2)

Now, for the sake of completeness, we consider the invariance property with respect
to X 9. According to the parity of n, we distinguish two cases.

The case where n is even.
In this case, the invariance property of ¢ with respect to X,¢ leads to the fol-
lowing relations:

BB FLIG) = (D2 (F]+ 1G] = (-1 k2 (FL 16+ 1),

€1,€2,€3 €1,€2,€3 61,52 €3
(3.3)
and
k1,ka, k ,k n k1 ,kz,
Zl,l@ 010 o= (k1 = 2)cyg " — (_1)|F‘(k2 - 2)Coll Pt =0,
/{21+k2<n and k1 > ko,
k1,ka, ki+1,ka,n k1 ka+1,
Zl,kzcl,ll,()z " (ke + 1)0011 T (*1)|F‘(k2 + 1)‘31,10,12 " =0,
k1+k2§ nT—4 and kl Zkz
k1,kom ki41,kon kikom
Akl ko— 2>\‘3110 12 + (k1 + 1)Colo o+ (*1)‘F|(k2 - 2)01,11,02 " =0,
k1 + ke < "_2
(3.4)
where A} ;. = (=1)FIHIGH (2 — Ky — k). According to formulae (3.2) and (3.3), we

deduce that cgfdfcol’" = 0. Now, we can see, with the help of Maple, that the system

(3.4) is linearly independent. Further, by (3.2)), we can see that all the coefficients
ckrk2m can be expressed in terms of

k™ with ki > 2 and ks > 3,
Clgldkoz, with k1 > ko > 3, (3.5)

eyl with ky > ks > 2.
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So, we deduce that the dimension of the space of solutions is equal to
number of coefficients ¢*1"*2" given by (3.5) —number of equations given by (3.4)).

A straightforward computation shows that the space of 0sp(1]2)-invariant operators
has the following structure:
(i) For n = 4p, it is (§ — 5)-dimensional and can be spanned by

2,3,n  24n 2,5—-3,n
€1,0,15 €1,0,19 - +» €1,0,1
o s n —-3,3,n
(ii) For n = 4p + 2, it is (§ — 4)-dimensional and can be spanned by Co 0.0 s
2,2,n d
C1,1,0 an
2,4n  25mn 2,5-3,n
€1,0,15> €1,0,1» » €1,0

The case where n is odd.
In this case, the invariance property of ¢ with respect to X, leads to the fol-
lowing relations:

R FLIG) = (F)=* 52 (F 4 1IG]) = (<), (FLIG) + 1),

£€1,€2,€3 €1,€2,€3 €1,€2,€3 ( )
3.6
and
k1,ks2, k1,k2,n F k1,ko,n
Zl,kQ"r* 2 010 12 + (k1 — 2)0110 74 (-1 )l ‘(k’2 —2)cy 11 02 =0,
ki + ko < n=l and k1 > ko,
k1,k2, k1+1,k2,n F k1,ko+1,
" s oyt = (ki + 1)0011+0 20 (=) Fl (kg + Deyls, 02+ " =0,
kika+5—2X T
k1+k2 S nT73 and k1 2]{12,
k k1+1,ka,n F k1,ka,
AT e = (R Deg T = (1) (ke - 2)e " =0,
1, 2+2

k1+k2San3-

According to formulae (3.2) and (3.6, we deduce that cg}o’ﬁl’" = 0. Now, the
same arguments as in the previous case show that the space of 0sp(1]2)-invariant
operators has the following structure:

. o . _ . . 2,"7_5,77,
(i) For n = 4p + 1, it is (“52)-dimensional and can be spanned by ¢}’ o3 " and
220 32n n22n
C11,10 €1,1,10 -+ €111
7 ,3,m
(ii) For n = 4p+ 3, it is (252)-dimensional and can be spanned by ‘30 0.1 and
22n  32n 2222.n
C11,10 1,110 » 11,1
Proposition [3.2]is proved. O
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3.2. The osp(1]|2)-relative cohomology of K(1). In this subsection, we will com-
pute the second differential osp(1|2)-relative cohomology spaces

Hig (K(1), 05p(1]2); D p)-
Our main result is the following:

Theorem 3.3. The space H = H3,5(K(1),08p(1|2); D ) has the following struc-

ture:
(073)7(—37%%(—372%(—27%)
(A u) € ,
(—7+\/§ 9+\/§) (—7—@ 9—\/%)
4 4 ) T 4 )
R if w—A=2>5 forall \,

H o~ ,uf)\:%and)\%f%,
,u—)\zp—%and)\zl—g,pEN—&—S,
p—A=p—2and \ = —2EED 1 e N4 8,

R? ifp—A=3 and A= -2,
0 otherwise.

