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WEIGHTED WEAK GROUP INVERSE IN A RING
WITH INVOLUTION

HUANYIN CHEN

ABSTRACT. We introduce the concept of the weighted weak group inverse for
elements in a ring with involution. This notion naturally extends the weak
group inverse for complex matrices and the weighted weak group inverse for
Hilbert operators. We characterize this generalized inverse through a novel de-
composition (referred to as the w-group decomposition) that involves weighted
group inverses and nilpotent elements. Additionally, the interrelationships
among weighted weak group inverses, weighted Drazin inverses, and weighted
core-EP core inverses are thoroughly investigated.

1. INTRODUCTION

Let R be an associative ring with an identity. An involution of R is an anti-
automorphism whose square is the identity map 1. A ring R with involution x is
called a *-ring. An element a in a *-ring R has a group inverse provided that there
exists x € R such that

ar’ =z, ar==za, a=xa’
Such an z is unique if it exists, is denoted by a#, and is called the group inverse
of a.

An element a € R has a core-EP inverse (i.e., pseudo core inverse) if there exist

z € R and n € N such that

2

ar’ =z, (ax)* =ax, za"T'=a"

a .

If such an z exists, it is unique, and we denote it by a®. The core-EP inverse has
been investigated from many different points of view, e.g., [4, [, [10} 13}, 14} 15, 2T,
75].

Wang and Chen [22] introduced and studied a weak group inverse for square
complex matrices. A square complex matrix A has a weak group inverse X if it
satisfies the equations

AX? =X, AX = A%4.
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Here, A® is just the core-EP inverse of A. The involution * is proper if 2*z = 0
implies © = 0 for any € R. In [23], Zou et al. generalized the concept of the
weak group inverse from complex matrices to elements within a ring with a proper
involution. An element a € R has a weak group inverse if there exist * € R and
n € N such that

2 2 n+1

ar® =, (a*a®z)* =a*a’z, za =a".

If such an  exists, it is unique, and we denote it by a®. The weak group inverse
has been extensively studied from many different points of view, e.g., [3, Bl 6] [7], |8,
1T, (18, (16, [17, (19} 22, 23] 24].

Let a,w € R. We recall the following definition.

Definition 1.1. An element a € R has a w-Drazin inverse if there exists x € R
such that

rwawr =z, awr =zwa, (aw)" = rw(aw) !
for some n € N. This z is unique if it exists, and we denote it by a”*. The
smallest such positive integer n is denoted by i(a?*). The set of all w-Drazin

invertible elements in R is denoted by RP-".
We say that a has a Drazin inverse if w = 1, and we denote a”! by a”.

Definition 1.2. An element a € R has a w-group inverse if there exists x € R
such that

TWAWT =T, AWT = TWA, AWIWAEL = a.
This x is unique if it exists, and we denote it by aj*. The set of all w-group
invertible elements in R is denoted by R7.

Evidently, a?% = [(aw)P]?a and a¥ = [(aw)#]?a. Recently, Ferreyra et al. [6]
introduced and studied the weighted group inverse for complex matrices. In [I8],
Mosié¢ and Zhang investigated the weighted weak group inverse for Hilbert space
operators. The aim of this paper is to introduce and explore a new type of gen-
eralized inverse that incorporates a weight, serving as a natural generalization of
the generalized inverses mentioned above. In Section 2, we introduce the weighted
weak group inverse by way of an innovative weighted group decomposition. This
approach enables us to generalize numerous properties of the standard weak group
inverse to this broader context.

Let R = {z € R| zw € R is nilpotent}.

Definition 1.3. An element a € R has a weak w-group decomposition if there
exist aq,as € R such that

il
a=ay+az, ajay=aswa; =0, aleRi,GQGRE}.

In Section 2, we will establish the connections between the weak w-group de-
composition and a type of generalized inverse, followed by the introduction of the
weighted weak group inverse.

In Section 3, we explore the equivalent characterizations of the weighted weak
group inverse in a ring. The relationship between weighted weak group inverses
and weighted Drazin inverses is investigated.

Rev. Un. Mat. Argentina, Vol. 69, No. 1 (2026)



WEIGHTED WEAK GROUP INVERSE IN A RING WITH INVOLUTION 249

Following Mosi¢ et al. [20], an element ¢ € R has a w-core-EP inverse if there
exists € R such that

k+1a

awz® =z, x(aw) = (aw)*a, (awz)* = awz

for some nonnegative integer k. Such an z is unique if it exists, and is called the
w-core-EP inverse of a. In Section 4, we examine the interplay between weighted
core-EP inverses and weighted weak group inverses. Additionally, we delineate the
circumstances under which an element and its weighted weak group inverse are
commutative with respect to the weight.

Throughout the paper, all rings are associative rings with a proper involution .
We use R#, RP, R® and R® to denote the sets of all group invertible, Drazin
invertible, core-EP invertible and weak group invertible elements in R, respectively.
N denotes the set of all natural numbers.

2. WEAK w-GROUP INVERSE

The purpose of this section is to introduce a new weighted weak inverse which
is a natural generalization of the weak group inverse. We start with the following
lemma, which is both simple and crucial. We include the proof to make this
presentation self-contained.

Lemma 2.1. Let a,w € R. Then the following are equivalent:
(1) a € RE.
(2) aw,wa € R¥.
(3) There exists © € R such that x(wa)? = a, a(wx)? = r, awzr = Twa.

In this case, al;, = (aw)*a(wa)?.

