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A VARIANT OF COLLATZ’S CONJECTURE
OVER BINARY POLYNOMIALS

LUIS H. GALLARDO AND OLIVIER RAHAVANDRAINY

ABSTRACT. We study a natural analogue of Collatz’s conjecture for polyno-
mials over Fo.

1. INTRODUCTION

The Collatz conjecture (also known as the Syracuse problem) is one of the most
famous unsolved problems in number theory. It concerns sequences of positive
integers defined by the following rule: starting from any positive integer n, if n is
even then replace it by n/2, and if n is odd then replace it by 3n + 1; see [9]. The
conjecture asserts that every such sequence eventually reaches the cycle 4 — 2 — 1.

It is natural to search for functional analogues of this problem over polynomials
in IF,[z], where certain aspects sometimes become easier to analyse. Several authors
have proposed and studied such analogues; see, for example, [2] [T}, [3 [7, [8] (this list
is not exhaustive). One general framework, introduced by Matthews [8], fixes
polynomials K, D € F,[z] with ged(K, D) = 1 and defines the next term 7' of a

current polynomial S by
K-S—R
T = D =
D
where R is chosen congruent to Kr modulo D for some residue r in a complete
residue system modulo D. This guarantees that T' € F[x].

When ¢ is even, many papers concentrate on the particularly simple case ¢ = 2,
K = z (that could easily imply the case K = x4 1), and residues {0, 1} modulo x.
These choices make x play the role of the integer 2. In most of these settings the
resulting dynamical system is relatively tame: trajectories either cycle or diverge
in a controlled way, and when convergence occurs, the number of steps is bounded
by a polynomial in the degree of the starting polynomial.

We propose to study a significantly more difficult variant, still over Fa[z], in
which the role of the integer 2 is played by the product (x4 1). This is motivated
by the natural isomorphism Fs[z] ~ Fo[x + 1] (substituting @ — 2 + 1) and by
our earlier work [6], where powers of 2 in Z (2%*") were systematically replaced
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by the products 2%(x + 1)° in Fo[z]. That analogy proved fruitful for the study of
“Mersenne polynomials” 2%(z + 1)® + 1 (analogues of 2 — 1) and for classifying
perfect polynomials with respect to the sum-of-divisors function o(4) = > aad
(see [4, B]).

In the present paper we define a Collatz-type iteration on Fa[z] that simulta-
neously removes factors of both z and # + 1. A nonzero polynomial A € Fa[z] is
called even if ged (A, z(z + 1)) # 1, and odd otherwise (following [4]). The first
odd polynomial different from 1 is M; = 22 + x + 1. Thus the natural analogue
of the map n — 3n + 1 on odd integers is the map A — M;A + 1 on odd binary
polynomials.

Given a nonzero Ay = A € Fa[z], we define valuations

val, (S) = highest power of z dividing S,
val,y+1(S) = highest power of z + 1 dividing S,

and we decompose S = z*1+(5) (g 4 1)v2e+1(9) G with S; odd. The Collatz trans-
formation then generates three sequences:

Ag = A,
A; = the odd part of Ay,
A2 = M1A1 + 1,

Az = the odd part of As,

Ay = My Agg—1 + 1,
Agk41 = the odd part of Agy,
together with the corresponding integer sequences
(azk)r = (valy(A2k))k  and  (bax)r = (valyi1(Azk))k-

An optimistic binary-polynomial Collatz conjecture would assert:

Conjecture 1.1. For every nonzero A € Fox] there exists m € N such that for
all k > m,
Ao =z(x+1) and Aggyr = 1.

We prove that every trajectory is finite and eventually reaches precisely this
configuration.

Theorem 1.2. Let A € Fo[z]\ {0}. The sequences defined above terminate after
finitely many steps. More precisely, there exists m € N (depending on A) such that
the even-polynomial sequence ends with x> + = and the odd-polynomial sequence
ends with 1:

(AQ,A4,... ,Agm) = (...,x2 —|—$), (A17A37...,A2m+1) = ( ,1)

The total number of odd polynomials appearing (the length 1) satisfies ra <
2deg(A)fl'

Rev. Un. Mat. Argentina, Vol. 69, No. 1 (2026)



A COLLATZ VARIANT OVER BINARY POLYNOMIALS 297

The proof of this theorem appears in Section [2]

The exponential bound 29¢8(4)—1 is clearly suboptimal and far worse than the
polynomial-in-degree bounds obtained in the literature for the simpler choices
K =z or K = x + 1. This deterioration is expected: by simultaneously strip-
ping factors of both z and x + 1, our iteration explores a much richer dynamical
landscape. Nevertheless, extensive computations up to degree 35 (reported in Sec-
tion |3|) strongly suggest that the true length r4 is still bounded by a low-degree
polynomial in deg(A). The same section analyses special families (e.g. starting
polynomials of the form 2™ 4+ 2+ 1) and provides further evidence for this phenom-
enon.