We can easily check that all the results of Theorem are invariant under
passage to adjoint values. We refer to [2] for adjoint differential operator modules.

4. COMPUTING THE COHOMOLOGY

The proof of Theorem will be the subject of Subsection In fact, we
need first the description of 0sp(1]2)-invariant bilinear operators, from F_; ® §x to
Sa+k—1, called supertransvectants.

4.1. Supertransvectants: an explicit formula. Gieres and Theisen [12] listed
the supertransvectants and they expressed them in terms of supercovariant deriva-
tives; then Gargoubi and Ovsienko [IT] gave an interpretation of these operators,
and later Ben Fraj et al. [I] gave another description of the space of osp(1|2)-
invariant bilinear differential operators

In T @Fr — Fagk—t
(Fa™t, Ga?) = 33 (F,G)a Tt

vanishing on o0sp(1|2), where k € %N. They showed that these spaces are one-

dimensional for k > 2. The operators Jﬁ, where k € N, are even and they are given
by

In(F,G)

3
— F?ﬁ)‘

- . . 2k—5
—2,7, >

((2/\—|—k— 1— i) FHDGO) — (1) (k—j)ﬁ(F(i))ﬁ(G(j))>.

itj=k—1
i>2

(4.1)
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The operators J; labeled by semi-integer k are odd; set 32 (F, G) = 7(F")G and
2
~ 3 1) —= j
REG = Y ()Irk L FORE0)
itj=k—%
1>3
Z Fz 2 (F( ))G(])

itj= kf*
i>2

with
F‘r A

e (7T (1),

where (7) = w and [k] denotes the integer part of k, k > 0.

Remark 4.1. The supertransvectants appear in many contexts, especially in the
computation of cohomology (cf. [, [10]). We refer to [12] for their history.

In order to prove Theorem [3.3] we will study properties of the coboundaries.

Lemma 4.2. If §(B) belongs to B*(K(1),05p(1]2); Dy ), where B : K(1) = D,
is an operator vanishing on osp(1|2), then B is a supertransvectant.

Proof. For all X, Y € IC(1) we have
§(B)(X,Y) = (—1)XIIBlg3r B(Y) — (—)VIIXIFIBD ek (X)) — B([X,Y]).
Since B(X) =0 for all X € osp(1]2), we deduce that
(—-1)XIBLeR B(Y) - B(IX,Y]) = 0.

Thus, the operator B is osp(1|2)-invariant; therefore it coincides with the super-
transvectants.
Now, clearly the coboundary §(3J7) has the following form:

(I (X, Xe)
1 3.
= Y glkeRki(p| (G e (R s (G sl T TR TR TR RS (4 3)

& k1,k2

where the coefficients BF1:¥2:25%2 are well-determined values of the coefficients
ckk2.2k42 oiven by (3.1). The following lemma will be useful in the proof of
Theorem [3.3]

Lemma 4.3. The following holds:

(i) We have
i’ = —(=1)130(0 +2),

2
Saat = ZACA+ B0+ 2+ )

9 41 9 — 41
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5
15— (—1)|F|+‘G|6(2>\ +1)(2X +5)(2A +9),
B = (—1)/9145(2) + 5).
(ii) For A € R and p € N+ 8, we have

-1
LT = (e (i ~ 5) (6 +3p —6),

—1)IFHIGHr (p 5
e (2 )( )(4/\+2p 54 /A0 15)
x(4/\—|—2p—5—\/8p—15>.
2,2,13

Proof. (i) To compute the coefficient ﬁl 11, we must compute the coboundary
§(3%)(Xp, X¢), where
2

2

3 (Xg) = (~1)l€] ( GO0 + 727,650, + T2,,G0) )

( 0, 3 QW(G//)ag + I‘1 2 QU(G(S))a;l + FQE,’l,Qﬁ(G )8 + F 277(G(5)))
Collecting the terms in 7(F")(G" )70, we get
B =3(-1)c (r33 2+ Ti7) = =30(-1)/%(A +2).