Proof. (1)=(3) Set * = af. Then (rwa)wz = z, awr = zwa, (awr)wa = a.
Hence, z(wa)? = a, a(wr)? = z, awr = zwa.

(3) = (2) By hypothesis, zw(aw)? = aw, aw(zw)? = zw, (aw)(zw) = (zw)(aw).
Hence, (aw)* = zw. Likewise, we have (wa)# = wz, as required.

(2)=(1) Set * = (aw)*a(wa)?”. By using Cline’s formula (see [IZ, Theo-
rem 2.2]), we have

2

awz = aw(aw)? a(wa)® = aw(aw)¥afw((aw)*)?d]
= (aw)?*((aw)#)%a = (aw)*a,
zwa = (aw)? a(wa)¥wa = (aw)*afw((aw)?)?aJwa
= [(aw)* aw((aw)™)?|awa = [(aw)?]?awa = (aw)¥a.

This implies that awx = rwa. Analogously, we directly check that z(wa)? = a and
a(wx)? = z. Therefore, aff = z = (aw)*a(wa)?, as asserted. O

Lemma 2.2. Let a € RY,. Then (aw)?aj = a and ajwait]? = af.
Proof. Let x = af;. Then

auwrwa = a, rTwawr =, awr = rwa.
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Hence, (aw)?z = aw(awz) = (aw)z(wa) = a. Moreover, we have alwa?]? =
a(wz)? = x by Lemma O

We now proceed to prove the following result.

Theorem 2.3. Let a,w € R. Then the following are equivalent:

(1) a € R has a weak w-group decomposition.
(2) There exist z € R and n € N such that

*

r = a(wr)?, ((aw)")*(aw)Qa: = ((aw)")"a, (aw)" = zw(aw)™*.

Proof. (1 ) (2) Let a = a1 + ag be the weak w-group decomposition of a. Let
= (a1)7. By virtue of Lemma we have

awz = (a1w + agw)(a )# = @17«0(@1)#

a(wz)? = a1w(a)F]? = [aw(ay)jllwlan)F] = [(a)fwa][wlan)F]
= (a1)*wayw(a)? = (a1)¥ = x.
Since ay € RM! (asw)™ = 0 for some n € N. As aswa; = 0, we see that

aw — zw(aw)? = (ayw + agw) — [(a1)Fwarw + (a1)Fwasw](ayw + asw)
= [1 — (a1)Fwarw — (a1)Fwasw]asw.

Hence,

)n+1

(aw)"™ — zw(aw [aw — 2w(aw)?] (aw)" !

= [1 — (a1)Fwarw — (a1)Fwasw]agw(aw)™
=[1- (al)u#jwalw — (al)ﬁwazw](agw)" =0.
Thus, (aw)” = rw(aw)" L.
Since aw = ayw + asw, (agw)(ayw) = 0, and (azw)™ = 0, we have

(aw)"™ = Z(alw) (aaw)" ™" = (ayw)"™ + i(alw)i(agw)"_i.
i=0 i=1
As (a1)*as = 0, we deduce that
n—1
((aw)”)*ag = ((alw)”)*ag + Z[(alw)i(agw)”_i]*ag =0,

and then ((aw)”)*al = ((aw)")*a. Accordingly,

((aw)")" (aw)e = ((aw)")" (@ + azw)(arw + azw)a?
((aw)") (@w)*af = ((@w)") @
((aw)")"a

Therefore, z = a(wz)?, ((aw)™ ) (aw)?x = ((aw)”)*a, (aw)"™ = zw(aw)™ 1.
(2) = (1) By hypothesis, there exist # € R and n € N such that

r = a(wzx)?, ((aw)")*(aw)% = ((aw)”)*a7 (aw)"™ = zw(aw)" .

8
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2z and

Without loss of generality, we may assume that n > 2. Let a1 = (aw)
as = a — (aw)?z.

Claim 1. aswa; = 0. Clearly, we have

z = (aw)z(wz) = (aw)?z(wr)? = (aw)" z(wz)"

Then
aywa; = [a — (aw)?z]w(aw)?z
= (aw)*z — (aw)*zw(aw)?s
= (aw)*z — (aw)?zw(aw)’x
= (aw)*z — (aw)*zw(aw)?(aw)™ o (wz)" ™
= (aw)*z — (aw)?*[zw(aw)" z(wz)" !
— (aw)*z — (aw)" 2

Claim 2. ajas = 0. Obviously, we have
(aw)*r = (aw)*[(aw)" 2z(wz)" 2] = (aw)™z(wz)"~
Then

ajay = [(aw)*z]*[a — (aw)*z)

(
= [(aw)"(wz)"~*)"la — (aw)*x]
= [2(w2)""*]"[(aw)"]*[a — (aw)*z] = 0.

Claim 3. a; € RY. Evidently, we verify that

2 2

awz = (aw)“zwr = awa(wz)® = awz,

zway = zw(aw)’e = zw(aw)*[(aw)" o(wz)" ]

= [zw(aw)" Mz (wz)" ! = (aw)"z(wz)" " = awz,

and then a;wx = xway,. Moreover, we have

aywrwa; = (aywz)wa; = awzw(aw)’s

n—1 nfl]

= awzw(aw)?[(aw)" 'z (wr)

= aw[rw(aw)" ™z (wr)" !