2. PROOF OF THEOREM [.2

First of all, we need some general results on the numbers of odd and even
polynomials of a given degree d > 2. We let P, denote the set of all polynomials
of degree d and consider:

Py ={S € Py:S(0)=0}, P :={SeP;:5(0)
Pl i={SePy:S(1)=0}, Pyl={SePs:S(1)
O4:={SePy:8isodd} =Py NP}

We have Py = Op = {1} and Oy = 0.

Il
—_ =
—

Lemma 2.1. The following statements hold:

(i) The four sets 'Pg’o, 'Pg’l, ’P;’O, and Pi’l all have the same cardinality 291,
(ii) The set Oq contains exactly 272 polynomials if d > 2.

Proof. (i) By the bijective map S — S + 1, we have #7)3’0 = #733’1 and #’Pcll’o =
#P;’l. Similarly, the bijection S(x) — S(z + 1) gives #Pg’o = #’P;’O. It remains
to note that Py is a disjoint union of P and PJ', and that #P, = 27,

(ii) By induction on d. The case d = 2 is trivial since Oy = {2? +  + 1}. Now,
suppose that #0, = 2572 for 2 < s < d — 1. We observe that

732’1:{(x+1)551:0§s§d,s7éd—1, S1 €04}

Hence,
#Py" = #04+ #04-1 + - + #02 + #0,.
Therefore, 2471 = #0y+293 4. 41 +1 = #03+2972, and so #0, = 29472, [

For k > 0, we put di := deg(Asi) and £y := deg(Asg+1). We then obtain the
following lemmas.

Lemma 2.2. We have ag,bg > 0 and asg,bar > 1 for any k > 1.
Proof. If k > 1, then both z and xz + 1 divide A, because, for ¢t € {0,1},

Agk(t) = 1+ My(t)Agg—1(t) =1+ 1 =0. O
Lemma 2.3. We have {11 <l < deg(A), dp = lp—1+2, and di, = L+ asg + bag.

Rev. Un. Mat. Argentina, Vol. 69, No. 1 (2026)



298 LUIS H. GALLARDO AND OLIVIER RAHAVANDRAINY

Since (¢x) is a nonnegative and nonincreasing sequence, we obtain the following
corollary.

Corollary 2.4. Both sequences ({x)r and (di)r are convergent. We have

lim ¢, =/¢ and klim drp = d, where d =0 + 2.
—00

k—o0

Corollary 2.5. There exists m > 0 such that for any k > m one has
by=12L, dp=d, agx="0by=1.
Proof. The convergent sequence ({y); takes its values in the finite set
{0,1,...,deg(A)}.
Hence it is eventually constant. (]
Corollary 2.6. For any k > m we have deg(Asy) = d and deg(Aag+1) = .
Corollary 2.7. There exists a positive integert < deg(A) such that the polynomials

Aoty and Ag(py41 satisfy

Aotmtt) = A2m,  Az(mtt)+1 = A2my1-
Proof. For any k > m, the polynomial Aoy (resp. Asg41) lies in the finite set of
polynomials of degree d (resp. £). O
Proposition 2.8. For any k > m we have Asgpy1 =1, so that £ =0 and t = 1.

Proof. For k > m we have asr, = bo, = 1. Hence, the Collatz transformations give
the following system:

M Az + (14 My)Agpysz =1,

MiAomis + (1+ My)Agpmes =1,

MiAspmiot—3+ (1 + Mi)Agmyo—1 =1,
MiAsgmyot—1+ (1+ M) Asmgae1 = 1

Since Aamy2t+1 = Aam+1, We obtain a linear system of ¢ equations with coefficients
in Fo[z] and ¢ unknowns: Asy,41,. .., Aomior—1. Its matrix C is circulant with first
row [Miy,1+ Mi,0,...,0]. The right-hand side is the transpose of [1...1].