To compute the coefficient Bl 0. 1 , we must compute the coboundary §(33)(Xr, Xa),
where

3 (Xe) =Tz (<2A +3)G00% - 3(-1)Cn(c")0?)
+ 75 (20 +2)6W02 - 4(-1)\ (G2
+T30, ((m +1)G®g, — 5(—1)IG\ﬁ(G<4>)ﬁaz)
+ i (NG = 6(-)(c ).

Collecting the terms in 7(F" )G, we get
gt = 0P (et - (a3 )i

s

- e (1A 30 1)+ 20 (334 3 ) )

= (=1)IFIFICI15(2)2 49X + 5)

= (—1)F'+G'3O(A + W‘H) <)\ - 9_4\/‘H>

We point out that, under the coboundary operator , only the terms

—3(—1)ICInE TG RoR,
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T7y (22 +2)GW2,

O(Xq) = —6(—1)\9I02 TGOy

in the expression of J3 allow us to compute the coefficient Bf 414

coefficient of 7j(F")G7 in §(0)(XF, Xg) vanishes.

: 43,14 54,3,15 2,2,15 : :
For the coefficients B30, Byor” and B771°, the proof is the same as in the

previous case.

. Note that the

ii) To compute the coefficient 2’2’2p+1, we must compute the coboundary
p 1,1,1

6(3; )(XF, Xg), where 32 | is as in equation (4.2). Collecting the terms in

1
2

A ((p N 3) it ;(p N 4)F§,;?5,p4)
= —(-1)lcl+r (p - é) (6) +3p —6).
We point out that, under the coboundary operator d, only the terms
T aT(G)OE,
(— )IG\F2’ G(4)3£—3

1,p—5,p—4

in the expression of J 1} , allow us to compute the coefficient 52 2:2p+1

-2
Finally, to compute the coefficient 61 ’O’fp , we must compute the coboundary
§(Ip_1)(Xp, X¢), where J)_; isasin (£.1)). Collecting the terms in 7(F"GW70p~7,
we get

22+p—=5p—5\_.2
2,4,2 ;
Broa’ = ()Y ( 2 ( o Vs

EIDY p—4 1 p—4
~ori e () + (+2) (5))
p—5\(2X+p—5_321x
:(—1)|F+|G< 9 ><2F1 _721);7
32 p—7 1
—(p— 4)F 0,p—4,22=7 <4+()\+2>>>

— F|+|c|+p<p25>( ><(2/\+p5)2(”+1’ 4)+4)\+p5)

_( DIEIFIGHr /) 5

( ) )( 1) (42 +2M(2p—5) + (p— 5)(p — 2))
(—1)IFI+IGH (p : 5) (p 1) AN+2p— 5+ \/m)
-5— \/m)

(4)\+2
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We point out that, under the coboundary operator 9, only the terms

2>\+p—51_‘§ A . 7G(4)3p75
2 lp 5’ P x )
3(— )‘G'“P’p 3 2o (GO,

6(Xe) = 6(-1)FIT]" L (G0

in the expression of J)_; allow us to compute the coefficient ﬁf:g:fp . Note that the
coefficient of 7(F")GH70L~" in §(0)(Xp, X¢) vanishes. O
4.2. Proof of Theorem According to Lemma 3.1} any 2-cocycle of K(1) with
coefficients in © ,, vanishing on 0sp(1]2) is osp(1|2)-invariant. So, by Theorem
it is identically zero if p — A < 3 and expressed as in forp— XA e %N + 3.
For p— X € %N + 3, the proof of Theorem consists of two steps. First,
we investigate operators that belong to Z2(K(1),0sp(1]2); D). The 2-cocycle
condition imposes conditions on the coefficients cf1%2:": we get a linear system for
ckrk2n - Qecond, taking into account these conditions, we eliminate all coefficients
underlying coboundaries. Gluing these bits of information together we deduce that
dim H? is equal to the number of 1ndependent coefficients cF1-¥2:" remaining in the

expression of the 2-cocycle (|3

4.2.1. The case where p — X\ = 3. In this case, according to Theorem the
2-cocycle (3.1)) can be expressed as follows:

o(Xp, Xg) = 1o’ (Xp, Xa),

where
Y(Xr, Xa) =(F")7(G").