= (aw)" o (wz)" ™ = (aw)’z = a1,

rwaywr = (zway)wr = a(wz)? = .

wx)

Hence, a; € R7 and (a1)¥ = .
Claim 4. ay € RYL Tt is easy to verify that

[aw — zw(aw)?]z = [aw — zw(aw)?][(aw)" o (wz)" 2]

= [(aw)"™ — zw(aw)" Tz (wz)" 2 = 0.
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Hence,

[aw — zw(aw)?]? = [aw — zw(aw)?|aw — [aw — 2w(aw)?]zw(aw)?

= [aw — zw(aw)?](aw).
This implies that

-2

[aw — 2w(aw)?]™ = [aw — zw(aw)?]" %[aw — rw(aw)?]?

w

A3 aw — zw(aw)?)? (aw)

2

= [aw — zw(aw)

= [aw — 2w(aw)?]" 3 law — zw(aw)?)(aw)

= [aw — zw(aw)?](aw)"

= (aw)" — zw(aw)" ' = 0.
Thus, [1 — zw(aw)]aw € R™!, and then aw[l — zw(aw)] = aw — aw(zw)aw € R™L
Hence, [1 — aw(zw)]aw € R*!. This implies that aw[l — aw(rw)] € R That is,

aw — (aw)?xw € R™; hence, az = a — (aw)?z € RYL. Therefore, a = a; + as is a
weak w-group decomposition of a, as required. O

Corollary 2.4. Let a,w € R. Then the following are equivalent:

(1) a € R has a weak w-group decomposition.
(2) There exists x € R such that

r = a(wzr)?, ((aw)m)*(aw)2m = ((aw)m)*a, (aw)" = zw(aw)" !
for some m,n € N.

Proof. (1)=-(2) This is trivial by Theorem
(2) = (1) By hypothesis, there exists € R such that

r = a(wzr)?, ((aw)m)*(aw)2m = ((aw)m)*a, (aw)"™ = zw(aw)" !

for some m,n € N. Then
((aw)")*(aw)2
zw(aw ”H) (aw)?z = (a(wx)2w(aw)”+1)*(aw)2x
)"+1) (aw)*z = ((aw)m(xw)m+1(aw)"“)*(aw)Qx
aw)

= (
((aw
()™ ()™ ) [((w)™)* (@w)?a] = ()™ (aw)™ ) [((@w)™) d
((aw
= (a(w

m+1( )"H)*a = ((aw)(mw)Q(aw)”H)*a
”H) a= (:vw(aw)"“)*a = ((aw)")*a.

In light of Theorem [2.3] we complete the proof. O
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Theorem 2.5. Let a,w € R. Then the following are equivalent:

(1) a € R has a weak w-group decomposition.
(2) There exists unique x € R such that

r = a(wzr)?, ((aw)")*(aw)zx = ((aw)")*a, (aw)"™ = zw(aw)™ !
for some n € N.
Proof. (2)=-(1) Suppose that there exist z,y € R and m,n € N such that

r = a(wzr)?, ((aw)")*(aw)Q:r = ((aw)”)*a, (aw)"™ = zw(aw)";

y=a(wy)®, ((aw) ) )2y = ((aw)m)*a, (aw)™ = yw(aw)™ .
Choose k = max(m,n). Then
z =a(wz)?, ((aw ) r = ((aw)k)*a, (aw)* = zw(aw)*+;
y=a(wy)®, ((aw)*) (aw)*y = ((aw)*)"a, (aw)* = yw(aw)***.

Claim 1. zw = yw. By hypothesis, we see that xw and yw are both the weak
group inverse of aw. In view of [23, Theorem 3.5], we have zw = yw.

Claim 2. (aw)?z = (aw)?y. Since z = a(wx)?, we have x = (aw)" 2
and so (aw)?x = (aw)"z(wz)"~2. Then

((aw)?z)*(aw)’zx — ((aw)*z)*a = (z(wz)"~*)"[((aw)")* (aw)*z — ((aw)")*a] = 0.
Therefore, ((aw)?z)*(aw)?x = ((aw)?x)*a. Similarly, we have

((aw)’z)*(aw)?y = ((aw)*z)"a,

((aw)?y)* (aw)*x = ((aw)?y)*a,

((aw)*y)* (aw)?y = ((aw)*y)*a.
Let z = (aw)?z — (aw)?y. Then we check that

x(wz)" 2,

*

7z = ((aw)?z — (aw)?y)*((aw)*z — (aw)?y)
= ((aw)*)* (aw)*z — ((aw)*x)* (aw)?y

— ((aw)?y)* (aw)*z + ((aw)*y)* (aw)y

= ((aw)*)*a — ((aw)*z)*a = ((aw)*y)*a + ((aw)*y)*a = 0.

2

Since R is a ring with proper involution, we have z = 0; hence, (aw)?z = (aw)?y.
Claim 3. x = y. We see that

(zw)(awz) = rwaw|(aw)*z(wx)¥] R g (wa)®

= (aw)*z(wz)* = z.

w = [zw(aw) wz)
Moreover, we have
(zw)?(aw)?z = zwzw(aw)?)(aw)* Lz (wz)k !
= zwlzw(aw) Nz (wz)k !

= zwaw|(aw)* Lz(wz) ] = (zw)(awz).
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Therefore, z = (rw)?(aw)?x. Likewise, y = (yw)?(aw)?y. By using Claim 1 and
Claim 2, we have

z = (zw)*[(aw)?z] = (yw)*[(aw)?y] =y,
as desired. O

We denote x in Theorem by ag?, and call it the weak w-group inverse of a.