By expanding along the first column of C, we find

det(C’) = Mlt + (1 —+ 1\4'1)7:7

which is nonzero.
Thus, this system admits the unique solution (1,...,1). O

Corollary 2.9. The even and odd sequences E and O are, respectively,
E = [AQ, ceey Agm,Q,xQ + LL'] and O = [Al, coy Ao, 1]

Moreover, both E and O contain m + 1 elements, with m + 1 < 2des(4)—1,
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Proof. We have just seen that £ = 0 and ¢t = 1. Thus, d = 2, Ag;p+1 = 1, and
Ay, = 22 + . The odd sequence O contains at most all odd polynomials of degree
deg(A), all odd polynomials of degree deg(A)—1, ..., together with the polynomials
22+ +1 and 1.

Thus, by Lemma [2.1](ii), we obtain

m_|_1 S 2deg(A)—2+2deg(A)—3_~_._.+2+1+1:2deg(A)—1' |:|

3. COMPUTATIONS

After 7 months and 3 days of computation with PARI/GP, we were able to
determine, for each n from 1 to 35, the maximal length f(n) of sequences (A;) that
begin with a polynomial of degree n:

[, f(n)]

[[1,0], 2, 1], 3, 2], [4,3], [5, 4], [6, 8], [7, 10], [8, 11], 9, 12], [10, 16]]

[[11,18],[12,20], [13, 22], [14, 24], [15, 28], [16, 32], [17, 36], [18, 38]]
[[19,40], [20,42], [21,46], [22, 52], [23, 54], [24, 5], [25, 60, [26, 62]]
[l ] [ [
[[35,92]

27,66], [28, 67], [29, 70], [30, 74], [31, 76], [32, 78], [33, 84], [34, 88)]
35, 92]]

From these computations, it appears plausible that f(n) is bounded above by a
polynomial in n, thus improving upon our exponential bound in Theorem

For each integer n from 2 to 38, we also computed (with PARI/GP, in about
5 months and 8 days) the number g(n) of sequences (4;) that (a) begin with some
odd polynomial A; = A of degree n, and (b) have the property that all elements

Ay, As, ..., Aopyq remain of degree n, and that the sequence is maximal with this
property:
[n,g(n)] [12,1],[3,1],[4,2],[5,2],[6, 3], [7,3], 8, 4], [9, 4], [10, 5]]

[2,
[[11,5], [12,6], [13,6], [14,7], [15, 7], [16,8], [17, 8], [18, 9]]

[[19,9], [20, 10], [21, 10], [22, 11], [23, 11], [24, 12], [25, 12], [26, 13]]
(127, 13], [28, 14], [29, 14], [30, 15], [31, 15], [32, 16], [33, 16], [34, 17]]
(135, 17], [36, 18], [37, 18], [38, 19]]

From these values of n, one may conjecture that g(n) = |n/2]. If this conjecture
holds, we can bound above the length r4 of the sequence by a polynomial in n as
follows:

ra <2(n/2) +2((n —1)/2) + - +2(1/2) = 2kl

This improves upon the exponential upper bound of Theorem However, for
example, when n = 21, so that n(n + 1)/2 = 231, an explicit polynomial A with
g(21) = 10 has length r4 = 32, while f(21) = 46.

Concerning some special trinomials, after treating many cases by direct compu-
tation (with Maple), we may state some examples, as well as further conjectures,
in the next subsections.
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3.1. Example. In this section, we take A :=T,, = (22 +x+1)"+1= M;" +1
for n > 1, so that A is even. Put n = 2"u, where r > 0 and v is odd. We have

A= (M +1)% - (M“ ' 4+...+ M+1)%

Hence, the first polynomial in the odd sequence is A; = (M*~' + ... + M + 1)
On the other hand, if n > 2, then there exists a unique positive integer r such

that 2771 < n < 27. Thus, we may write n = 2" — j, with 0 < j < 277! — 1.
Hence, we establish the following conjecture:

Conjecture 3.1. Let A = M12T_j +1 wherer > 1 and 0 < j < 27=1 — 1. Then,
the length of the odd sequence of A is j+ 1.