By (3-3), we deduce that, up to a scalar factor, ci'7y’ = (—1)IFI. Therefore, by a
direct computation, we can see that the 2-cocycle condition is always satisfied. Let
us study the triviality of this 2-cocycle. According to Subsection [£.I} we can see
that any coboundary d(B) € B2(K(1),0sp(1]2); D) ,,) can be expressed as follows:

§(B)=16(3}), T€C, (4.4)
where
3(Xg) = =220 + 1) (2=1)C7GOT - 26972 — AGD ) — 12(-1) ("7
The expression reads
8(B)(Xp, Xa) = 7 (X233 (Xe) — (~1)FIC) 3233 (Xp) — 331Xk, X))

Using the graded Leibniz formula:
7o F = Z( ) oo
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where

J
(j) (%D if 7 is even or j is odd,
] = 3
i
* 0 otherwise,
we can check the following equation:
8(B)(Xr, Xa) = m(=DIFI6ARA + 5)v(XF, Xa).

So, for A # 0, —g, we can see that the coefficient c?ﬁ:éo can be eliminated by adding
a coboundary: indeed, the constant 7 can be chosen such that T = §(B). Hence,

the cohomology is zero-dimensional. In contrast, for A = 0 or —g, the coefficient
c?’%éo cannot be eliminated by adding a coboundary. Hence, the cohomology space
is one-dimensional.

4.2.2. The case where p — A = % In this case, according to Theorem the
2-cocycle (3.1)) can be expressed as follows:

C(XF7 XG) = C%ﬁ:%l’y(XFv XG):
where
A
Y(Xp, Xg) = AEG T+ ()13 ()P FORG") —q(F")6®) .
By (3.6, we deduce that, up to a scalar factor, cffil = (—1)I€I. Therefore, by a
direct computation, we can see that the 2-cocycle condition is always satisfied. Let

us study the triviality of this 2-cocycle. According to Subsection [£:I]} we can see
that any coboundary d(B) € B2(K(1),0sp(1]2); D, ) can be expressed as follows:

d(B)=710(J ’%) TeC, (4.5)

where

— 2+ 1) (4G + X7(GD) )
The expression reads
o(B)(Xr, Xc)
= ()P (Xa) — (-1 PN  (Xr) - 33 (X, Xa])) -

Using the graded Lelbniz formula, we can check the following expressions for
nonzero (¥1-kz.11;

Bt =7(=1)1913(2x + 3),
Bion = —TALRA+3),
Batet = T(=1)IFIx@2 + 3).

)

Thus, we deduce the following equation:
8(B)(Xr, Xc) = 7(=1)“13(21 + 3)7(XF. Xc).
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So, for A # —3, we can see that the coefficient ¢}’ f 1! can be eliminated by addlng a

coboundary Hence the cohomology is zero-dimensional. Now, for A = — clearly

the coeflicient c?’?’%l cannot be eliminated by adding a coboundary. Hence the
cohomology is one-dimensional.

4.2.3. The case where  — A = 4. In this case, according to Theorem [3.2] the
2-cocycle (3.1]) can be expressed as follows:

o(Xr, Xa) = C?:%:F’V(Xlﬁ Xa),

where

(X, Xa) = A(E" )G = (=) FEORG" 7 + 6(=)n(F")n(G")o,
— (=)/%2x (EO(E") +7(FRED))

By (3.3), we deduce that, up to a scalar factor, c? g 12 = (=1)/FI+IGI, Therefore, by
a dlrect computatlon we can see that the 2- cocycle condition is always satisfied.
Let us study the triviality of this 2-cocycle. According to Subsection[4.1] we can see
that any coboundary d(B) € B2(K(1),0sp(1]2); D, ) can be expressed as follows:

§(B) =74(33), TeC,
where
W(Xe) = 2000+ 1) (—2(-1)Cl7(GO7 + G<3>ﬁ4)
—5(A+1)(2A+1) (( 1)/ElHG@O7 — 26ty )
—30(=D)IClIHG"T® + 22N + 1)(2A + 1)G®),

Using the same arguments as before, we obtain the expressions for nonzero 551”“2’12:

2,2,12 3,2, 12 2,3,12
%(_1)@'51,1,5 (= )‘FIHB =P101 — _57(_1)|F‘+|G‘(2)\2 +T7A+2),
Bito’ = Bits = 107(—1)‘F‘A(2A2 FTAE2).