We use R@ to stand for the set of all weak w-group invertible elements in R. We
now derive

Corollary 2.6. Let a € Rq@. Then the following hold.
) @ )

(1) aw = ag waway .

(2) (aw)(ag?w) = (aw)m(aq@w)m for any m € N.
Proof. (1) Let x = aP. Tn view of Theorem we have 2 = a(wr)? and (aw)" =
rw(aw)" ! for some n € N. Then z = (aw)"x(wx)"™. Hence,

W ®

ap waway = (zwaw)[(aw)"z(wx)"]
= [zw(aw)" Mz (wz)" = (aw)"z(wr)" = z,

as required.
(2) We easily see that

(0 (@Pw)* = awfa(we)’] = (@w)(@P).
By induction, we complete the proof. 0

Theorem 2.7. Let a,z € R and w € R™'. Then the following are equivalent:
(1) z= a.
(2) There exists some n € N such that
r=a(wr)?, [(aw)*(aw)?*zw]* = (aw)*(aw)?*zw, (aw)" = zw(aw)™ .
In this case, © = (aw)Ow=!
Proof. (1) = (2) By hypothesis, a has the weak w-group decomposition a = a; +axs.
Let # = (a;1)7. In virtue of Theorem there exists n € N such that

*

r = a(wzr)?, ((aw)")*(aw)Qx = ((aw)™)"a, (aw)" = zw(aw)" .

Moreover, we have

(aw)* (aw)?zw = (ayw + asw)* (a1w + agw)?(ay) ¥ w
= (a1w + asw)* (a;w + agw)alw(al)#w
= (a1w+a2w)*(a1w) (ay)®w
= (aqw + asw)*ayw = (ayw)* (a1 w).
Therefore, [(aw)*(aw)?zw]* = [(ayw)* (a1w)]* = (a1w)* (a1w) = (aw)* (aw)?zw, as

desired.
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(2) = (1) By hypothesis, there exist # € R and n € N such that

r=a(wz)?, [(aw)*(aw)’zw]* = (aw)*(aw)*zw, (aw)™ = zw(aw)" .

Let a; = (aw)?r and az = a — (aw)?z. As in the proof of Theorem we prove
that
_ # nil
apwa; =0, a1 € R anday € R,

Moreover, we verify that

atasw = [(aw)?z]*[a — (aw)?z]w
= [(aw)?2]*aw — [awz]*[(aw)* (aw)*zw]
= [(aw)?z]*aw — [awz]*[(aw)* (aw)?zw]*
= [(aw)?2]*aw — [(aw)* (aw)*rwaw)
= [(aw)?z]*aw — [(aw)?zwawz]* aw
= [(aw)?2]*aw — [(aw)*zwaw((aw)"z(zw)™)]* aw
= [(aw)?z]*aw — [(aw)? (zw(aw)" )z (zw)"]* aw
= [(aw)*z]"aw — [(aw)*((aw)"z(zw)")]"aw
= [(aw)?z]*aw — [(aw)*z]*aw = 0

As w € R™!, we deduce that ajas = 0. Therefore, a = a1 + a2 is a weak w-group
decomposition of a.

Obviously, we have

zw = aw(zw)?, [(aw)*(aw)?zw]* = (aw)*(aw)?zw, (aw)" = zw(aw)" .

Hence, zw = (aw)®. As w € R, we have 2 = (aw)®w™?, as required. O

3. EQUIVALENT CHARACTERIZATIONS

In this section we establish some equivalent characterizations of weak weighted
group inverses. We now derive
Theorem 3.1. Leta € R. Then a € Rq@ if and only if
(1) a € RPv;
(2) there exists x € R such that
tR=a”"R, ((aw)")*(aw)’z = ((aw)™)*a, (aw)" = zw(aw)"*
for some n € N.
In this case, ag? =x.
Proof. (=) In view of Theorem there exist z € R and n € N such that
r = a(wr)?, ((aw)™)*(aw)?z = ((aw)™)*a, (aw)"™ = zw(aw)™ .
Here, © = aD. Hence, zw = (aw)(zw)? and (aw)" = (zw)(aw)"*!. By virtue of
[25, Lemma 2.2], aw € RP. This implies that a € RPv.
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We claim that R = a”*”R. By virtue of Theorem there exist z,y € R such
that

a=z+y, 2y=ywz=0, z€R" yeRML
Moreover, we have z = z7#. In view of Lemma 2w € R¥. Write (yw)**! =0

for some k € N. Since aw = zw + yw, yw € R™! and (yw)(zw) = 0, it follows by
[T, Corollary 3.5] that aw € R and

k
(aw)? = (zw)# + ) ((zw0)*)"* (yw)".

Since z = a(wz)?, we see that z = awrwxr = (aw)™(rw)™z; hence,

rwawz = zwaew(aw)™ (zw)™z = [zw(aw)™ ] (zw) "z

= (aw)"™(zw)™z = (aw)(rw)z = a(wz)? = z.

Obviously, we have (zw)# (zw)z7 = 2# (wz)(wz)#. Then we directly verify that

(aw)(aw)Pz = (aw)” (2w + yw)=f
= (

aw)P 2wz

n=1
k
= 27 (wzw) [(zw)# + Z((zw)#)"+1(yw) ]
k
= (zw)Fwzw(zw)* + z (wzw Z )yt (yw)”
n=1

k
Z n+1 yw)n _ (aw)D.