For instance, below we show the odd-degree sequences for T,, = M1" + 1, with
n € {9,...,16}, so that n = 2% — j with 0 < j < 7. Here, all lengths are smaller
than n = deg(T,)/2:

Sequence associated with T,, Length

9 [16,16,16,16,16,16,16,0] 8
10 [16,16,16,16,16,16,0] 7
11 [20,16,16,16,16,0] 6
12 [16,16,16,16,0] 5
13 [24,24,24,0] 4
14 [24,24,0] 3
15 [28,0] 2
16 (0] 1

3.2. Other small lengths. We now give the odd-degree sequences for T, = x™ +
v+ 1, U, =2"+2" 1 +1,and S, = 2" + 27 + 2% + 1, with n € {31,32, 33, 34}.
Here, all lengths are smaller than deg(A)/2 4 2. Note that S, is even.

n  Sequence associated with T, Length
31 [31,29,24,24,16,16,16, 16, 0] 9
32 [32,28,24,24,16, 16,16, 16, 0] 9

[
33 [33,31,30,30,28,28,28,28,24, 24,24, 24,24, 24,24,24,0] 17
[

34 [34,31,30,30,28,28,28,28,24,24,24,24,24,24,24,24,0] 17

n  Sequence associated with U, Length
31 [31,28,24,24,16, 16,16, 16, 0] 9

32 [32,31,30,30,28,28,28,28,24,24,24,24, 24,24, 24,24 0] 17

[
33 [33,31,30,30,28,28,28,28,24,24, 24,24, 24,24,24,24,0] 17
34 [34,33,30,30,28,28,28,28,24,24, 24,24, 24,24,24,24.0] 17

Rev. Un. Mat. Argentina, Vol. 69, No. 1 (2026)



A COLLATZ VARIANT OVER BINARY POLYNOMIALS 301

n  Sequence associated with S, Length
31 [30,28,28,28,28,28,24,24,0] 9

32 [28,27,24,23,16, 16,16, 16,0] 9

33 [32,31,22,22,16, 16,16, 16, 0] 9

34 [32,32,30,30,27,27,27,25,24,24,24,24,24,24,24,24 0] 17

We have two conjectures for A = 2" + x + 1 when n > 4.

Conjecture 3.2. Let s be the greatest positive integer such that n — 2511 > 0.
Then, for any positive integer t < s — 1, the odd sequence contains 2t polynomials
which have the same degree dy. In particular, dy = deg(As) = deg(Ar) and dy =
deg(Ag) = deg(A11) = deg(A;3) = deg(Ais).

Conjecture 3.3. Let s be the greatest positive integer such that n — 251 > 0.
Then, both the even and odd sequences of A have length 2° + 1.

Conjecture [3.3] follows from Conjecture [3.2] Indeed, from Corollary [2.9] the
sequence of the odd polynomials is

(A1, As, As, Ay, ... Aoy—1_9e, .., Asp_s, Asm—1, 1],
of length m + 1. One has, by Conjecture [3.2]
m+1=1+14+2+22 4+ 424 1=14+(2°-1)+1=2°+1.
3.3. More small lengths. Here, the lengths are all equal to deg(A) + 1. Define
Pr=a" 42042+ a8 4P a4 1,
Po—a" 2% 42+ a8 4t 2P 41,
Pa=a 4B+ +28 + 8+ 5+ 3+ 22+ 1

Observe that P, and P, have the same odd-degree sequences.

Polynomial Sequence Length
Py [14,14,13,13,12,12,10,10,9,8,7,5,4,3,0] 15
P [14,14,13,13,12,12,10,10,9,8,7,5,4,3,0] 15
Py [14,14,13,13,11,11,10,9,8,7,5,5,4,3,0] 15

3.4. Some technical remarks. We let S denote the polynomial obtained from
S € Fylz] by replacing x with  + 1. We also consider the reciprocal S* of S,
defined as

5*(z) = pdes(S) | S(l) .

xr
It is easy to see that the Collatz sequences of A are obtained from those of A
by applying the operation S +— S. However, for A* this is not generally true. For
example, if A = 28+ 23 + 1, then the odd sequence is [8,7,5,5, 4, 3, 0], whereas for
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A* = 28 4+ 2° + 1, one obtains [8, 6, 6,0]. Nonetheless, if A is of the form 2™ + 2 +1,
then the odd-degree sequence associated with A* is different (in general), but still
regular enough (see Section with Uss = T52™).
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