Thus, we deduce the following equation:
§(B)(Xp, Xg) = —1(—1)IFIF+IG0 <>\ + ”Xﬁ> (A + 7_4\@> (X, Xa).

So, for A # %, we can see that the coefficient cl 0 212 can be eliminated by

adding a coboundary. Hence, the cohomology is zero-dimensional. In contrast, for
A= —7";1@ or == r the coefficient ¢} 0. >1? cannot be eliminated by adding a
coboundary. Hence, the cohomology space is one-dimensional.
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4.2.4. The case where p— \ > %. Here, a straightforward computation shows that
the 2-cocycle condition is equivalent to formulas (3.2)—(3.4) and (3.6)) corresponding
to osp(1]2)-invariant operators together with the following systems:

For n=2(u— A+ 2) even:

(~)IFHIEH (T + (et + 0:&)&55)
OGO (DT =0, 0
where a +a+pB+v=5 -1, a> 3> 2 2 and a € {0,1}, which is obtained
from the coefficient of 7j(F())7(G())H(H)702,

23+ ) (T

(DI (5 4 20) (BT + (52 (32

R [ R [ Err

- (—1)‘F|(ﬂ§7)cgm’a’n =0, (4.7)
where a+a+f+v=1%,a>5>v>2, a>3andac {01}, which is obtained
from the coefficient of F()7(GP)7(H )2

For n =2(u— A +2) odd:
(2420 (2ol + (5 +20) (BTN + (& 20 ()

a—1

— (~1)FIHIGl ((agﬁ)cgjfgm" + () anﬁ o (ng)cgvm,a,n) —0, (48)

where a + o+ S+ = "7_1, a>pB>~v>2and a € {0,1}, which is obtained from
the coefficient of 7(F()7(GP)[(H™)o2,

PG +NCURET - (54 V(B
)

(
+ (2N (e + (35 - ) (e

)

(& ) (YT )3 - ) (T =0, (49)

where a +a+f+y=1=2 —, a>2,0>~>3and a € {0,1}, which is obtained
from the coefficient of 7(F 0“))G([’)H('Y)aa..

Of course, these systems have at least one solution in Wthh the solutions ck1-k2:m

are just the coefficients 5¥1:%2:" of the coboundary (& .

4.2.5. The case where p—\ = % In this case, according to Theorem the space
of solutions is spanned by ¢’} 22 13 and c?:é:é?’. Moreover, by (4.8), we readily obtain

2,2,13 |F|+|G| 4,2,13 _
A 1,1 -3(-1) €0,1,0 =0.

According to formula , we deduce that the coefficients of every 2-cocycle are
) ,13
expressed in terms of ¢7’1’;”. But this general formula may contain coboundaries.
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We explain how the coboundaries can be removed. Consider any coboundary given
as in (4.3]). We discuss the following cases:

(1) A # —2. Then, by Lemmapart (i), the coefficient cfﬂ‘o’ can be eliminated

by adding the coboundary because 512 f% % is nonzero. Hence, the cohomology
is zero-dimensional.

(2) A = —2. Then the constant Bi’i’llg vanishes. Hence the coefficient c?ﬂg
cannot be eliminated by adding the coboundary (4.3). Therefore the cohomology
is one-dimensional.

4.2.6. The case where jt — A = 5. In this case, according to Theorem together
with formula (4.6)), we check that the coefficients of every 2-cocycle are expressed
in terms of 0320:0 and ciéﬁ‘l. On the other hand, by Lemma part (i), one of

the coefficients 63’3’64, c?’é’% can be eliminated by adding the coboundary (4.3))

4,3,14 2,4,14 . . . .
because (3,7, or 511 is nonzero. Hence, the cohomology is one-dimensional.

4.2.7. The case where y — A = 12—1 In this case, by Theorem ﬂ together with
formula (4.8]), we check that the coeflicients of every 2-cocycle are expressed in

1 43,1 . .
terms of ¢;'71” and 00’3’15. We discuss the following cases:

1) A # —5. Then, by Lemmapart (i), one of the coefficients 03?157 cg:gﬁs can
be eliminated by adding the coboundary because Bff% % or 53;33}5 is nonzero.
Hence, the cohomology is one-dimensional.