Accordingly, zR = zwR = a”" R, as asserted.
(<) We directly check that

awa:w(aw)D = awxw )n+1[(aw>D]n+2

l(aw) )2

)D]n+2

= aw[rw(aw)""

= aw(aw)"[(a = (aw)P.
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D,w D,w aD,w

Since a?* = (aw)Pa(wa)P, we have awzwa , and so (1 — awzw)
=0. As zR = aP*¥R, we derive that (1 — awzw)z = 0. Therefore, z = awrwr =

a(wx)z. By virtue of Theorem a € Rg?. In this case, ag? = x, as required. [J

=a

Corollary 3.2. Leta € R. Then a € Rg? if and only if
(1) a € RPv;
(2) there exists x € R such that
rwawzr =z, TR = (aw)™R = (aw)™™R, a*(aw)™R C z*R
for some m € N.

In this case, aq@ =z

Proof. (=) In view of Theorem a € RP% and there exist z € R and m € N
such that

r = a(wr)?, ((aw)m)*(aw)2x = ((aw)m)*a7 (aw)™ = zw(aw)™ .
Then z = awzwz = (aw)™(zw)™z; hence,
M (pw) ™

= (aw)™(zw)™z = (aw)(zw)z = a(wz)? = .
Thus, ¢ = awzwz = (aw)™z(wz)™. Therefore, xR C (aw)™R. On the other
hand, (aw)mR C xR. Thus, 2R = (aw)™R. Obviously, (aw)™™R C (aw)™R.
On the other hand, (aw)™ = zw(aw)™ ! = (aw)™ 2 (wz)™  w(aw)™; hence,
(aw)™R C (aw)™*'R. This implies that (aw)™R = (aw)™T*R. Moreover,
((aw)m)*(aw)Qx = ((aw)m)*a; hence, a*(aw)™ = J;*[((aw)m)*(aw)Q]*. Accord-
ingly, a*(aw)™R C x*R, as required.
(<) By hypothesis, a € RP** and there exists z € R such that

rwawr =2z, =R = (aw)™R = (aw)" ™R, a*(aw)™R C z*R

rwawr = zwaw(aw)™ (zw)"x = [zw(aw)

for some m € N.

Claim 1. 2R = a”"*R. Let k = i(aw). Then xR = (aw)™**R. Since (aw)* =
(aw)P (aw)**1, we have 2R = (aw)? (aw)™ "1 R = (aw)P R = aP*wR = aP""R,
as desired.

Claim 2. ((aw)™)*(aw)?*zr = ((aw)™)*a. Since z = rwawz, we have z(1 —
wawz) = 0. Hence (1 — wawz)*z* = 0, and then (1 — wawz)*a*(aw)™ = 0.
Therefore, [(aw)™]*(aw)?z = [(aw)™]*a, as required.

Claim 3. (aw)™ = zw(aw)™*!. Since (1 — zwaw)x = 0, we see that (1 —
rwaw)(aw)™ = 0. Thus (aw)™ = aﬁaw)m"‘l.

3.1

Therefore, a € R@ by Theorem O

Theorem 3.3. Let a,w € R. Then the following are equivalent:

(1) a € RY.
(2) a € RP™ and there existn € N, x € R such that

= a(wz)?, ((aw)")*(aw)?z = ((aw)™)*a.
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(3) a € RP™ and there exists some y € R such that
(aD,ww)*aD,w,wy — (aD’ww)*a.

D

In this case, oD = (aw)(aw)Px = (aP*w)3y.

Proof. (1)=-(2) By virtue of Theorem a € RP" and there exists 2 € R such
that ((aw)")"(aw)?z = ((aw)")"a, as desired.
(2) = (3) By hypothesis, a € RP** and there exist n € N, x € R such that
r = a(wz)?, ((aw)")*(aw)?x = ((aw)™)*a. Then we see that ((aw)P)*(aw)?x =
((aw)P)*a. Clearly, a?*w = (aw)?, and so (aP*w)*(aw)?z = (P w)*a.
Since z = a(wr)? = (aw)z(wr) = (aw)"z(wz)" for any n € N, we observe that
(P w)* (aw)*z — (aPw)* (aw)P (aw)?z
= (aP"w)* (aw)" Pz (wz)" — (a® P w)* (aw)? (aw)" T3z (wz)"”
= (a?w)*[(aw)™ — (aw)® (aw)")(aw)?z(wz)™.
P(

aw)n+l

Since (aw)™ = (aw)
(P w)* (aw)*z — (aP " w)* (aw)” (aw)3z = 0;

hence, (aP%w)*(aw)P (aw)3z = (aPw)*a. Set y = (aw)3z. Then we verify that

, we get

(aD’ww)*aD’wwy = (aD’“’w)’k [aD’“’w]awac
= (aPw)* (aw)Pawz = (aP*w)*a,
as desired.
(3) = (1) By hypothesis, (a”“w)*a?Ywy = (a?*w)*a for a y € R. Then
((aw)P)*(aw)Py = ((aw)P)*a. It is easy to verify that

D D

[aw(aw)P]* aw(aw)P = [aw(aw)P]* aw|(aw) P *yw(aw)P.

D

Since the involution * is proper, we get aw(aw)? = (aw)Pyw(aw)P. Let z =

((aw)P)3y. Then we verify that
a(wz)? = aw((aw)”)’yw((aw)”)?y
((aw)?)?yw((aw)?)?y

= (aw)P[(aw) yw(aw)P]((aw)”)’y

D D)2

aw(aw)D((aw) Yy

and
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Set n = i(aw). Then (aw)” = (aw)? (aw)™*!. Thus,
(aw)"™ — zw(aw)" Tt = [(aw)™ (aw)D(aw)"+1] + [(aw)D((JJu})’H'1 - zw(aw)"“]
= (aw)? (aw)"** — ((aw)?)*yw(aw)"+!
~((aw)?)?yw(l — (aw)” (aw)] (aw)"**
+ [(aw)? (aw)™* = ((aw)P)*yw(aw)® (aw)"*?]
= (aw)? (aw)"** — ((aw)” e
= [(aw)P]*[(aw aw)D]( w)™? — ((aw)?)Pyw(aw)” (aw)™+
= [(aw) P [( w)P] (aw)™
— ((aw)?)yw(a )D(aw)"+2

=0.

) yw(aw)” (aw)

aw)Pyw(aw

That is, (aw)"™ = zw(aw)™ ™. Accordingly, a € RY. n this case,
a$f = ((aw)P)’y = (aPPw)y = (6P w)*(aw)*s = (aw)(aw)Px,
as asserted. ]

Corollary 3.4. Leta € R. Then a € Rg? if and only if
(1) a € RPv;
(2) there exists an idempotent ¢ € R such that

aP"R=qR and (a”")*awq = (aP")*a.

Proof. (=) By using Theorem a € RP* and there exists some y € R such
that
(a® P w)*aP Y wy = (o w)*a.

Then

(a”*w)* (aw)[(aw)]?y = (a”*w)*a.
Set ¢ = [(aw)P]?y. Then (aP*)*awq = (aP*)*a. Obviously, ¢R C aP“wR.
Moreover, a® = (aPw)?y = [(aw)P]?y. Then a9 = (aw)Pq, and then ¢ =
(aw)[(aw)Pq] = away. Thus qu = (aw)(aq@w), and so quw(aw)? = (aw)(a@w)
(aw)P. We observe that
)P )P =

(aw)” — qu(aw

n+1][( n+2_

w)(aw)" ] [(aw)"”]

Since (aw)™ = (a@w)(aw)"“, we get (aw)? — quw(aw)P = 0; hence, aP¥w =
(aw)? = quw(aw)?. Thus a”“wR C qR. Accordingly, a?* R = aP?"“wR = qR, as
desired.

(<) By hypothesis, a € RP** and there exists an idempotent ¢ € R such that

aP?“R=qgR and (a”")*awq = (a”")*a.
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Since aP?YR = aP*wR = (aw)PR, we write ¢ = (aw)Pz with 2 € R. Choose
y = awz. Then

(aPw)* e wy = (aPw)*a? Y w(aw)z
= (aPw)* (aw)? (aw)z
= (aPw)*aw[(aw)P 7]
(P w)*awq = (a® P w)*a,
and the result follows by Theorem [3.3] O

4. RELATIONS WITH WEIGHTED CORE-EP INVERSES

In this section we investigate relations between weighted weak group and weighted
core-EP inverses. We use aS,? to denote the w-core-EP inverse of a. Our starting

point is the following.

Theorem 4.1. Let a € Rq@. Then a € Rg? and

ag? = (a9)%a = (awagu@a)jf
Proof. Let x = a®. In view of [20, Theorem 2.4], we have some nonnegative
integer k such that awz? = z, z(aw)*a = (aw)*a, rawr = z, awr(aw)*a =
(aw)*ka, (awx)* = awz. Set n = k+ 1. Then awz(aw)” = [awz(aw)*a]w =
[(aw)*a)lw = (aw)™ = z(aw)" . Obviously, we have = (aw)®. Let z = 22a.
Then we check that

2 2 2

a(wz)® = awl[z*a]w[z*al
= [awz?][awz?]a = 2%a = 2,
2[‘%20,}

((aw) ) aw) )

(
(aw) ) w)?z?)a = ((aw)")*(awx)a
( *

aw) ) awx) a = [awz(aw)"]*a = [(aw)"]*a.

Moreover, we see that
(aw)"™ — zw(aw)" ™ = (aw)™ — [z2a)w(aw)" T
= (aw)" — z(aw)" ! + z(aw)" ! — 2%(aw)" 2
= [(aw)"™ — z(aw)" "] + z[(aw)" — z(aw)" " ]aw = 0,
and so (aw)"™ = zw(aw)™ 1. Therefore, oD = [agu@fa.
One directly checks that
awa®a = aw [aw(agﬂ@)z]a
= (aw)*(aR)’a
2 ®

= (aw)“ay -
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As in the proof of Theorem we have (aw)zag,9 € R¥ and
ag? = ((aw)zaq@)jj = (awaga)j,
as asserted. g
Let A,W € C"*™. By using Theorem 4.1 and [20, Theorem 2.14], we have
AD = (424 = (WP A = (awAD A)7,

Corollary 4.2. Leta € R%,D). Then ag,@ =z if and only if a(wx)? = x, awx = a%,@a.

Proof. (=) In view of Theorem , ac R and z:=dD = (a%?)Qa, a(wr)? = .
Moreover, we have
awz = aw(a®)?a = [aw(a®)}a = «Pa,

as required.

(<) By hypothesis, a(wz)? =

=z, awxr = awa Then we have
z = a(wz)? = (awz)wz = [a@a)(wz)

= d@(awz) = a@(aPa) = (a9)%a.

w w

In light of Theorem T = a,(?, as desired. O

Corollary 4.3. Let AW € C*"*™. Then X is the weak W -group inverse of A if
and only if X satisfies

AWX)? =X, AWX =A% 4.