2) A = —3. Then, by Lemma part (i), the coefficients ﬂfff’ and 63335115
vanish simultaneously. Hence the coefficients c??f and cé:gﬁ‘% cannot be eliminated
by adding the coboundary . Therefore the cohomology is two-dimensional.

4.2.8. The case where p — X = p — 2 with p € N 4+ 8. According to Theorem
together with formulas 7, we check that the coefficients of every 2-cocycle
are expressed in terms of c?:é:lp . On the other hand, by Lemma part (ii), we
can see that

2p—5++/8p—15
Brair =0 ifa= -T2
So, in the same way as before, we deduce that the cohomology space is one-
dimensional for A = —% VEp—15 and zero-dimensional otherwise.

4.2.9. The case where p — A = p — % with p € N+ 8. According to Theorem
together with formulas (4.8)—(4.9)), we check that the coefficients of every 2-cocycle
12,2p

are expressed in terms of 1’77 *1. On the other hand, by Lemma part (ii), we

can see that Bi’i’fp"’l =0if A=1-£. So, in the same way as before, we deduce
that the cohomology space is one-dimensional for A = 1 — £ and zero-dimensional

2
otherwise. This completes the proof of Theorem [3.3}
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5. EXTENSIONS OF K(1) BY D),

Let g be a Lie algebra and V a g-module. The second space H?(g, V') classifies
the nontrivial extensions of the Lie algebra g by the module V:

00—V —gy —9g—0,
the Lie structure on gy = g @ V being given by

[(91,a), (92,b)] = ([91,92], 91.b — g2.a + (g1, 92)),

where ¢ is a 2-cocycle with values in V.

Here we consider a natural class of “non-central” extensions of K(1), namely ex-
tensions by the module D ,, of linear differential operators acting on weighted den-
sities. We will be interested in the projectively invariant extensions which are given
by projectively invariant 2-cocycles c¢. The cocycle ¢ in this case represents a non-
trivial cohomology class of the second cohomology space H3,; (K (1), 05p(1]2); D5 ,,).
We mention that the same problem was considered in [16] [19] in the classical set-
ting.

Corollary 5.1. The following statements hold.

(1) For Ap)€J orp—A=50rp—A=4 and \# -3 orp—-A=p—3
and A =1—-8 withp e N+8 orp—A=p—2 and)\:—% V/Ep—15
with p € N+8, there exists a unique non-trivial extension of IC(1) by Dy .,
where

= fom (53).(39)-(=3)
(—72\/3 9+4\/ﬁ) | (—7—4\/3 9—4@) }

(2) For p— X\ = % and A = —g, there exist two non-isomorphic non-trivial
extensions of (1) by Dy .

ACKNOWLEDGMENTS

We would like to thank Mabrouk ben Ammar, Sofiane Bouarroudj and Abde-
nacer Makhlouf for their interest in this work. We are also grateful to the referee
for his comments and suggestions.

Rev. Un. Mat. Argentina, Vol. 68, No. 2 (2025)



366

(1]

(2]

(3]

(4]

(5]

(6]
[7]
(8]
(9]

(10]

(11]
(12]

(13]

(14]

(15]

[16]

(17]

(18]

ABDERRAOUF GHALLABI, NIZAR BEN FRAJ, AND SALEM FAIDI

REFERENCES

I. BAsDOURI, M. B. AMMAR, N. B. FrAJ, M. BOUJELBENE, and K. KAMOUN, Cohomology
of the Lie superalgebra of contact vector fields on K!1' and deformations of the superspace
of symbols, J. Nonlinear Math. Phys. 16 no. 4 (2009), 373-409. | DOI| | MR || Zbl

N. BELGHITH, M. B. AMMAR, and N. B. FrAJ, Differential operators on the weighted densities
on the supercircle S, Studia Sci. Math. Hungar. 52 no. 4 (2015), 477-503. | DOI| MR || Zbl

M. BEN AMMAR and M. BOUJELBENE, sl(2)-trivial deformations of Vectpo)(R)-modules of
symbols, SIGMA Symmetry Integrability Geom. Methods Appl. 4 (2008), Paper 065. DOI
MR/ Zbl

S. BouarRrROUDJ, Cohomology of the vector fields Lie algebras on RP! acting on bilinear
differential operators, Int. J. Geom. Methods Mod. Phys. 2 no. 1 (2005), 23-40. DOI| MR
Zbl

S. BOUARROUDJ, Projective and conformal Schwarzian derivatives and cohomology of Lie
algebras vector fields related to differential operators, Int. J. Geom. Methods Mod. Phys. 3
no. 4 (2006), 667-696. | DOI| MR || Zbl

S. BOUARROUDJ, On sl(2)-relative cohomology of the Lie algebra of vector fields and differ-
ential operators, J. Nonlinear Math. Phys. 14 no. 1 (2007), 112-127.|DOI| MR/|| Zbl

S. BouArRrROUDJ and V. Y. OVSIENKO, Three cocycles on Diff(S1) generalizing the Schwarzian
derivative, Internat. Math. Res. Notices no. 1 (1998), 25-39. DOI MR/ Zbl

C. H. CoNLEY, Conformal symbols and the action of contact vector fields over the superline,
J. Reine Angew. Math. 633 (2009), 115-163. DOI| MR/ Zbl

D. B. Fuks, Cohomology of infinite-dimensional Lie algebras, Contemporary Soviet Mathe-
matics, Consultants Bureau, New York, 1986. MR | Zbl

H. GArcousl, N. MELLOULI, and V. OVSIENKO, Differential operators on supercircle: con-
formally equivariant quantization and symbol calculus, Lett. Math. Phys. 79 no. 1 (2007),
51-65. DOI IMR/||Zbl

H. GArGouBI and V. OVSIENKO, Supertransvectants and symplectic geometry, Int. Math.
Res. Not. IMRN no. 9 (2008), Article ID rnn021. DOI| MR/||Zbl

F. GIERES and S. THEISEN, Superconformally covariant operators and super-W-algebras,
J. Math. Phys. 34 no. 12 (1993), 5964-5985. DOI| MR Zbl

W.-J. HUANG, Superconformal covariantization of superdifferential operator on (1|1) super-
space and classical N = 2 W superalgebras, J. Math. Phys. 35 no. 5 (1994), 2570-2582.
DOI! MR Zbl

C. KASSEL, Quantum groups, Graduate Texts in Mathematics 155, Springer, New York, 1995.
DOI! IMR/[Zbl

P. B. A. LEcOMTE and V. Y. OVSIENKO, Cohomology of the vector fields Lie algebra and
modules of differential operators on a smooth manifold, Compositio Math. 124 no. 1 (2000),
95-110. [DOI| MR/ Zbl

A. NuENHUIS and R. W. RICHARDSON, JR., Deformations of homomorphisms of Lie groups
and Lie algebras, Bull. Amer. Math. Soc. 73 (1967), 175-179. DOI| MR Zbl

B. F. N1zaRr, M. ABpaoul, and R. HAMzA, On osp(1]2)-relative cohomology of the Lie super-
algebra of contact vector fields on R'| Int. J. Geom. Methods Mod. Phys. 14 no. 2 (2017),
Article no. 1750022. [DOI! MR/ [Zbl

B. F. N1zAR, M. ABpAOUL, and R. HAMzA, On 0sp(2]2)-relative cohomology of the Lie super-
algebra of contact vector fields and deformations, J. Geom. Phys. 125 (2018), 33-48. DOI
MR/ [Zbl

Rev. Un. Mat. Argentina, Vol. 68, No. 2 (2025)