Proof. Let C™*™ be the ring of all n x n complex matrices, with the conjugate
transpose * as the involution. Then the involution * is proper. Therefore, the

result follows from Corollary O
Theorem 4.4. Let a € REU@. Then the following are equivalent:
(1) a%) = ag;@w,

2) awd? = a@aw.

Proof. (1)=-(2) In view of Theorem {4 !, aw (ag)Qa. Hence,
®

2

awd® = awayw = aw((a®)?a)w

= [aw(a®)?]aw = aPaw,

as desired.
(2) = (1) Since awa® = aPaw, it follows by Theorem 4.1 that a € RY and
D = (a®)2aw = a@[aPaw)
— oBlowa®] - a2,
as required. O
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Corollary 4.5. Let a € R?. Then the following are equivalent:

(1) a® = a®.
(2) aa® = a®@aq.
Proof. This is obvious by choosing w = 1 in Theorem [£.4] O

We turn to investigate when the weighted group inverse possesses the commuting
property.

Lemma 4.6. Let a € A§?. Then awa € A@. In this case,
® ( ®

(awa)yw = (aww)3a.

Proof. Let x = (a@w)% and ¢ = awa. Then we can find n € N such that
®

((aw)”)*(aw)Qag,9 = [(aw)"]*a and (aw)" = aww(aw)™ .

Accordingly, we have

® ®

= awaw(ay w)>aw(ay w)3a

= aw[a(wagjg)Qw} (a@w)aw(az@w)ga
= a(wa@ﬁwaw(a@w)?’a

® @1, ®

= ey waway Jw(aw w)?a

©1a®we®

Wy WAy WA

c(wz)?

|
g

E@

—~

—

Q

S

~—

3

~—

*

—

Q

g

~

N

8

|

—~ o~ o~
Q
g
~—
5l

\_/V\_/vg

*

—~ o~
I
S

Il
—~
—

Q

S

Moreover, we see that

n+1 — 2n+2

(cw)"™ — zw(cw) - (a@w)gaw(aw)
®w)2a9w(aw)2"+3

2n ®

= (aw)*" — ay w(aw)
(aw)™ — a@w(aw)"“](aw)" =0.

Hence, (cw)" = zw(cw)™ . Therefore we complete the proof. O

2n+1
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Theorem 4.7. Let a € R@. Then the following are equivalent:
(1) awag,@ = aguawa.

®, ®

(2) (oawa)g}D = ay way .
(3) a has a weak w-group decomposition a = a1 + as with aywas = 0.

Proof. Let a = a1 + as be the weak w-group decomposition of a.
(1) & (3) We check that
)

away = aw(al)f = (aqw+ agw)(al)ﬁ = alw(al)ﬁ,

aq@wa = (al)ﬁwa = (al)ﬁ(wal + was) = (al)ﬁfwal + (al)ﬁwag.

®_ ®

Thus, (a1)#way = 0 if and only if away = ayw wa.
If aqwas = 0, then
(a1)fwas = [(a1)Fwarw(ar)fwas = [(a1)Fw]*[a1was] = 0.
If (a1)#wag = 0, then
ayway = [ayw(ay)fwailwas = [ayw]?[(ar)Fwas] = 0.

®_ ®

Thus, ajwas = 0 if and only if (a1)#way = 0. Accordingly, away = aw wa if and
only if a;was = 0.
(2) < (3) In light of Lemma we verify that

(awa)g,D = (ag?w)‘ga

= ((a)fw)*(ar + az)
= ((a)fw)’ar + ((a1)fw)’az
= ((a))fw)*[(a1)fwar] + ((a1)fw)*[(ar)fwas)
= ((a))fw)*larw(an) ] + ((a1) fw)*[(ar)fwas)
= ((a))fw)[(ar)fwarw(ar)f] + ((a1)fw)*[(ar)fwaz)
= (a)Fw(a)} + ((a1)fw)?[(a1)F was]
= (a1)w(a1) + ((a1)fw)*[(ar)fwas)
= aPwd? + (a)Fw)’[(@1) Fwas).

If ajwaz = 0, as in the argument above, we have (a;)#was = 0. Hence

((a1)fw)?[(a1)Fwaz] = 0.
If ((a1)#w)?[(a1)¥was] = 0, then [ayw(a1)¥w(ay)#|wl(ar)Fwas] = 0; hence,

[(a1)Fwaiw(ay)¥)w|(ar)Fwaz] = 0.

This implies that (a;)#w[(a;)#was] = 0. Moreover, [a;(w(ay)?#)?jwaz = 0. We
infer that (a;)7wag = 0. Similarly to the preceding argument, we have a;was = 0.
Then ajwaz = 0 if and only if ((a1)#w)?[(a1)ZFwas] = 0. Therefore, ayway = 0 if

w_ ®

and only if (awa)y = ay wag?, as asserted. O
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Corollary 4.8. Leta € Rg? and m € N. Then the following are equivalent:
(1) ) @

away = g Wwa.

(2) (aw)mag? = a(wa)m.

Proof. (1)=-(2) Since awa® = ag?wa, we verify that

(aw)Qag;D = aw [awag,@] =aw [ag?wa] = [awa@@} (wa)
= [ag?wa] (wa) = ag?(wa)Q.
By iteration of this process, we prove that (aw)"“ba,guD = ag?(wa)m.