https://doi.org/10.1142/S1402925109000431
http://www.ams.org/mathscinet-getitem?mr=2606126
https://zbmath.org/?q=an:1238.17015
https://doi.org/10.1556/012.2015.52.4.1321
http://www.ams.org/mathscinet-getitem?mr=3432981
https://zbmath.org/?q=an:1374.53116
https://doi.org/10.3842/SIGMA.2008.065
http://www.ams.org/mathscinet-getitem?mr=2470531
https://zbmath.org/?q=an:1218.17013
https://doi.org/10.1142/S0219887805000430
http://www.ams.org/mathscinet-getitem?mr=2121353
https://zbmath.org/?q=an:1062.17014
https://doi.org/10.1142/S0219887806001338
http://www.ams.org/mathscinet-getitem?mr=2237900
https://zbmath.org/?q=an:1113.53044
https://doi.org/10.2991/jnmp.2007.14.1.9
http://www.ams.org/mathscinet-getitem?mr=2287837
https://zbmath.org/?q=an:1170.17006
https://doi.org/10.1155/S1073792898000038
http://www.ams.org/mathscinet-getitem?mr=1601874
https://zbmath.org/?q=an:0919.57026
https://doi.org/10.1515/CRELLE.2009.062
http://www.ams.org/mathscinet-getitem?mr=2561198
https://zbmath.org/?q=an:1248.17017
http://www.ams.org/mathscinet-getitem?mr=874337
https://zbmath.org/?q=an:0667.17005
https://doi.org/10.1007/s11005-006-0129-8
http://www.ams.org/mathscinet-getitem?mr=2290336
https://zbmath.org/?q=an:1112.53066
https://doi.org/10.1093/imrn/rnn021
http://www.ams.org/mathscinet-getitem?mr=2429252
https://zbmath.org/?q=an:1144.53100
https://doi.org/10.1063/1.530243
http://www.ams.org/mathscinet-getitem?mr=1246263
https://zbmath.org/?q=an:0783.58082
https://doi.org/10.1063/1.530524
http://www.ams.org/mathscinet-getitem?mr=1271948
https://zbmath.org/?q=an:0822.17032
https://doi.org/10.1007/978-1-4612-0783-2
http://www.ams.org/mathscinet-getitem?mr=1321145
https://zbmath.org/?q=an:0808.17003
https://doi.org/10.1023/A:1002447724679
http://www.ams.org/mathscinet-getitem?mr=1797655
https://zbmath.org/?q=an:0968.17007
https://doi.org/10.1090/S0002-9904-1967-11703-8
http://www.ams.org/mathscinet-getitem?mr=204575
https://zbmath.org/?q=an:0153.04402
https://doi.org/10.1142/S0219887817500220
http://www.ams.org/mathscinet-getitem?mr=3599017
https://zbmath.org/?q=an:1358.53092
https://doi.org/10.1016/j.geomphys.2017.12.006
http://www.ams.org/mathscinet-getitem?mr=3759296
https://zbmath.org/?q=an:1457.53069

ON THE SECOND osp(1|2)-RELATIVE COHOMOLOGY 367

[19] V. Yu. OvsiENkO and C. ROGER, Extensions of the Virasoro group and the Virasoro algebra
by modules of tensor densities on S, Funct. Anal. Appl. 30 no. 4 (1996), 290-291; translation
from Funkts. Anal. Prilozh. 30 no. 4 (1996), 86-88. DOI| MR | Zbl

Abderraouf Ghallabi™

Laboratoire de recherche: Physique Mathématique, Modélisation Quantique et Conception
Mécanique, Université de Carthage, Tunisia

raoufghallabi@gmail.com

Nizar Ben Fraj

Institut preparatoire aux études d’ingenieurs de Nabeul, LR: Physique Mathématique,
Modélisation Quantique et Conception Mécanique, Université de Carthage, Tunisia
benfraj_nizar@yahoo.fr

Salem Faidi
Département de Mathématiques, Faculté des Sciences de Sfax, BP 802, 3038 Sfax, Tunisia
salem.faidi@yahoo.fr

Received: February 1, 2023
Accepted: July 18, 2023
Early view: August 24, 202/

Rev. Un. Mat. Argentina, Vol. 68, No. 2 (2025)


https://doi.org/10.1007/BF02509628
http://www.ams.org/mathscinet-getitem?mr=1444471
https://zbmath.org/?q=an:0886.17020

	1. Introduction
	2. Definitions and notations
	2.1. Lie superalgebra cohomology

	3. The osp(1|2)-relative cohomology of K(1) acting on D lambda,mu
	3.1. osp(1|2)-invariant binary differential operators
	3.2. The osp(1|2)-relative cohomology of K(1)

	4. Computing the cohomology
	4.1. Supertransvectants: an explicit formula
	4.2. Proof of Theorem 3.3
	4.2.1. The case where mu - lambda = 3
	4.2.2. The case where mu - lambda = 7/2
	4.2.3. The case where mu - lambda = 4
	4.2.4. The case where mu - lambda greater than or equal to 9/2
	4.2.5. The case where mu - lambda = 9/2
	4.2.6. The case where mu - lambda = 5
	4.2.7. The case where mu - lambda = 11/2
	4.2.8. The case where mu - lambda = p - 2 with p in N + 8
	4.2.9. The case where mu - lambda = p - 3/2 with p in N + 8


	5. Extensions of K(1) by D lambda, mu
	Acknowledgments
	References