(2) = (1) Let a = a1 + az be the weak w-group decomposition of a. Let m = 2.
Since asway, = 0, we derive

(aw)2 = (aqw + a2w)2 = (alw)2 + (ayw)(agw) + (azw)?;

(wa)? = (way + waz)® = (war)® + (war)(waz) + (waz)?.

Clearly, agwag? = agw(ay)? = (aswa;)w((a)#]?> = 0. Then

(aw)%@ = (alw)2ag,D + (alw)(agw)ag9 + (agw)Qag,D
= (alw)Qaq@;

ag?(wa)z = ag?(wal)2 + ag?(wal)(wag) + a@(wag)Q.
As (alw)zag,D = (a1w)?(a1)? = (a1)7 (way)? = ag?(wal)z, we deduce that

[arw(ar)F](waz) + (a1)} (waz)? = (1) (war) (waz) + (a1)F (waz)® = 0.

As way € R™M we write (wag)® = 0 for some k € N. Then [waw(a;)#](wag)*~!

= 0. By iteration of this process, we have [wajw(a1)#]*~(waz) = 0. As a; € RY,,
we see that a1 = (a1w)?(a1)? = ai[waiw(ay)?] = ay[waiw(ar)#]F~1, and we
deduce that a;was = 0. By using Theorem awag@ = ag?wa. The general case

can be proved in a similar way. O

Corollary 4.9. Leta € Rq@ and i(a?*) = k. Then the following hold:
(1) ®_ ©®

away = apwa.
(2) (aw)ka%}@ = aP(wa)".

Proof. In view of Theorem a € RP¥. Let 2 = a. Then a(wz)? = z, (aw)k =
(zw)(aw)*+1. Hence (aw)(zw)? = zw, (aw)*® = (zw)(aw) . In view of [25]
Lemma 2.2], aw € RP and (aw)? = (zw) ! (aw)k. Also we have wa(wz)? = wz,
(wa)* ! = (wz)(wa)**+2. By [25, Lemma 2.2] again, (wa)? = (wx)**2(wa)*+1.
Accordingly,

aP" = (aw)Pa(wa)? = (zw)* 1 (aw)*a(wz) T2 (wa)*+1

= (zw)** (aw)" ! (zw) " o (wa) !
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= (2w)** (aw) (ew)z(wa) ' = (zw)* a(we)?) (wa)* !

= (zw)** Mz (wa)**t = z(wz)* (wa)k L.

One directly verifies that

aP (wa)* = z(wz)* (wa) T (wa)*
2(wz)*  (wa) M = w(we)*[(we) (wa)* ) (wa)*
= z(wz)" (wa)®* = z(wz)"(we) (wa) ] (wa)*
= z(wz)* 1 (wa)?* 7! = ... = z(wz)(wa) !
= 2(wa)* = o (wa)*.
This completes the proof, by Corollary [4.8] O

Theorem 4.10. Let a € R. Then the following are equivalent:
) )

(1) away = aywa.

@) (aw)Pa® = oQ(wa)P.

Proof. (1)=-(2) In view of Theorem aw € RP. By using Cline’s formula (see

[12, Theorem 2.2]), wa € RP. Therefore, (aw)Dag,D = ag?(wa)D, by [2, Theo-
rem 2.3].
(2) = (1) By virtue of Theorem there exist z,y € R such that

a=z+y, 2y=ywz=0, z&RF ycR

Explicitly, ag,D =z and (yw)* = (wy)¥ = 0 for some k € N. Since aw = 2w + yw,
wa = wz + wy and (yw)(zw) = (wy)(wz) = 0, it follows by [I, Corollary 3.5] that

(aw)P Dy Z (zw) yw)’,

(wa)” = (wa)” + Z«wz)D)i“(wy)i.

It is easy to verify that

(@) = |(0)? + 3 ((20)°) )| o8 = (st
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Since (zw)z# = 27 (wz), it follows by [2, Theorem 2.3] that (zw)P 2% = 2# (wz)?,

w w w
and we have
k—1

3 (w2)”) ) =0,

By Cline’s formula (see [12, Theorem 2.2]), we have wzwz# = wzw([(zw)P]?z) =
wz(w[(zw)P]?z) = wz(wz)P. Then

k-1 ) k—1 4
Z((wZ)D)ZH(wy)i = wzw [sz ‘ ((wz)D)lH(wy)i =0.

That is,

[(wz)Df(wy) + [(wz)D] (w )2 + -+ [(wz)D]k(u}y)k_l =0.

Since (wy)* = 0, we have [(wz)P]?(wy)*~! = 0; hence, [(wz)P]?(wy)*~2 = 0. By
iteration of this process, we see that [(wz)P]?wy = 0. Hence, z[(wz)P]?wy = 0.
By Cline’s formula again, we get (zw)Dy =0. As z € R, we see that 2w € R”.
This implies that zwy = (zw)?[(2w)Py] = 0. Therefore, we have

®

away = (2w + yw)zF

2wz + (ywz) wzl)? = 2wz,
avwa = zFw(z +y) = 2Fwz + 2wy
= 2wz + (27 w)? (2wy) = 2wz,

®_ ©®

Hence, away = ay wa, as asserted. O

Following directly from Theorem [£.10} we present a property of the weak group
inverse as follows.
Corollary 4.11. Let a € R®O. Then the following are equivalent:
(1) aa® = a®@aq.
(2) aPa® = a©aP
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